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Preface to the English Edition

“In the beginning was the symmetry" Hidden harmony is stronger
W. Heisenberg then the explicit one
Heraclitus

The English version of our book is published on the initiative of Dr. Edward
M. Michael, Vice-President of the Allerton Press Incorporated. It is with great pleasure
that we thank him for his interest in our work.

The present edition of this book is an improved version of the Russian
edition, and is greatly extended in some aspects. The main additions occur in Chapter
4, where the new results concerning complete sets of symmetry operators of arbitrary
order for motion equations, symmetries in elasticity, super- and parasupersymmetry
are presented. Moreover, Appendix II includes the explicit description of generalized
Killing tensors of arbitrary rank and order: these play an important role in the study of
higher order symmetries.

The main object of this book is symmetry. In contrast to Ovsiannikov’s term
"group analysis" (of differential equations) [355] we use the term "symmetry analysis"
[123] in order to emphasize the fact that it is not, in general, possible to formulate
arbitrary symmetry in the group theoretical language. We also use the term "non-Lie
symmetry" when speaking about such symmetries which can not be found using the
classical Lie algorithm.

In order to deduce equations of motion we use the "non-Lagrangian"
approach based on representations of the Poincaré and Galilei algebras. That is, we use
for this purpose the principles of Galilei and Poincaré-Einstein relativity formulated in
algebraic terms. Sometimes we use the usual term "relativistic equations" when
speaking about Poincaré-invariant equations in spite of the fact that Galilei-invariant
subjects are "relativistic" also in the sense that they satisfy Galilei relativity principle.

Our book continues the series of monographs [127, 157, 171, 10°, 117]
devoted to symmetries in mathematical physics. Moreover, we will edit "Journal of
Nonlinear Mathematical Physics" which also will related to these problems.

‘We hope that our book will be useful for mathematicians and physicists in the
English-speaking world, and that it will stimulate the development of new symmetry
approaches in mathematical and theoretical physics.

Only finishing the contemplated work one

understands how it was necessary to begin it
B. Pascal

Xi



Preface

Over a period of more than a hundred years, starting from Fedorov’s works
on symmetry of crystals, there has been a continuous and accelerating growth in the
number of researchers using methods of discrete and continuous groups, algebras and
superalgebras in different branches of modern natural sciences. These methods have
a universal nature and can serve as a basis for a deep understanding of the relativity
principles of Galilei and Poincaré-Einstein, of Mendeleev’s periodic law, of principles
of classification of elementary particles and biological structures, of conservation laws
in classical and quantum mechanics etc.

The foundations of the theory of continuous groups were laid a century ago
by Sofus Lie, who proposed effective algorithms to calculate symmetry groups for
linear and nonlinear partial differential equations. Today the classical Lie methods
(completed by theory of representations of Lie groups and algebras) are widely used
in theoretical and mathematical physics.

Our book is devoted to the analysis of old (classical) and new (non-Lie)
symmetries of the basic equations of quantum mechanics and classical field theory,
classification and algebraic theoretical deduction of equations of motion of arbitrary
spin particles in both Poincaré and Galilei-invariant approaches. We present detailed
information about representations of the Galilei and Poincaré groups and their possible
generalizations, and expound a new approach to investigation of symmetries of partial
differential equations, which enables to find unknown before algebras and groups of
invariance of the Dirac, Maxwell and other equations. We give solutions of a number
of problems of motion of arbitrary spin particles in an external electromagnetic field.
Most of the results are published for the first time in a monographic literature.

The book is based mainly on the author’s original works. The list of references
does not have any pretensions to completeness and contains as a rule the papers
immediately used by us.

We take this opportunity to express our deep gratitude to academicians N.N.
Bogoliubov, Yu.A. Mitropolskii, our teacher O.S. Parasiuk, correspondent member of
Russian Academy of Sciences V.G. Kadyshevskii, professors A.A. Borgardt and M.K.
Polivanov for essential and constant support of our researches in developing the
algebraic-theoretical methods in theoretical and mathematical physics. We are indebted
to doctors L.F. Barannik, I.A. Egorchenko, N.I. Serov, Z.I. Simenoh, V.V. Tretynyk,
R.Z. Zhdanov and A.S. Zhukovski for their help in the preparation of the manuscript.
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Introduction

The symmetry principle plays an increasingly important role in modern
researches in mathematical and theoretical physics. This is connected with the fact that
the basis physical laws, mathematical models and equations of motion possess explicit
or unexplicit, geometric or non-geometric, local or non-local symmetries. All the basic
equations of mathematical physics, i.e. the equations of Newton, Laplace, d’ Alembert,
Euler-Lagrange, Lame, Hamilton-Jacobi, Maxwell, Schrodinger etc., have a very high
symmetry. It is a high symmetry which is a property distinguishing these equations
from other ones considered by mathematicians.

To construct a mathematical approach making it possible to distinguish
various symmetries is one of the main problems of mathematical physics. There is a
problem which is in some sense inverse to the one mentioned above but is no less
important. We say about the problem of describing of mathematical models (equations)
which have the given symmetry. Two such problems are discussed in detail in this
book.

We believe that the symmetry principle has to play the role of a selection rule
distinguishing such mathematical models which have certain invariance properties.
This principle is used (in the explicit or implicit form) in a construction of modern
physical theories, but unfortunately is not much used in applied mathematics.

The requirement of invariance of an equation under a group enables us in
some cases to select this equation from a wide set of other admissible ones. Thus, for
example, there is the only system of Poincaré-invariant partial differential equations
of first order for two real vectors E and H, and this is the system which reduces to
Maxwell’s equations. It is possible to "deduce" the Dirac, Schrodinger and other
equations in an analogous way.

The main subject of the present book is the symmetry analysis of the basic
equations of quantum physics and deduction of equations for particles of arbitrary spin,
admitting different symmetry groups. Moreover we consider two-particle equations for
any spin particles and exactly solvable problems of such particles interaction with an
external field.

The local invariance groups of the basic equations of quantum mechanics
(equations of Schrodinger, of Dirac etc.) are well known, but the proofs that these
groups are maximal (in the sense of Lie) are present only in specific journals due to
their complexity. Our opinion is that these proofs have to be expounded in form easier
to understand for a wide circle of readers. These results are undoubtedly useful for a
deeper understanding of mathematical nature of the symmetry of the equations
mentioned. We consider local symmetries mainly in Chapter 1.

It is well known that the classical Lie symmetries do not exhaust the

Xiii



invariance properties of an equation, so we find it is necessary to expound the main
results obtained in recent years in the study of non-Lie symmetries, super- and
parasupersymmetries. Moreover we present new constants of motion of the basic
equations of quantum physics, obtained by non-Lie methods. Of course it is interesting
to demonstrate various applications of symmetry methods to solving concrete physical
problems, so we present here a collection of examples of exactly solvable equations
describing interacting particles of arbitrary spins.

The existence of the corresponding exact solutions is caused by the high
symmetry of the models considered.

In accordance with the above, the main aims of the present book are:

1. To give a good description of symmetry properties of the basic equations
of quantum mechanics. This description includes the classical Lie symmetry (we give
simple proofs that the known invariance groups of the equations considered are
maximally extensive) as well as the additional (non-Lie) symmetry.

2. To describe wide classes of equations having the same symmetry as the
basic equations of quantum mechanics. In this way we find the Poincaré-invariant
equations which do not lead to known contradictions with causality violation by
describing of higher spin particles in an external field, and the Galilei-invariant wave
equations for particles of any spin which give a correct description of these particle
interactions with the electromagnetic field. The last equations describe the spin-orbit
coupling which is usually interpreted as a purely relativistic effect.

3. To represent hidden (non-Lie) symmetries (including super- and
parasupersymmetries) of the main equations of quantum and classical physics and to
demonstrate existence of new constants of motion which can not be found using the
classical Lie method.

4. To demonstrate the effectiveness of the symmetry methods in solving the
problems of interaction of arbitrary spin particles with an external field and in solving
of nonlinear equations.

Besides that we expound in details the theory of irreducible representations
(IR) of the Lie algebras of the main groups of motion of four-dimensional space-time
(i.e. groups of Poincaré and Galilei) and of generalized Poincaré groups P(1,n). We
find different realizations of these representations in the basises available to physical
applications. We consider representations of the discrete symmetry operators P, C and
T, and find nonequivalent realizations of them in the spaces of representations of the
Poincaré group.

The detailed list of contents gives a rather complete information about subject
of the book so we restrict ourselves by the preliminary notes given above.

The main part of the book is based on the original papers of the authors.
Moreover we elucidate (as much as we are able) contributions of other investigators in
the branch considered.

‘We hope our book can serve as a kind of group-theoretical introduction to
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quantum mechanics and will be interesting for mathematicians and physicists which
use the group-theoretical approach and other symmetry methods in analysis and
solution of partial differential equations.
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1. LOCAL SYMMETRIES OF THE
FUNDAMENTAL EQUATIONS
OF RELATIVISTIC QUANTUM THEORY

In this chapter we study symmetries of the Klein-Gordon-Fock (KGF), Dirac
and Maxwell equations. The maximal invariance algebras (IAs) of these equations in
the class of first order differential operators are found, the representations of the
corresponding symmetry groups and exact transformation laws for dependent and
independent variables are given. Moreover we present with the aid of relatively simple
examples, the main ideas of the algebraic-theoretical approach to partial differential
equations and also, give a precise description of the symmetry properties of the
fundamental equations of quantum physics.

1. LOCAL SYMMETRY OF THE KLEIN-GORDON-FOCK
EQUATION

1.1. Introduction

One of the basic equations of relativistic quantum physics is the KGF equation
which we write in the form

LY=(p*p,-mHP=0 (L.1)

where p, are differential operators: p,=p’=i0/0x, p,=-p‘=-i0/dx, m’ is a positive
number. Here and in the following the covariant summation over repeated Greek
indices is implied and Heaviside units are used in which #=c=1.

The equation (1.1) is a relativistic analog of the Schrodinger equation. In
physics it is usually called the Klein-Gordon equation in spite of the fact that it was
considered by Schrodinger [380] and then by Fock [102], Klein [253] and some other
authors (see [9]). We shall use the term "KGF equation" or "wave equation".

In this section we study the symmetry of (1.1). The analysis of symmetry
properties of the KGF equation enables us to proceed naturally to such important
modern physical concepts as relativistic and conformal invariance and describe
relativistic equations of motion for particles of arbitrary spin. We shall demonstrate
also that the Poincaré (and when m=0 conformal) invariance represents in some sense



Symmetries of Equations of Quantum Mechanics

the maximal symmetry of (1.1).

Let us formulate the problem of investigation of the symmetry of the KGF
equation. The main concept used while considering the invariance of this equation
(and other equations of quantum physics) is the concept of symmetry operator (SO).
In general a SO is any operator (linear, nonlinear, differential, integral etc.) Q
transforming solutions of (1.1) into solutions, i.e., satisfying the condition

L(QY)=0 (1.2)

for any | satisfying (1.1). In order to find the concrete symmetries this intuitive
definition needs to be made precise by defining the classes of solutions and of operators
considered. Here we shall investigate the SOs which belong to the class of first-order
linear differential operators and so can be interpreted as Lie derivatives or generators
of continuous group transformations.

Let us go to definitions. We shall consider only solutions which are defined
on an open set D of the four-dimensional manifold R consisting of points with
coordinates (x,,x,,X,,X;) and are analytic in the real variables x,, x,, x,, x; . The set of
such solutions forms a complex vector space which will be denoted by F,. If Y,,,[F
and o, a,00Cthen evidently o, ,+0,,0F,. Fixing D (e.g. supposing that D coincides
with R, ) we shall call F the space of solutions of the KGF equation.

Let us denote by F the vector space of all complex-valued functions which are
defined on D and are real-analytic, and by L we denote the linear differential operator
defined on F:

szpp“_mZ. (]3)

Then LYOF if YOF. Moreover F, is the subspace of the vector space F which
coincides with the zero-space (kernel) of the operator L (1.3).

Let M, be the set (class) of first order differential operators defined on F. The
concept of SO in the class M, can be formulated as follows.

DEFINITION 1.1. A linear differential operator of the first order

Q=A¥p,+B, AY BOF (1.4)

is a SO of the KGF equation in the class M, if
[0.Ll=a,L, o,UF (1.5)

where [Q, L] = QL-LQ is a commutator of the operators Q and L.

The condition (1.5) is to be understood in the sense that the operator in the
r.h.s. and Lh.s. give the same result when acting on an arbitrary function Y&

It can be seen easily that an operator Q satisfying (1.5) also satisfies the
condition (1.2) for any YUF|,. Indeed, according to (1.5)

LOY=(Q-a,)Ly=0, YCF,
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The converse statement is also true: if the operator (1.4) satisfies (1.2) for an arbitrary
WOF, then the condition (1.5) is satisfied for some O, [F.

Using the given definitions we will calculate all the SOs of the KGF equation.
It happens that any SO of (1.4) can be represented as a linear combination of some
basis elements. This fact follows from the following assertion

THEOREM 1.1. The set S of the SOs of the KGF equation in the class M,
forms a complex Lie algebra, i.e., if Q,,0,[1S then

1) a,0, + a,Q,0S for any a,,a,[1C,

2) [0,,0,108.

PROOF. By definition the operators Q. (i=1,2) satisfy the condition (1.5). By
direct calculation we obtain that the operators Q3=0,0,+0,0, and Q,=[0,,0,] belong
to M, and satisfy (1.5) with

A, =000, +0,0,, aQ4=[Ql,aQZ]—[Q2,an], ay» (XQJDF. =

So studying the symmetry of the KGF equation (or of other linear differential
equations) in the class M, we always deal with a Lie algebra which can be finite
dimensional (this is true for equation (1.1)) as well as infinite-dimensional. This is why
speaking about such a symmetry we will use the term "invariance algebra" (IA).

DEFINITION 1.2. Let {Q,} (A=1,2,..) be a set of linear differential
operators (1.4) forming a basis of a finite-dimensional Lie algebra G. We say G is an
IA of the KGF equation if any Q,[0{Q,} satisfies the condition (1.5).

According to Theorem 1.1 the problem of finding all the possible SOs of the
KGF equation is equivalent to finding a basis of maximally extensive IA in the class
M,. As will be shown in the following (see Chapter 4) many of the equations of
quantum mechanics possess [As in the classes of second-, third- ... order differential
operators in spite of the fact that higher-order differential operators in general do not
form a finite-dimensional Lie algebra.

1.2. The IA of the KGF Equation

In this section we find the IA of the KGF equation in the class M|, i.e., in the
class of first order differential operators. In this way it is possible with rather simple
calculations to prove the Poincaré (and for m=0 - conformal) invariance of the equation
(1.1) and to demonstrate that this symmetry is maximal in some sense.

Let us prove the following assertion.

THEOREM 1.2. The KGF equation is invariant under the 10-dimensional Lie
algebra whose basis elements are
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.0 . 0
P=p=i , P = =1, a:1,2,3,
0 p() axo a pa ax (1.6)

a

Jw=x“ Py=X, Py MV =0,1,2,3.
The Lie algebra generated by the operators (1.6) is the maximally extensive IA of the
KGF equation in the class M,.

PROQOF. It is convenient to write an unknown SO (1.4) in the following

equivalent form

0=2IK"p,l.+C (L.7)

where [K"p 1,=K"p +p K", C=B+1/2[K",p ]. Substituting (1.7) into (1.5) we come to
the equation

SU@KNp,1.p, +1@CLp,) = 10gp "L, ]+ L@p).p, | -ma,  (18)

We represent the r.h.s. of (1.5) in an equivalent form including anticommutators.

The equation (1.8) is to be understood in the sense that the operators in the
Lh.s. and r.h.s. give the same result by action on an arbitrary function belonging to F.
In other words, the necessary and sufficient condition of satisfying (1.8) is the equality
of the coefficients of the same anticommutators:

0K K= g, FC=0u, mia,=0. (19)

gW=—gll=g2o_g3o]  gw=( |y, (1.10)

For nonzero m we obtain from (1.9) a,=0 and
OKV+d'K*=0, 9"C=0. (L.11)

The equations (1.11) are easily integrated. Indeed the first of them is the Killing
equation [249] (see Appendix 1), the general solution of which is

KP:ClPUcher}l (1.12)

where ¢ =-¢!° and b* are arbitrary numbers. According to (1.11) C does not depend
on x.
Substituting (1.12) into (1.7) we obtain the general expression for a SO:

Q:Cl“"]x}lpo*-b”p“*'C, (1.13)

which is a linear combination of the operators (1.6) and trivial unit operator.
It is not easy to verify that the operators (1.6) form a basis of the Lie algebra,
satisfying the relations
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[P ’Pv]zo’ [P“,va]zi(gwp)\ g“)\ V)

[‘Ipv"l)\c] l(gpo VA gv)\‘]pc gvc )\)

According to the above, the Lie algebra with the basis elements (1.6) is the
maximally extended IA of the KGF equation.m

The conditions (1.14) determine the Lie algebra of the Poincaré group, which
is the group of motions of relativistic quantum mechanics. Below we will call this
algebra "the Poincaré algebra" and denote it by AP(1,3).

The symmetry under the Poincaré algebra has very deep physical
consequences and contains (in implicit form) the information about the fundamental
laws of relativistic kinematics (Lorentz transformations, the relativistic law of
summation of velocities etc.). These questions are discussed further in Subsections 1.4
and 1.5. The following subsection is devoted to description of the KGF equation
symmetry in the special case m=0.

(1.14)

1.3. Symmetry of the d’Alembert Equation

Earlier, we assumed the parameter m in (1.1) is nonzero.But in the case m=0
this equation also has a precise physical meaning and describes a massless scalar field.
The symmetry of the massless KGF equation (i.e., d’ Alembert equation) turns out to
be more extensive than in the case of nonzero mass.

THEOREM 1.3. The maximal invariance algebra of the d’ Alembert equation

p,p"W=0 (1.15)

is a fifteen-dimensional Lie algebra. The basis elements of this algebra are given by

formulae (1.6) and (1.16):

D=x"p,+2i, IQP:ZxPD—xox Py (1.16)
PROOF. Repeating the reasoning from the proof of Theorem 1.2 we come

to the conclusion that the general form of the SO QM , for the equation (1.15) is given

by in (1.7) where K", C are functions satisfying (1.9) with m=0. We rewrite this
equation in the following equivalent form

KM+ 0K - %g“"a)‘KA=O, (1.17)
1
A= 20K,
2

Formula (1.17) defines the equation for the conformal Killing vector (see
Appendix 1). The general solution of this equation is
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K#=2xbx, fU-frx xV+c oy +dxtret (1.18)

where f*, ¢, d and e are arbitrary constants. Substituting (1.18) into (1.17) we obtain
a linear combination of the operators (1.6), (1.16). These operators form a basis of a
15-dimensional Lie algebra, satisfying relations (1.14), (1.19):

Vo KA1 =i(8 K, =80 K. [P K 1=2i8,,D+],), (1.19)
[K,K1=0, [D,P]=-iP, [D,K]=iK, [D,J=0.
Relations (1.14), (1.19) characterize the Lie algebra of the conformal group
C(1,3).m
Thus we have made sure the massless KGF equation (1.15) is invariant under
the 15-dimensional Lie algebra of the conformal group (called "conformal algebra” in
the following). The conformal symmetry plays an important role in modern physics.

1.4. Lorentz Transformations

Thus we have found the maximal IA of the KGF equation in the class M,. The
following natural questions arise: why do we need to know this IA, and what
information follows from this symmetry about properties of the equation and its
solutions?

This information turns out to be extremely essential. First, knowledge of TA
of a differential equation as a rule gives a possibility of finding the corresponding
constants of motion without solving this equation. Secondly, it is possible with the IA
to describe the coordinate systems in which the solutions in separated variables exist
[305]. In addition, any IA in the class M, can be supplemented by the local symmetry
group which can be used in order to construct new solutions starting from the known
ones.

The main part of the problems connected with studying and using the
symmetry of differential equations can be successively solved in terms of IAs without
using the concept of the transformation group. For instance it will be the IA of the KGF
equation which will be used as the main instrument in studying the relativistic
equations of motion for arbitrary spin particles (see Chapter 2). But the knowledge of
the symmetry group undoubtedly leads to a deeper understanding of the nature of the
equation invariance properties.

Here we shall construct in explicit form the invariance group of the KGF
equation corresponding to the IA found above. For this purpose we shall use one of the
classical results of the group theory, established by Sophus Lie as long ago as the 19"
century. The essence of this result may be formulated as follows: if an equation
possesses an IA in the class M, then it is locally invariant under the continuous
transformation group acting on dependent and independent variables (a rigorous
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formulation of this statement is given in many handbooks, see, e.g., [20, 379]).

The algorithm of reconstruction of the symmetry group corresponding to the
given IA is that any basis element of the IA corresponds to a one parameter
transformation group

X—X ! =ge(x),

W) - W' () =T, (W) =DO)Y(x)

(1.20)

where 0 is a (generally speaking, complex) transformation parameter (it will be shown
in the following that for the KGF equation such parameters are real), g, and D are
analytic functions of 6 and x, Tgs are linear operators defined on F. The exact
expressions for g and D can be obtained by integration of the Lie equations

/u
B gy, x|

a8 o=t (1.21)

s

/
cilie:iB(x/)qJ/,qJ/ ‘e:O:LIJ' (122)

Here K" and B are the functions from the definition (1.4) of a SO.

Each of the formulae (1.21), (1.22) gives a system of partial differential
equations with the given initial condition, i.e., the Cauchy problem which has a unique
solution. For the SOs (1.6) these equations are easily integrated. Comparing (1.4) and
(1.6) we conclude that for any operator P, or J,; B=0 and the solutions of (1.22) have
the form

W EH=W), WE=Wgs' (). (1.23)
Solving equations (1.21) it is not difficult to find the transformation law for

the independent variables x,. We obtain from (1.4), (1.6) that

K'=1, if Q=Pu, (1.24)

Av=x,g¥-x,85 if Q= (1.25)

where g, is the metric tensor (1.10). Denoting 6=b, for =P, and substituting (1.24)
into (1.22) one comes to the equation
n
dx =1’ X /u ‘
dab*

=x M
=0x

b,

(no sum over p), from which it follows that
XMy Hiph (1.26)

In a similar way using (1.25) one finds the transformations generated by J;
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x'%=x%0s0 , +x bsinB ,
ab ab

x'"=x"cos, ,~x “sinb ,; (1.27)
xM=x"  u#ab, a,b20,
x'“=x “coshB,,~xsinh@ ,

(1.28)

x/%=x %cosh@,,~x “sinh@, ,
a Oa

xM=x* pz0,a
where 6, 6, are transformation parameters and there is no sum over a, b.

So the KGF equation is invariant under the transformations (1.23), (1.26)-
(1.28). The transformations (1.26)-(1.28) (which were first called Lorentz
transformations by H. Poincaré) satisfy the group multiplication law and conserve the
four-dimensional interval

S(x D-x @)=§(x r_y /(2)) (1.29)

where S(x)=x,-x,%-x,>-x,>, and x'V, ¥ are two arbitrary points of the space-time
continuum.

The set of transformations satisfying (1.29) forms a group which is called the
Poincaré group (the term suggested by Wigner).

The transformations (1.26)-(1.28) have a clear physical interpretation.
Relations (1.26) and (1.27) define the displacement of the reference frame along the
m-th coordinate and the rotation in the plane a-b. As to (1.28) it can be interpreted as
a transition to a new reference frame moving with velocity v relative to the original
frame:

/ /
X, =(x -v x)B, x,=(x,-v x )P,
( a a0 B 0 ( 0 2a a E/Z (130)
x/“=xp, uz0, a; [3=<1—va/cz)
(no sum over a) where the parameter v, is expressed through 6,, by the relation 6,,=
artanh(v /c), c is the velocity of light".

From (1.30) it is not difficult to obtain the relativistic law of summation of
velocities

Vi=dx'Jdxy=(V,-v )(1-v V Jc})". (1.31)
We see that the TA of the simplest equation of motion of relativistic quantum

physics (i.e., the KGF equation) possesses in an implicit form the information about the
main laws of relativistic kinematics.

" For clarity we give up the convention ¢=1 in (1.30), (1.31)

8



Chapter 1. Symmetries of the Fundamental Equations ...

1.5. The Poincaré Group

Let us consider in more detail the procedure of reconstruction of the Lie group
by the given Lie algebra presented in the above.

First we shall establish exactly the isomorphism of the algebra (1.6) and the
Lie algebra of the Poincaré group.

The Poincaré group is formed by inhomogeneous linear transformations of
coordinates x, conserving the interval (1.29), i.e., by transformations of the following
type
x,-»x' =a,x°+b, (1.32)

where a,,, b, are real parameters satisfying the condition

a,.a™M=g (1.33)

It follows from (1.33) that
(detlla I)*=1, ag=1

or
detla  |=£1, |ay|=1. (134)

The group of linear transformations (1.32) satisfying (1.33) will be called the
complete Poincaré group and denoted by P,(1,3). It is possible to select in the group
P (1,3) the subgroup P(1,3) for which
detla =1, ay=1. (1.35)

00~

The set of transformations (1.32) satisfying (1.33) and (1.35) is called the
proper orthochronous Poincaré group (or the proper Poincaré group). The group P(1,3)
is a Lie group but the group P,(1,3) is not, because for the latter, the determinant of the
transformation matrix | a,, | is nota continuous function and can change suddenly from
-1to 1.

It is convenient to write the transformations of the group P(/,3) in the matrix

form

f- =A% (1.36)
where

R=column(x,x,x,x;, 1), &' =column(x, x| x; x;,1), (1.37)



Symmetries of Equations of Quantum Mechanics

%00 Ay Ay Ags bof
[] [
@y @ 4, a3 bQ

A-Aab)- B b,0 (1.38)
=A(a,b)= 1% ay Ay Ay 27
%30 4y Ay Ay bi
0 0 0 0 1

the symbols a and b denote the 4x4 matrix | a,|l and the vector column with
components b,. The last coordinate 1 is introduced for convenience and is invariant
under the transformations.

Inasmuch as any transformation (1.30) can be represented in the form (1.36)-
(1.38) the group P(1,3) is isomorphic to the group of matrices (1.38) (denoted in the
following by P, (1,3)) The group multiplication in the group P,(1,3) is represented by
the matrix multiplication moreover
A(a,,b)A(a,b,)=A(a,a,b +ab,).

172

The unit element of this group is the unit 5x5 matrix, the inverse element to A(a,b) has
the form

[A(a,b)]"'=A(a ",~a 'b).
The general solution of (1.33), (1.35) can be represented in the following form

2
a,,=coszcos’¢ +coshysin’ —)\_(cosz -coshy),
R 2
a,, =%[sinzcoshy(7\ €080 —6,sind) —coszsinhy(A, sind +
+0,cos0)] +%st .8 (cosz—coshy),
2
Ay =y 7F€bcd)\ced(cosz ~coshy), (1.39)

a bc=%sabcea(sinzcoshycos¢ -coszsinhysing) -

~(A\ A\, +8,0.-8%3, )(cosz-coshy)+d, (coszcos’d +coshysin’),

;)

0=(07+65+02)%, A=(\]+A>+A)"2, ¢p=arctan__“_“,
02—\

z=Rcosd, y=Rsind, R=[(8°-N*)*+4(A B )°1"*

where 6, and A, (a=1,2,3) are arbitrary real parameters, 0, is the Kronecker symbol.

> Yab

10
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It follows from (1.37) that any matrix (1.38) depends continuously on ten real
parameters b,, 8, and A,. In other words, the group P,(1,3) is a ten-parametric Lie

group.

m

Let us determine the Lie algebra of the group P,(1,3). Basis elements of this
algebra by definition (see e.g. [20]) can be chosen in the form

. aA(a b) s 0A(a,b)
PH ab ‘b =6,=A =0’ nm_lsmnc ae ‘b =0,=A=0"

(1.40)
jo g -0A@b),

Oc

0 a)\ b,=6,=A,=0

Differentiating the matrices (1.38) with respect to the corresponding
parameters, we obtain from (1.40)

9 k0 3 o0
p-0 *O0 j - 0O (141)
"Hood B of
where 0 0 and 0" are the 4x4, 1x4 and 4x1 zero matrices,
40 0 oF Doood B ooof
Sﬁ)o—ioi Sﬁ)ooogsz%)oolg
2"l 008 P Roo B T oo of
o0 0 of o0 i of 5i 0 0 of
9 i 0 o 90 i o 900 if (1.42)
525000£S:@000ES:§000B
“Hoood T HoooE "™ Hooob
9 0 0 o 00 o 4 00 of

K= column(i000) ,K = column(0i00),
K, =column(00i0),K,=column(000:).
Itis not difficult to verify that the matrices (1.41) satisfy the conditions (1.14).
These conditions are satisfied also by the basis elements of the IA of the KGF equation,
so this A is isomorphic to the matrix algebra generated by the basis (1.41). Any matrix
from the group P,(1,3) can be constructed from the basis elements (1.41) by the
exponential mapping

A(a,b) :exp(éewj *)exp(iP b") (1.43)
where

11
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expB-Y" LB BO-I (1.44)
w0 N!

(B is any 5x5 matrix, / is the unit matrix), 0,,=¢

present in (1.38), (1.35).

The IA of the KGF equation realizes a representation of this Lie algebra of the
matrix group P,(1,3) in the vector space F. This representation can be extended to local
representation of the group P,(1,3) given by the relations (1.23), (1.26)-(1.28). In
analogy with (1.43) these relations can be represented as an exponential mapping of the
IA basis elements

8,/2,8,=A

abc¥c

0., b,, A, are parameters

a’

Y- ¢ (0)=T(@b)P(x) =6Xp(éJ“09“°)eXP(iPub NP =Y(A (a.b)3) (1.45)

where the only parameter 6, or b, does not vanish. The exponentials in (1.45) are
defined according to

exp(6Q)P=Y %Q np, QYOF (1.46)
n=0 .

where Q is an arbitrary basis element of the IA, 0 is the corresponding parameter.
The transformations (1.45) are defined also for the case of arbitrary
parameters b,, 6"°. Moreover for T(a,b) the following conditions hold

T(a,b)T(a',b")=T(aa' b+ab").

If O belongs to the IA of the KGF equation in the class M, then Q" transforms
solutions into solutions for any n=1,2,3,.... The operator exp(6Q) also has this property
according to (1.46). One concludes from the above that if (x) is an analytical solution
of (1.1) then W'(x) (1.45) is also an analytical solution on F. That is why we call the
group of transformations (1.45) the symmetry group of the KGF equation.

Thus starting from the IA of the KGF equation we have constructed the
symmetry group of this equation which is called the Poincaré group. This group
includes the transformations (1.23), (1.32), (1.33), (1.35), i.e., such transformations
which do not change wave function but include rotations and translations of the
reference frame for independent variables. The requirement of invariance under the
Poincaré group is the main postulate of relativistic quantum theory.

1.6. The Conformal Transformations
Let us find the explicit form of transformations from the symmetry group of

the massless KGF equation. The IA of this equation is formed by the SO (1.6) and
(1.16).

12
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It is clearly sufficient to restrict ourselves to the construction of the
transformations generated by the operators (1.16) inasmuch as the remaining
transformations have already been considered in Subsections 1.4 and 1.5.

In order to find the one-parameter subgroups generated by K, and D we will
solve the corresponding Lie equations. Comparing (1.4) and (1.16) we conclude that
for the operator D A, =x*", B=1, so the equations (1.21), (1.22) take the form

n
dx =x/" x/* ‘e:o:x“’
4 (1.47)
d
A
The solutions of (1.47) have the form
W' =exp(-O)Y, x'=exp(O)x. (1.48)

The transformations (1.48) are called dilatation transformations and reduce
to a change of scale (any independent variable is multiplied by the same number).
For the operators K, the Lie equations are

/u
C;);U =2x/ux0/ _x)\/x /)\g “07 x/}l ‘[; =0=X“,
(1.49)
dyy’ /
mz_zxolp’ llJ/ ‘ba:():l-p

where b, are the transformations parameters. It is not difficult to verify that solutions
of the Cauchy problems formulated in (1.49) are given by the formulae

W X'-g b b Ox,x*
. 1-2x %+ bcbchxA’ (1.50)
W'=(1-2x,b°+b_ b xx MY
(no sum over O).

Formulae (1.50) give a family of transformations depending on a parameter
b, (with a fixed value of 0). Using these transformations successively for different 0
we come to the general transformation generated by K, which also has the form (1.50)
where the summation over O is assumed.

The transformations (1.50) are called conformal transformations and can be
represented as a composition of the following transformations: the inversion

X

o
x“—»x/” “=_)\,
XX

the displacement

x/// “—>.X//“:X/// P_b}l’

13
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and the second inversion

s
1/

x"M o x M= —
Xy X

We see that the massless KGF equation is invariant under the scale and
conformal transformations besides the symmetry with respect to Lorentz
transformations. The set of transformations (1.30), (1.45), (1.48), (1.50) for x* forms
a 15-parameter Lie group called the conformal group. As is demonstrated in Section
3 conformal invariance occurs for any relativistic wave equation describing a massless
field.

Itis necessary to note that the transformations found above can be considered
only as a local representation of the group C(1,3) since in addition to the problem of
defining the domain of the transformed function it is necessary to take into account that

the expression (1.50) for x* becomes nonsense if 1-2b,x"+b°b,x,x"=0.
1.7. The Discrete Symmetry Transformations

Although the IA of the KGF equation found above is in some sense maximally
extensive, the invariance under this algebra and the corresponding Lie group does not
exhaust symmetries of this equation. Moreover the KGF equation is invariant under the
following discrete transformations
/

-x,

a” (1.51)
P(x) - PP =r,P(x’),

/
XO — X *XO, .Xa - X

i _
X, —Xx, =X,

a (1.52)

/"
XO —-Xy = *.XO,

W) - TP =r,Px "),

x-x,  P&) - CPx)=r,P(x) (1.53)

where r,=+1. The invariance under the transformations (1.51) (space inversion), (1.52)
(time reflection) and (1.53) (charge conjugation) can be easily verified by direct
calculations.

The determinants of the matrices of the coordinate transformations of (1.51)
and (1.52) are equal to -1. So these transformations do not belong to the group P(1,3)
but are contained in the complete Poincaré group P (1,3). As to the transformation of
charge conjugation, it has nothing to do with the Poincaré group and represents the
symmetry of the KGF equation under the complex conjugation.

The operators P, C, T satisfy the following commutation and anticommutation

14
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relations together with the Poincaré generators
[P,Py=[P,P | =[P, ] ]=[P, J,] =0,

[T,pP) =[T,P)=[T,J ]=[TJ,] =0, (1.54)
[C.P,].=C.J, ] =0,

P2=T=C?=1, [P,T]=[C,T]=[C,P]=0.

Conditions (1.54) can serve as a abstract definition of the operators P, C and
T.

So the IA of the KGF equation found in Section 1.3 can be fulfilled to the set
of the symmetry operators {P,J,,C,P,T}. These operators satisfy the invariance
condition (1.5) and algebra (1.14), (1.54) (which, of course, is not a Lie algebra).

We note that the discrete symmetry transformations can be used to construct
a group of hidden symmetry of the KGF equation. Actually, the KGF equation is
transparently invariant under the transformation

XX, P RY@)=igx).i=y/-1 . (1.55)

Combining this transformation with (1.53), we can select the set of symmetries
{C,R,CR} which satisfy the following commutation relations

[C.R]=2CR, [CR,C]=-2R, [CR,R]=2C, (1.56)

since C>=-R*=1 and CR=-RC.

In accordance with (1.56) the SOs C, R and CR form a Lie algebra which is
isomorphic to the algebra AO(1,2), i.e., the Lie algebra of the Lorentz group in (1+2)-
dimensional Minkowski space. This circumstance enables us to find exactly the
corresponding symmetry group which is generated by the following one-parameter
transformations

g - cosB P +isin6 Y,
) - coshB, Y +sinh® Y, (1.57)
P - coshB,P+isinh®, "

where 0,, 8, and 6, are real parameters.

Itis possible to point out the other sets of symmetries forming a representation
of the algebra AO(1,2), i.e.,
{T.,R, TR}, {PT,R,PTR}, {CP,R,CPR},

or to select more extended [As including more then three basis elements (for instance,
the sets {C,R,CR,PC,PR,PCR} and {C,R,CR,PC,PR,PCR,PCT,PCTR,PTR,TC,TR,
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TCR} form representations of the algebras AO(2,2) and AO(2,2)[A0(2,2)). We will
not analyze these algebraic structures but formulate a general statement valid for a wide
class of linear differential equations.

LEMMA 1.1. Let a linear partial differential equation is invariant under an
antilinear transformation Q, satisfying the condition Q’=1. Than this equation is
invariant under the algebra AO(1,2).

The proof is almost evident from the above, since any linear equation is
invariant under the transformation R of (1.55). Then such an equation admits the TA
with the basis elements {Q,R,OR} which realize a representation of the algebra
AO(1,2).

We will see in the following that Lemma 1.1 enables to find hidden
symmetries for great many of equations of quantum mechanics. The corresponding
symmetry groups reduce to matrix transformation involving a wave function and a
complex conjugated wave function.

Other hidden symmetries of the KGF equation are considered in Section 16.

2. LOCAL SYMMETRY OF THE DIRAC EQUATION
2.1. The Dirac Equation

In 1928 Dirac found the relativistic equation for an electron, which can be
written in the form

LY=(y'p,-mp=0 @1
where U is a four-component wave function
Y=column(Y,,P,, Y, ), 2.2)

Y, are 4x4 matrices satisfying the Clifford algebra
VYot YoV, = 28, (2.3)

For most of our needs the explicit form of the matrices Y, is not essential
inasmuch as the conditions (2.3) determine them up to unitary equivalence. We will
use, for the sake of concreteness, the following representation

O _
0 19 b -oJ (2.4)
o2

Vf% Va:%a 0 E

where 0 and [/ are the zero and unit 2x2 matrices, 0, are the Pauli matrices

16



Chapter 1. Symmetries of the Fundamental Equations ...

s % 1% 0=§] *iﬁ Gﬁ 0% (2.5)
“Hog TTH of @ f
The equation (2.1) is the simplest quantum mechanical equation describing
anoninteracting particle with spin. The study of this equation symmetry does not differ
in principle from the analysis of the KGF equation given above. Nevertheless taking
into account the outstanding role of the Dirac equation in physics and special features
connected with the fact that the function ) has four components we will consider the
symmetries of the Dirac equation in detail.
Let us note that any component of the function Y satisfies the KGF equation.
Indeed, multiplying (2.1) on the left by ¥p,+m and using (2.3) we obtain

(p, p*~mWY=0. 2.6)

We see that the KGF equation is a consequence of the Dirac equation. The
inverse statement is not true of course inasmuch as there is an infinite number of first
order partial differential equations whose solutions satisfy (2.6) componentwise. The
Dirac equation is the simplest example of such a system.

2.2. Various Formulations of the Dirac Equation

Let us consider other (different from (2.1)) representations of the Dirac
equation to be found in the literature. All these representations are equivalent but give
a possibility of obtaining different generalizations of (2.1) to the case of a field with
arbitrary spin.

Starting from (2.1) it is not difficult to obtain the equation for a complex
conjugated function )", Denoting

I (TNUNUNUR USRS 2.7)
and making complex conjugation of (2.1) we obtain, using (2.3)
Wy, pt-m)=0 (2.8)

where it is implied that p* act on ). Using the representation (2.4) it is possible to write
(2.8) in the following equivalent form

(Y, p'-myc=0, Y=iy,". (2.9)

Indeed, the equation (2.8) and (2.9) coincide when written componentwise.
The Dirac equation in the form (2.9) is widely used in quantum field theory.
Multiplying (2.1) from the left by y,and using (2.3) we obtain the equation in
the Schrodinger form
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.0 2.10

lFljJrHl]J, t=x, (2.10)
t

where the Hamiltonian H has the form
H=Y,Y,p,+Y,m. (2.11)

It was in the form (2.10), (2.11) that the equation considered was found by
Dirac [77] for the first time. And it is the formulation (2.10), (2.11) which will serve
as a base for generalization of the Dirac equation for the case of arbitrary spin, see
Chapter 2.

The other (so called covariant) formulation of the Dirac equation can be
obtained by multiplication (2.1) from the left by an arbitrary matrix y,

PP Y=Yl . (2.12)

In the equation (2.12) as in (2.1) all the variables play equal roles in contrast
to (2.10) where the time variable is picked out. The equations in the form (2.12) also
admit very interesting generalizations [11, 135]. In particular the infinite-component
Dirac equation for positive energy particles [81] has this form.

In conclusion let us note, following Majorana [292] that the matrices Y, can
be chosen in such a form that all the coefficients of the equation (2.1) are real. Namely
setting

%:yoyp % :_y1y27 \/3:y3y2’ VZ:_VQ (213)
where Y, are the matrices (2.4), we can write the Dirac equation in the form
(V" p,-m)' =0, @19

where y', and )’ are connected with y, and Y by the equivalence transformation

W =0, Y=UY U™, U=U"=(1-y)y/\2. (2.15)

Using (2.4) it is not difficult to verify that the equation (2.14) includes real
coefficients only and so can be reduced to two noncoupled systems of equations for the
real and imaginary parts of the function {'.

Using other (distinct from U) nondegenerated matrices for the transformation
(2.15) we can obtain infinitely many other realizations of the Dirac equation, which are
equivalent to (2.1).
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2.3. Algebra of the Dirac Matrices

As was noted in the above these are relations (2.3) (but not an explicit
realization of the y-matrices) which are used by solving concrete problems with the
help of the Dirac equation. Here we present some useful relations following from (2.3).

First let us note that there exists just one more matrix satisfying (2.3). This
matrix has the form

Yi=YoYiYaYs: (2.16)
In the representation (2.4) we have
7 pU
v, =i DI OD 2.17)
4 T
%3 i

Furthermore it is not difficult to obtain from (2.3) the following relations
VYo=8,, 218, Sy TilYLY 4 Y Yi=4,
| (2.18a)
Spvy4 :7 € pvgoS 90, Spvy)\ :i(gpcSv)\ 7gp)\yv te pv)\cyy4yu)/2’

(S S)61=i(8 oS r * 8unSi0~ 8inSs = 8ueS.): (2.18b)

Finally it is possible to show that all the nonequivalent products of the Dirac matrices
form a basis in the space of 4x4 matrices. All such products are exhausted by the
following 16 combinations

i B y09 iVI, iyz’ iyy iy49 y4y0’ iy4y1’ iy4y2’ (219)
NYs YoYi Yo¥o VoY ViYa  IVRVi DVY,

where I is the unit matrix.

Using (2.3) it is not difficult to show the matrices (2.19) are linearly
independent and hence any 4x4 matrix can be represented as a linear combination of
the basis elements (2.19).

2.4. SOs and IAs

The main property of the Dirac equation is the relativistic invariance, i.e.,
symmetry under the Poincaré group transformations. Here we will prove the existence
of this symmetry and demonstrate that it is the most extensive one, i.e., that there is no
wider symmetry group leaving the Dirac equation invariant.

As in the case of the KGF equation we will describe symmetries of the Dirac
equation using the language of Lie algebras, which first gives a possibility of clarity
and rigor interpretation using relatively simple computations and, secondly, is suitable
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for the description of hidden (non-geometrical) symmetries not connected with space-
time transformations (see Chapter 4).

The problem of investigation of the Dirac equation symmetry in the class M,
can be formulated in complete analogy with the corresponding problem for the KGF
equation. However it is necessary to generalize the corresponding definitions for the
case of a system of partial differential equations.

Let us denote by F* the vector space of complex valued functions (2.2) which
are defined on some open and connected set D of the real four-dimensional space R and
are real-analytic. In other words WIF * if any component ), 0F (see Subsection 1.1).
Then the linear differential operator L of (2.1) defined on D has the following property:
LYOF* if YOF*. Finally the symbol G* will denote the space of 4x4 matrices whose
matrix elements belong to F.

The following definition is a natural generalization of Definition 1.1 (see
Subsection 1.1):

DEFINITION 2.1. A linear first order differential operator

Q=F*p,+D, F'OF, DOG' (2.20)

is a SO of the Dirac equation if
[Q.L]=B,L, BQDG4. (2.21)

The equation (2.21) is to be understood in the sense that the operators on the
Lh.s. and r.h.s. give the same result acting on an arbitrary function YOF*.

As in the case of the KGF equation a SO transforms solutions of (2.1) into
solutions and the complete set of SOs forms a Lie algebra. So, while speaking about
the Dirac equation SOs we will use the term "invariance algebra" (IA).

2.5. The IA of the Dirac Equation in the Class M,

Let us formulate and prove the main assertion about symmetries of the Dirac
equation. As it will be shown further on this statement includes all the information
about the kinematics of a particle described by the evolution equation (2.1).

THEOREM 2.1. The Dirac equation is invariant under the ten-dimensional
Lie algebra which is isomorphic to the Lie algebra of the Poincaré group. The basis
elements of this IA can be chosen in the following form

__. 0 _
Pp Bl S5 PE DS, 2.22)
where

_ 1 _

R A AL (2.23)
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The Lie algebra defined by the basis elements (2.22) is the maximal IA of the Dirac
equation in the class M,.

PROOF. The first statement of the theorem can be easily verified by the
direct calculation of commutators of P, and J,; with L of (2.1), which are equal to zero.
The operators (2.22) satisfy relations (1.14) and hence form a basis of the Lie algebra
isomorphic to AP(1,3).

A little more effort is needed to prove the algebra (2.22) is the maximally
extensive IA of (2.1).

Let us represent an arbitrary operator Q and the matrix B, from (2.21) as a
linear combination of the basis elements (2.19)

O=I(K"p,+a’)+iya'+y,b*+S, f™+yyd",

Bo=le +iy,e ' +y,q Yy, b S, k1
where the Latin letters denote unknown functions belonging to F. The problem is to
find the general form of these functions using the conditions (2.21).

Calculating the commutator of the operators Q (2.24) and L (2.1) we obtain
with (2.18):

(2.24)

[0.L1=~iy"K}'p, iy ay +2iy,y"a 'p, ~Y,y ay ~iby ~4iS M b p, +28 M b+

+Y,2d> py+idy)+ & SVody <20y, [P, vy £ e ALY,

(2.25)

where the bottom indices denote derivatives with respect to the corresponding
variables: B,=0B/0x,. On the other hand it is not difficult to calculate that
BL=e¥p,+I(-e’m+q'p)-my,q"-2iS q'p,~iyme ' +iy Ve 'p -

_my4y“h M +y4h “pu _ isumvs )\ch upv —y4k [uv]pv e 0uv)\y4y0k [uv]p )\‘
Substituting (2.25) and (2.26) into (2.21) and equating the coefficients of
linearly independent matrices and differential operators we obtain the following system

(2.26)

KV”—ngf["“EigA”e 0 2.27)
alrig f1=0, (2.28)
4 +ie f1=0, (2.29)
e'=2a', me'=0, me°=0, (2.30)
fr=b=h¥=kW=d"=0 (231)

where g, is the metric tensor (1.10).
The system (2.27)-(2.31) is easily integrated. The equations (2.27) can be
rewritten in the form
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KHV+Kv“_gvpKnn=O’ (2.32)
f"“:%g O, ¢O=—iK)). (2.33)

The equivalence of (2.27) and (2.32), (2.33) follows from the symmetry of g, and
antisymmetry of f*°! under the permutation of indices.

The equation (2.32) coincides with the conformal Killing equation (1.17), its
solutions are given in (1.18). Substituting (1.18) into (2.33) and bearing in mind that
in accordance with (2.30) for a nonzero m eO=e'=a'=0 we obtain

K"=c™x +dhy f[;JVlec[;M d=0 (2.34)
v 9 2 9 .

It follows from the above that the general expression (2.24) for Q and B, is
reduced to the form

O=I(a,+c luleppv+¢vpu)+%c leS}N’ BQ: 0 (2.35)

where ¢, ¢* a° are arbitrary complex numbers. The operator (2.35) is a linear
combination of the operators (2.22) and trivial identity operator, so the operators (2.22)
form a basis of the maximally extensive IA of the Dirac equation in the class M,. ®

We see the IA of the Dirac equation is isomorphic to the IA of the KGF
equation considered in Section 1. The essentially new point is the presence of the
matrix terms in the SOs (2.22). These terms correspond to an additional (spin) degree
of freedom possessed by the field described by the Dirac equation. We shall see in the
following that due to the existence of the spin degree of freedom the Dirac equation has
additional symmetries in the classes of higher order differential operators.

2.6. The Operators of Mass and Spin

Itis well known that the Dirac equation describes a relativistic particle of mass
m and spin s. Such an interpretation of this equation admits a clear formulation in the
language of the Lie algebras representation theory.

The Dirac equation IA determined by the basis elements (2.22) has two main
invariant (Casimir) operators (see Section 4)

C,=P,P', C,=WW* (2.36)
u u

where W, is the Lubanski-Pauli vector
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W,= 22 el P, (237)

Letusrecall that a Casimir operator is an operator belonging to the enveloping
algebra of the Lie algebra, which commutes with any element of this algebra.

One of the main results of Lie algebra representation theory says that in the
space of an irreducible representation (IR) the Casimir operators are multiples of the
unit operator. Moreover eigenvalues of invariant operators can be used for labelling of
IRs inasmuch as different eigenvalues correspond to nonequivalent representations.

Thus, to label the representation of the Poincaré algebra, which is realized on
the set of solutions of the Dirac equation, it is necessary to find eigenvalues of the
operators (2.36). Substituting (2.22) into (2.36) and using (2.3), (2.6), (2.18) we obtain

CW=P P Y=p p"P=m’y,

_ _ 1 1
C,W=W WHy= fjpup bS8 W=—ms(s+ Y, s=7.

(2.38)

In relativistic quantum theory the space of states of a particle with mass m and
spin s is set in correspondence with the space of the representation of the Poincaré
algebra corresponding to the eigenvalues m” and -m’s(s+1) of the Casimir operators C,
and C,. So it follows from (2.37) that the Dirac equation can be interpreted as an
equation of motion for a particle of spin 1/2 and mass m.

2.7. Manifestly Hermitian Form of Poincaré Group Generators

Before we considered only such solutions of the Dirac equation which belong
to the space F,. But the operator L (2.1) and the SOs (2.22) can be defined also on the
set of finite functions (C,”)* everywhere dense in the Hilbert space L, of the square
integrable functions with the scalar product

WO, P?)= Jd S igYe (2.39)
where according to the definitions (2.2), (2.7)
WO =g P+ PP g e
1 1 2 2 3 3 4 4 -

It is not difficult to verify that the operators (2.22) are Hermitian in respect to

the scalar product (2.39) where U, satisfy the Dirac equation. To show that, it is
sufficient to represent these operators in the following form

.0
Py=H=YY,p,*Y,m, pa:pa:_la_’
X (2.40)

1
Jabzxapb_xbpcl+Sclb’ JOaz'xOpa_E[xa’ H]f'
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Throughout on the set of solutions of the Dirac equation the operators (2.22) and (2.40)
coincide inasmuch as [x,H],=2(x,H-S,,).

The operators (2.40) satisfy the commutation relations (1.14) and (in contrast
to (2.22)) are written in a transparently Hermitian form. So the operators (2.22) also are
Hermitian with respect to the scalar product (2.39). It follows from the above that the
Poincaré group transformations generated by the operators (2.22) (see Subsection 2.9)
are unitary, i.e., do not change the value of the scalar product (2.39).

2.8. Symmetries of the Massless Dirac Equation

The equation (2.1) has clear physical meaning also in the case m=0, describing
a massless field with helicity +%2. The symmetry of the Dirac equation with m=0 is
wider than in the case of nonzero mass.

THEOREM 2.2. The maximal IA in the class M, of the equation

Y'p, =0 (2.41)

is a 16-dimensional Lie algebra whose basis elements are given by formulae (2.22) and
(2.42)

D=x'p +iK, =iy,
Py Ys (2.42)

K“=2x“D—x"xvpu+2wa"
where K=3/2.

The proof can be carried out in complete analogy to that of Theorem 2.1 (see
Subsection 2.5). The general form of a SO is given in (2.24), the equations determining
the corresponding operators coefficients are given by relations (2.27)-(2.31) with m=0.
So it is not difficult to find the general solution for a SO in the form

O=12f"xx"p,~f"x,x"p,)+c"x p +dx'p,
+¢”pp+3if)‘x)\ va®+iy,a’ +Suv(% ¢ VI 2y vy, (2.43)

The operator (2.43) is alinear combination of the generators (2.22), (2.42) and
the unit operator which give the basis of IA of the equation (2.41) the class M,.m

The operators (2.22), (2.42) satisfy the commutation relations (1.14), (1.19)
which determine the Lie algebra of the conformal group. As to the operator ., it
commutes with any basis element of the IA. In other words the IA of the equation
(2.42) consists of the 15-dimensional Lie algebra which isomorphic to the IA of the
massless KGF equation, and an additional matrix operator Z which is the center of the
IA of the massless Dirac equation.

Let us notice that the massless Dirac equation with the matrices (2.4) reduces
to two noncoupled equations:
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p0¢t=o-apa¢1 (244)

where 0, are the Pauli matrices, ¢,=(1+iy,W)/2.

Relations (2.44) are called the Weyl equations. The SOs of the massless Dirac
equation can be decomposed into the direct sum of operators defined on ¢,.

The explicit form of the basis elements of the conformal algebra on the set of
the Weyl equation solutions can be obtained from (2.22), (2.42) by the change
S ,—il0,0,1/4, S, —+i0,/2. As to the operator Z it is equal to the unit matrix on the
subspaces ¢..

2.9. Lorentz and Conformal Transformations of Solutions of the Dirac Equation

As was mentioned in Section 1 the main consequence of a symmetry of a
differential equation under an IA in the class M, is that this equation turns out to be
invariant under the Lie group whose generators form the basis of this IA. In other
words proving the invariance of the Dirac equation under the algebra AP(1,3) and (for
m=0) conformal algebra we have actually established its invariance under Lorentz and
conformal transformations.

Here we shall find an explicit form of the group transformations of solutions
of the Dirac equation with zero and nonzero masses.

The general transformation of the symmetry group of (2.1) can be written in
the following form (compare with (1.45))

00) () =eXP], BXDP 5, 1)

where J,; and P, are the operators (2.22), 8, and b, are real parameters. Using the
commutativity of S, with x, p,-x,p, we can represent this transformation in the form

00~ () =exp(S,, 80 () (2.45)
where
B (x)=exp(iJ,,8")exp (ip b YY), (2.46)

and J', are the operators (1.3).

Now, the transformations (2.46) have already been found in Section 1.5. In
fact the operator in the r.h.s. of (2.46) is a multiple of the unit matrix (i.e., has the same
action on any component of the wave function), hence, in accordance with (1.45)

W (=Y 247)
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where x" is connected with x by the Lorentz transformation inverse to (1.32).
Substituting (2.46), (2.47) into (2.45) we obtain finally

W) - P (0= eXp(éSMGG“")UJ(x "), (2.48)
or
W) - P (x")=exp (é5“09“°)$(x). (2.49)

Formula (2.49) (together with the relations (1.32), (1.39) determining
transformations of independent variables) gives the general form of Lorentz
transformations of solutions of the Dirac equation. In contrast to the transformation law
(1.45) of a scalar field formula (2.49) contains the matrix multiple exp(iS,;6""/2)
mixing the components of the wave function (2.2).

For the sake of convenience, in using formula (2.49) it is desirable to represent
exp(iS,;0"?/2) as a polynomial in S,,0"°. Staring from (1.44) and using (2.3), (2.18) we
can prove the identity

) g . g ad ) g
exp L SMG“”E:/\ %ose' + Lypy0 849sin@ g+ A\ %OSG’ + Lypyce“”sine’g (2.50)
O O 26° o O 26° 0

tzbcebci leOa'

A;%(lriyp, == [+ (B + (8372, e:=%s

So we have obtained a transformation law for solutions of the Dirac equation.
Taking particular values of the parameters 0, b, it is not difficult to obtain the
corresponding Lorentz transformation for the wave function. If e.g. the only nonzero
parameter is 8,, we obtain from (2.50)

Oi o o0 Oa0O . . . Oga0O
exp %SMB” %=cos %912%— Y,Y,sin %GIZE (2.51)
For nonzero 6,,, 6,,=6,,= 6,;=0 we have
Oi o aod OO .. . OaO
exp %SMB” g:cosh %GOIH yoylsmh%%l% (2.52)

The transformations (2.49), (2.51) and (2.49), (2.52) correspond to rotations of the
reference frame in the plane 1-2 and to Lorentz transformation (1.28) for a=1.

Let us adduce the explicit form of the dilatation and conformal
transformations of solutions of the massless Dirac equation:

W0 - W' (x)=exp Er%e@w(x), (2.53)
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WO - W' (') =(1-26,x "+ b b¥x,x ) (1 =YY, b ™x W) (2.54)

where x" are given by relations (1.48).

Formulae (2.53) (and (2.54)) can be obtained by solving the Lie equations
corresponding to the generators D and K|, (2.45). Later in Subsections 3.5, 3.9, we
present solutions of these equations and the explicit form of the conformal
transformations for fields with arbitrary spin.

2.10. P-, T- and C-Transformations

Letus study the symmetry of the Dirac equation under the space inversion and
time reflection. In analogy with (2.48) we will seek these transformations operators
in the form
UJ(XO,X)HPUJ(XO,XFVNJ(XO, _x)9 (255)

Wxyx) - TY(x, x)=1,P( - x,,X)

where r, and r, are some numerical matrices.
The operators defined in this way satisfy the following evident relations

Pp,=p,P, Pp,=-p,p, Tp,=-p,, Tp,=pT,

hence the invariance condition (2.21) for the transformations (2.55) can be written in

the form

r|L(p()’p)_L(p()’ _P)rl :alL(p()’p)’ (256)
rzL(p()’p) - L( _po’p)rz = uzL(p()’p)

where L(p,,p)=L is the Dirac operator (2.1). The relations (2.56) reduce to the following
equations for r, r,, 0, O,:
[r.y1=1r.y 1=l Y,1=[r,Y,1=0, a,=a,=0. (2.57)

The general solution of (2.57) is
rl :leo’ r2:T2y0y4 (258)

where T, and T, are complex parameters. The requirement of unitarity of the
transformations (2.55) reduces these parameters to phase multipliers

TI :exp(iq) |)7 Tzzexp(iq)z)a ¢1a ¢2D]R' (259)

So the Dirac equation is invariant under the discrete transformations (2.55),
(2.57) (2.58) which complete the representation of the proper orthochronous Poincaré
group to a representation of the complete Poincaré group. One more symmetry
transformation of the Dirac equation can be given by the antiunitary operator C:

27



Symmetries of Equations of Quantum Mechanics

Wxg,x) » CP(x, x) =r W (x), x), (2.60)

where r, is a matrix satisfying the conditions (compare with (2.56))
rL(pyp)—L (pyp)ry=0,L(p,P), (2.61)

where the asterisk denotes that all terms in the corresponding operator should to be
changed to complex conjugated ones.
Using (2.1), (2.4), (2.61) it is not difficult to find that

a,=0, r,=ivy, T,=exp(i},). (2.62)

3

Moreover without loss of generality we can set T,=1.

The transformation (2.60) is called a charge conjugation. The sense of this
name can be understood by considering the Dirac equation for a particle interacting
with an external electromagnetic field, where the transformation (2.60) is accompanied
by a change of the electric charge of a particle.

Let us require that the charge-conjugated function (2.60) have the same
behavior under the transformations P and T as non-conjugated wave function. This
requirement imposes the following conditions on T,, T,: ReT,=ImT,=0, so we have from
(2.58), (2.59)

r=xYy,  n=EYY, 1=l (2.63)

Thus the Dirac equation is invariant under the P-, T- and C-transformations
just as the KGF equation. The transformations (2.55), (2.60), (2.63) together with the
Poincaré group transformations found in Subsection 2.9 form a symmetry group of
(2.1), which we denote by P (1,3). The projective representations of the group P (1,3)
are considered in Section 4.

3. MAXWELL’S EQUATIONS
3.1. Introduction

Maxwell’s equations are one of the main foundations of modern physics.
Describing a very extensive branch of physical phenomena, these equations are
distinguished by their extremely simple and elegant form. But the source of this
simplicity and elegance lies in the remarkably rich symmetry of Maxwell’s equations.

The investigation of the symmetry of Maxwell’s equations has a long and
glorious history. In 1893, having written these equations in the vector notations,
Heaviside [219] pointed out that they are invariant under the change

E-H, H--E,
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where E and H are the vectors of the electric and magnetic field strengths. Larmor
[272] and Rainich [368] found that this symmetry can be generalized to the family of
one-parameter transformations (we will call them Heaviside-Rainich transformations)
E — Ecos8+Hsinb, (3.1)

H - Hcos0-Esinb.
Lorentz [288], Poincaré [361, 362] and Einstein [90] obtained the most

fundamental result connected with the symmetry of Maxwell’s equations, which paid
a revolutionary role in physics. It was Lorentz who first found all possible linear
transformations of space and time variables (and the corresponding transformations for
E and H) leaving Maxwell’s equations invariant.

Augmenting and generalizing Lorentz’s results, Poincaré showed that in the
presence of charges and currents Maxwell’s equations are invariant under Lorentz
transformations. Poincaré first established and studied the main property of these
transformations, i.e., their group structure, and he showed that "the Lorentz
transformations represent a rotation in a space of four dimensions whose points have
coordinates (x, y, z,V=1£)" [361]. Thus, Poincaré combined space and time into a single
four-dimensional space-time at least three years before Minkowski [306].

In Einstein’s famous work [90] which played an outstanding role in the history
of modern science it was also established that Maxwell’s equations with currents and
charges are invariant under Lorentz transformations. On the basis of their study of the
symmetries of Maxwell’s equations, Lorentz, Poincaré and Einstein created the
foundations of new relativity theory. Moreover new relativity principle (differing from
the Galilei relativity principle) was created in physics.

The nextimportant step in studying the symmetry of Maxwell’s equations was
made by Bateman [22,23] and Cuningham [70] who proved that these equations are
invariant under the inversion transformation

(suplemented by the corresponding transformation of the dependent variables) from
which follows invariance under the conformal transformations (1.50). In fact Bateman
proved that the conformal group invariance determines the maximal symmetry of
Maxwell’s equations with currents and charges [22].

Not long ago the group-theoretical analysis of Maxwell’s equations was done
using the classical Lie approach [71, 226]. Incidentally it was proved rigorously that
the maximal local invariance group of Maxwell’s equations for the electromagnetic
field in vacuum is the 16-parameter group C(1,3)IH] where H is the one-parameter
group of Heaviside-Larmor-Rainich transformation (3.1).

But the transformations mentioned above do not exhaust all the symmetries
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of Maxwell’s equations. These equations possess hidden (nongeometric) symmetries
which are not connected with transformations of independent variables [120, 144]. The
main property of this "new" symmetry is that the basis elements of the corresponding
IA do not belong to the class M, (in contrast to the classical Lie approach) but are
integro-differential operators (see Chapter 4).

The classical (Lie) symmetry of Maxwell’s equations is discussed in the
present section.

3.2. Various Formulations of Maxwell’s Equations

Maxwell’s equations for the electromagnetic field in vacuum are usually
written in the following form

pr=iaa_H, pr=—i%_E, (3.2a)
t t

pE=0. p-H=0 (3.2b)

where E and H are the vectors of the electric and magnetic field strengths.
In the presence of currents and charges Maxwell’s equations take the form

t

i%_H=pr, p-H=0 (3.3b)
1

where j=(j,j,) is the four-vector of the electric current and the constant of
electromagnetic interaction has been taken equal to one.

The vector formulation of Maxwell’s equations given above was proposed by
Hertz and Heaviside. Besides (3.2), (3.3) we shall consider other representations of
these equations suitable for the investigation of symmetries.

Let us denote by @ the following vector-function
34

17772

a
d= %E=column(E E,E,H ,H,H)

where E, and H, are the components of the electric and magnetic field strengths. The
equation (3.2) may be represented in the form

L ®-=0, I:1=ii—HEi£—02S'p,
ot ot 3.5
L'®=0, LS '=(Z%+ie™S )p,

where
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Z?=28"-58,-S,S.,

3 o0 oo Boi B -iof (3.6)
0 0 ¢.0 o 0
L 0 OD

2
O Biof BiooB B o of

and 0, is the 6x6 Pauli matrix commuting with S, (i.e., the matrix obtained from (2.5)
by change 1 and 0 by the 3x3 unit and zero matrices).

It is not difficult to make sure the equations (3.2) and (3.5) coincide
componentwise for any a=1,2,3.

The formulation (3.4)-(3.6) is mainly used in the following by the analysis of
hidden symmetries of Maxwell’s equations.

Maxwell’s equations can be written in the form of a first-order covariant
equation also

B, p"-BKP=0 3.7

where B, are irreducible 10x10 matrices of Kemmer-Duffin-Petiau (KDP) in the
representation (6.22),

Q=column(E ,E,,E H,H,,H,A ,A,AA). (3.8)

12772273

Substituting (3.8), (6.22), (6.24) into (3.7) we obtain the system

0A, O0A, )
+___=-KE,, KH=-ipxA,

a_xo ox,

OF _ pxH, p-E=0,
ot

from which the equations (3.2) follow immediately.

Maxwell’s equations in the form (3.7) were discussed by Fedorov [95] and
Bludman [38].

Maxwell’s equations with currents and charges can also be written in the
covariant form. Denoting

p=column(E ,E,,E,,H,,H, H,J ,J,,J,,J ) (3.9
it is possible to represent (3.3) as the following system [154, 157]
LW=0, L=(1-B)B'p,+D),

LW=0, L,=B'p,B,

(3.10)

where B, are the matrices (6.22). The other possibility is to use the 16x16 KDP
matrices which make it possible to write Maxwell’s equations with currents and
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charges in the form of a single covariant equation [154].
3.3. The Equation for the Vector-Potential

Let us consider one more formulation of Maxwell’s equations which makes
use of a four-component function (vector-potential) A=(A,,A ,4,,A;) connected with E
and H by the relations

H=ipxA, E=f%_A7ipAo. 3.11)
t

Substituting these expressions into (3.3) we obtain the following equations for A,

DDA D, DAY=, (3.12)

So instead of eight equations for E, H one may solve the system (3.12) for A,
and then find the vectors of the magnetic and electric field strengths using formulae
(3.11). Moreover the system (3.12) can be simplified using the freedom in the choice
of A,. Actually the relations (3.11) are invariant with respect to the substitution

A A +ip® (3.13)
1 i u

where @ is an arbitrary function. This is why the additional constraint (Lorentz gauge)
is imposed usually on A ;:

p,A"=0 (3.14)

which reduces (3.11) to the system of noncoupled equations

pypYA 7, (3.15)

As before, the equations (3.14), (3.15) determine the vector-potential up to the
transformation (3.13) where @ is a function satisfying the equation p, p"®=0. Using
such transformations (called a gauge transformations of the second kind) it is possible
to arrange that

4,20, p-A=0. (3.16)

The conditions (3.16) (which in contrast to (3.14) are not relativistically invariant and
can be imposed in a fixed reference frame only) are called the Coulomb gauge.

To conclude this subsection we notice that by using the connection of the
vectors E an H with the four-vector A, given by formulae (3.11) Maxwell’s equations
can be written in the tensor form

vaVllzij”’ vaVll:O (317)

where
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» ) w1
FW=i(ptA*=p*A"),  F"=—eF

3.4. The IA of Maxwell’s Equations in the Class M,

To investigate the local symmetries of Maxwell’s equations, we shall use the
covariant formulation of these equations given in (3.10).

The problem of finding the IA of the equations (3.10) in the class M, can be
formulated in analogy with the corresponding problem for the Dirac equation
considered in Section 2. The only distinction is that Maxwell’s equations (3.10) are
represented as a result of action of two linear operators on a vector ) while the Dirac
equation is determined by the only operator L of (2.1).

In analogy with Section 2 let us formulate a definition of a SO QM , for
Maxwell’s equations.

DEFINITION 3.1. A linear differential operator

Q=A¥p,+B, A'OF, BOG" (3.18)

is a SO of Maxwell’s equations (3.10) in the class M, if

[Q’L1]=BIQ L1+BZQ L, BZDG o 3.19)
[Q,L]=Ay L +N\yL,, AGOG',
where L,, L, are the operators (3.10) and the symbol G'° denotes the linear space of
10x10 matrices whose matrix elements belong to F (see Subsection 1.1).

As in the case of the Dirac equation, SOs transform solutions into solutions
and the set of SOs forms a Lie algebra.

The main assertion concerning the symmetry of Maxwell’s equations can be
formulated as follows

THEOREM 3.1. Maxwell’s equations (3.10) are invariant under the 15-
dimensional Lie algebra which is isomorphic to the algebra AC(1.3). The basis
elements of this IA can be taken in the form of (2.22), (2.42) where

S, =i(BB,-BB,). K=3-Bi. (3.20)

The Lie algebra spanned on the basis (2.22), (2.42), (3.20) is the maximal IA of
Maxwell’s equations in the class M,.
PROOF. Using the relations

BZ=B47 (1 _Bi)ﬁpzﬁuBi’ B“B“=3_[342h [BH’ Sv)\]zi(g“)\Bv_ng)\) (32D

(which follows from (6.20), (6.23)) one verifies that the operators (3.10), (2.22), (2.42),
(3.20) satisfy the invariance conditions
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[P.L]=1J,.L]=[D.L]=[K,L]=0 (3.22)

which coincide with (3.19) for B5=A=0.

Using relations (3.21) it is not difficult to verify that the operators (2.22),
(2.42), (3.20) satisfy the commutation relations (1.14), (1.19) which characterize the
algebra AC(1.3).

We see that the operators (2.22), (2.42), (3.20) actually form the TA of
Maxwell’s equations. The proof that this IA is maximal in the class M, will be given
in Section 20 as a part of the solution of a more complicated problem.®

COROLLARY 1. Each of the equations (3.10) is invariant under the algebra
AC(1,3).

This statement follows from the commutativity of each of the operators L, and
L, with the basis elements of the algebra AC(1,3).

COROLLARY 2. Maxwell’s equations for the electromagnetic field in
vacuum are invariant under the 16-dimensional Lie algebra whose basis elements are
given in (2.22), (2.42) (where S, K are the matrices (3.20)) and in (3.23):

F-B, (3.23)

Indeed, Maxwell’s equations without currents and charges can be represented
in the form of the system (3.10) with the additional constraint

L=(1-BHy=0. (3.24)

The matrix 1-(B,)* commutes with any element of the algebra AC(1,3) and, moreover,
the relations

L, Fl=-iL, [L,FI=L,-L,~FL, [L,F]1=0

are satisfied. So the generators of the conformal group and the operator F are the SOs
of the system (3.10), (3.24).

Thus the symmetry of Maxwell’s equations for the electromagnetic field in
vacuum turns out to be broader than in presence of currents and charges. Itis connected
with the fact that the equations (3.3) includes the current in a nonsymmetric way (due
to the absence of the magnetic charge). As a result Maxwell’s equations with currents
and charges are not invariant under the Heaviside-Larmor-Rainich transformations
(which are generated by the operator F, as will be shown in the following).

3.5. Lorentz and Conformal Transformations
A direct consequence of symmetry of Maxwell’s equations under the IA found

above is the invariance under the group of conformal transformations. Here we will
show the explicit form of these transformations and then generalize these
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transformations to the case of arbitrary spin (see Subsection (3.9)).

The deduction of Lorentz and conformal transformations for the
electromagnetic field is analogous to the one given in Subsection 2.9 where the
corresponding transformations for the Dirac equation solutions are found. Therefore
we will omit the details and mention only the essential points.

As in Section 2, it is not difficult to show that the transformations of
independent variables generated by the operators (2.22), (2.42), (3.20) have the form

x-x'=x+a, x0—>x0/ =X,*a, (325
x-x" =xcos6—_e>e<x sinB+ G(gz'x) (1-cosB), x,-x, =x,, (3.26)

A .
Xox " =x- " OginhA+ )\O\zx) (coshA-1),
A A (3.27)
X, - xo/// =x,coshA - %sinh)\,
X,- x}fv= exp( —)\O)x“,
_ v
PP byxx (3.29)
2 1-2bx"+b b x,x*
where

0=(67+0:+8)"%, A=(A\J+A\3+AD",

8,. b,» A, and a, are real parameters.

Formulae (3.25)-(3.29) give the displacements of the time and space variables,
rotation by an angle 6 around the axis 6/6, proper Lorentz transformation (3.27), scale
transformations (3.28) and conformal transformations (3.29). Moreover (3.25)-(3.27)
are particular cases of the general Lorentz transformation (1.36), (1.38), (1.39).

In order for Maxwell’s equations to be invariant under transformations (3.25)-
(3.29) it is necessary to transform simultaneously the vector-function (3.9) in
accordance with the following law [154, 157]

W) - W (x ) =W(x), (3.30)
/! /! D )

WO — ' (x " )=exp %sm Sabec_%p(x), (3.31)

W)~ W (") =exp S, A W), (3.32)

W) - P ) =exp (-iKA)P(x), (3.33)
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. v O
W) - Ve )= [9(x, b)Fexp %’S““b“x arctan _%__Chycn) (3:34)
|:| a bpx M- 1 D

where S, and K are the matrices (3.20),
¢ (x,b)=1 —Zb“x Wi b bVx,x?, a= [bub Hx xV- (b“x 211, (3.35)

Formulae (3.30)-(3.32) are distinct from the corresponding formulae giving
the transformations of solutions of the Dirac equation only by the realization of the
matrices S, (compare with (2.47), (2.49)). It is not difficult to make sure also that the
dilatation and conformal transformations for the Dirac spinors given in (2.53), (2.54)
also can be represented in the form (3.33), (3.34) where K=3/2, S}N:[yp,yv]/4, y, are the
Dirac matrices.

Using relations (3.30)-(3.34) it is not difficult to obtain the transformation law
for the vectors H, E and four-vector of current j. Indeed bearing in mind the identity
(which follows from (3.20), (6.20))

(8, d™) =(d\od "~ d\ d S, "

where d; are arbitrary parameters, one can represent each of the exponentials from
(3.31), (3.32) as a sum in powers of the matrices S,

exp %samSuﬁ@: 1 +iS_é6 sinB+ E%_eg(cosﬁ— 1),

1
Sz(Sl’SZ’S3)’ Sazi SabCSbc;
S A oA B (3.36)
exp(iS, A, )=1+i < “sinhA+ 3¢ “[(coshA-1),
A OA O
U s puyv 0
exp Di i arctan ¢ %=
0 a bux H-1 0

=00, b) ' [d(x,b)+ 2iS,,x*b (b, x A-1) -2(S,,x"b Y)21.
As to the operator [p(x, b)]¥ (where K=3—(Bs)* is a Hermitian matrix) it can be
represented in the form

(DD =Y [0(x,b)I°A,, (3.37)

where O are eigenvalues of the matrix K (equal to 2 or 3) and A\, are the projection
operators corresponding to these eigenvalues

A=B A=1-BL (3-38)

Then, using the explicit expressions of S,; and B, given in (3.20), (6.22), (6.24), we
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obtain

Sa:isachhB£: i ‘ . i SOa:i[BO’Ba]: z
L. S = L
5 : . -,
B O O
3 B g 4

K=3-Bi= 0 B:=0 0
N 27 ‘0 o - ‘0
B O O O
20 a -

i }
S

N

O

(3.39)

where §a are the 3x3 matrices (3.6), S, are the 4x4 matrices (1.42), [ is the 3x3 unit

matrix, the dots denote zero matrices of an appropriate dimension.

Substituting (3.9), (3.36)-(3.39) into (3.30)-(3.34) we obtain the following

transformation laws
E—>E/:E, H—»H/:H, j—>j/:j,
Jo—ds =iy (E.Hj)~E" H" j")=
sin@ .. 1-cosB
+0-(0-(E,H ,
g OO EH ) —
sinhA 1-coshA

=(E,H,J)cos0-0x(E,H.,j)

E_E" =EcoshA\-AxH +A(A\E)

sinhA 1-coshA

A

H . H'"" =Hcosh\+AxE +A\-H)

bl

o sinhA . L. . . .
Jo—ds =jcoshA- AR i =N “AAY)

(E,H)~(E"™,H")=exp(-2\)(E.H), j-j"=exp(-3])j,

E-EV=0[(b"x, - 1E+2(b*x," - D)byx YxH-x, bxH-bx V-E+x "b-E)+

sinhA 1-coshA

A

>

(3.402)

+bxx V(xy'b-H-byx V-H+bxx V-E)+(bx,' -x "b)(b-x "xH-x,'b-E+bx V-E)],

H-H"=¢[(b*x - 1PH+2(b"x," - 1)(x, bXE-bx "xE-bx V-H+x b-H)+ (3-40b)

+bxx V(bxx V-H+bx V-E-x, b-E)+(bx," x "b)(byx V-H-x,'b-H-bxx V-E)],

Jy=in =010, ~2[b,(1-2x5 DM +x," b b Ix, [+ 20"~ byx,'x )b j
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Formulae (3.40) give the explicit form of the transformations of the conformal
group for the vectors of the electric and magnetic field strengths and the current four-
vector. The corresponding transformations for ¢ and x are given in (3.25)-(3.29). These
formulae are quite complicated but simplify considerably if only one of the parameters
a,, b,,8,, A, is nonzero. For instance setting b,=b,=b,=0, by=b in the transformation law

w Yar

(3.40) for E" we obtain
E V=(1-2bx,+ b x")[(1- bx’E - b x(xE) +2b(1 - bxxxH]. (3.41)

Analogous transformations for H can be obtained from (3.41) by the change E - H,
H - -E.

Formulae (3.40), (3.41) may be useful for various applications - e.g. for the
construction of nonlinear generalizations of Maxwell’s equations, being invariant under
the conformal group.

3.6. Symmetry Under the P-, T- and C-Transformations

Invariance under the transformations considered above does not exhaust all
symmetry properties of Maxwell’s equations. We will see later that these equations are
invariant also with respect to nonlocal transformations not connected with geometrical
space-time symmetries.

But there exist discrete symmetry transformations of dependent and
independent variables which we not considered in the previous subsection. There are
the transformations of time reflection and space inversion. In fact it is not difficult to
verify that Maxwell’s equations do not change their form under the transformation

Xy—>Xy X—>-Xx, E~-E, H-H, j— -, j,—j (3.42)
Xy~ Xy X-Xx, ESE, H--H, j—-j, j —j

There is one more symmetry which is trivial for Maxwell’s equations

describing real field, but is not admitted by some other equations for massless fields.
This is the charge conjugation transformation

E-E*, HoH", j-j". (3.43)

Using the vector-function (3.9) it is possible to represent the transformations
(3.42), (3.43) in the form (2.55), (2.60), where r,=1-287, r,=(1-28,)(1-28,%), r;=1. The
invariance of (3.10) under these transformations follows from the relations
[P,L]=[P,L,] =IT,L ] =[T,L,]=[C,L ] =[C,L,] =0

where L, and L, are the operators (3.10). The operators P, T and C satisfy the relations
(1.54) just as in the cases of the KGF and Dirac equations.
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3.7. Representations of the Conformal Algebra Corresponding to a Field with
Arbitrary Discrete Spin

We have shown in the above that the TA of Maxwell’s equations in the class
M, is the 15-dimensional algebra AC(1,3). This algebra and their representations play
a fundamental role in modern theoretical physics.

In this section we continue discussing the conformal symmetry of Maxwell’s
equations and other relativistic wave equations for massless fields. It will be shown that
the conformal group generators K, and D are expressed via the Poincaré group
generators P, and J; on the set of solutions of such equations

DEFINITION 3.2. We say that an equation

Ly=0 (3.44)

where L is some linear differential (or integro-differential) operator, is Poincaré-
invariant and describes a massless field with discrete spin if on the set of its solutions
a representation of the Poincaré algebra is realized corresponding to zero eigenvalues
of the Casimir operators (2.36):

PP W=0, W*'W @=0 (3.45)

In other words if an IA of some equation is given by the operators P,, J,,
satisfying (1.14), (3.45) than we call it an equation for a massless field with discrete
spin. It appears that any such equation is also invariant under the more extensive
(conformal) algebra as it is stated in the following theorem.

THEOREM 3.2 [143]. Any Poincaré invariant equation for a massless field
with discrete spin is invariant under the conformal algebra whose basis elements are

given by the operators P, J,,, forming the algebra AP(/,3), and the operators D, K,

> Yo

expressed via P, J,; by the relations
D

D 1 %)0 “’ (JaD’ K _l ? J(JaJOa /\2 % Kazi[KO’JOa] (346)
2g

where

J-P
A:T’ P=\/P}+P}+P;.

PROOF. Since P, and J,, by definition form an IA of equation (3.44), the
operators (3.46) expressed via P, J,, are also included in the IA of this equation.
Further, by assumption, P, and J,; satisfy the commutation relations (1.14) , and the
proof of the theorem reduces to verifying the validity of the relations (1.19) for the
operators (3.46). Verification of these relations requires straightforward but
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cumbersome calculations which can be done using the relations

Py=P?, w};ﬁmpp, [AJ,1=IAP =0,
P (3.47)

P,P

P4

a
. n

1 ~ 1 .
[F’Jah] 70, [F’Jo"] - 21

Thus, formulae (3.46) give explicit expressions for basis elements of the
algebra AC(1,3) in terms of the operators P, J,; contained in its subalgebra AP(1,3).

Theorem (3.2) has constructive character since it enables to find the explicit
form of the generators D and K|, starting from given basis elements of the Poincaré
algebra. Thus, proceeding from the generators P, J, in the Lomont-Moses
representation (see (4.50) for n,=n,=0) we obtain, by formulae (3.46), the generators
of the conformal group in the Bose-Parker representation [50]. Other representations
are considered in Section 4 and the next subsection.

In conclusion we notice that the algebra AC(1,3) is isomorphic to the Lie
algebra of the group O(2,4) (the group of pseudoorthogonal matrices conserving the
vector length in the (2+4) Minkowski space. This isomorphism can be established by
the following relations

Jye =Sy Py =S, +S,s K, =8,-S,, DS, (3.48)

where P,, J,5, K,, D are the basis elements of the algebra AC(/,3) satisfying the

commutation relations (1.14), (1.19), and S,,, are the generators of the group O(2,4)
satisfying the relations

[Skl’ Smn] = i(gknslm +glmSkn - gkmSln - glnSkm)’ (3 49)

800= "811= "8n= "85~ 84,7850, §,,=0, m#n.

The existence of this isomorphism means that the problem of the description of the
representations of the algebra AC(1,3) reduces to the description of the representations
of the algebra AO(2,4).

3.8. Covariant Representations of the Algebras AP(1,3) and AC(1,3)

Of particular interest is the use of the algorithm given in Theorem 3.2 in the
case when the Poincaré group generators have the covariant form (2.22) inasmuch as
such representations are used for description of actual physical fields.

Here we will consider such representations, restricting ourselves to the case
when the matrices S, realize the finite dimensional IR D(j T) of the algebra AO(1,3)
(see Section 4). To simplify the discussion we will use the realization of (2.22) in the
momentum representation where p, are independent variables, x,=i0/dp".

Let Y be an arbitrary solution of (3.44) describing a field with zero mass and
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discrete spin, and the corresponding Poincaré generators have the form (2.22). Then
by definition Y satisfies conditions (3.45) which take the following form

(i~ p*)Y=0 -0
W“przswsv)\p)\pptpzo (351)
It is convenient to rewrite (3.51) in the form (see (3.49))

1 vaoo_ P
Wuwzjsuvpcp S* L|J=70/\p“w’ (3.52)

where A is the helicity operator (3.46). When p=0, the equation (3.52) turns into
identity according to (3.50), but when p=a, a#0, this equation takes the form

14
(pO Sl)ciphSOc#»pcSOh)qJ:Sahcpagol\l‘p’ (353)

Using relations (4.59), (7.19) given below for § — jand S — T one concludes that the
equation (3.53) is equivalent to the following system

S(Japa LIJ:i(].-*—T)pOLL"

1 .
Esabcsah p(‘lp = (] _T)pOlIJ’

where j and T are integers or half integers enumerating the IR of the algebra AO(1,3).

So if Y is a covariant massless field with discrete spin than it satisfies the
equations (3.50), (3.54). In the case j=0, 1=1/2 (or j=1/2, 1=0) the equations (3.54)
coincide and reduce to the Weyl equation, and for j=1, 1=0 these equations are

(3.54)

equivalent to Maxwell’s equations.

Let as find the operators D and K, (3.46) corresponding to the generators
(2.22). According to the reasons given below it is sufficient to restrict ourselves to the
case when the matrices S, realize the representation D(s 0) or D(0 s).

Substituting (2.22) into (3.46) we obtain after a simple calculation

1%30a

D= ,oag— XoP, X, Py tils + DA -p?) +B(S,p,mispy) s=j+T, (337

D
— 2 .
K== gz_"]()a Joat N'= % HP XXy 280, oo P 2)+E0(S0apa_lSp023.55b)

Ka= i[KO’ JOa] = 2an X uxp pa * 2Sap'x e Ca(poz -p 2) +Ea(S()apa B isp())’
where A, B, C“, E, are some functions of P Xy the exact form of which is not essential
because the corresponding terms are equal to zero on the set of solutions of (3.50),
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(3.54). Moreover
DY=(x,p,-x,p,+ik)W, KpllJ=(2xHDfxvx "pu+2wa Y, (3.56)

where k=1+s according to (3.50), (3.54), (3.55).

In the case when S, belong to an arbitrary finite dimensional representation
of the algebra AO(1,3), formulae (2.22), (3.56) give an explicit form of the conformal
group generators in the Mack-Salam [289] representation. For instance, the basis
elements of the algebra AC(1,3) have this form on the set of solutions of the massless
Dirac, Weyl and Maxwell equations (compare with (2.22), (2.42)).

Letus sum up. According to Theorem 2.3 any Poincaré-invariant equation for
amassless field with discrete spin turns out to be invariant under the conformal algebra
which, however, is generally realized in the class of nonlocal (integro-differential)
operators.

In this section we have verified that if one starts from a covariant
representation of the algebra AP(1,3) then the algorithm given in Theorem 2.3 leads to
the conformal algebra representation in the covariant form of Mack and Salam [289].
Thus it has been established that the operators D and K|, in the covariant realization
(3.56) can be expressed via the Poincaré group generators according to (3.46). Of
course this statement is valid only for the representations satisfying Definition 3.2, i.e.,
corresponding to zero mass and discrete spin. In particular it is valid for representations
realized on the sets of solutions of the massless Dirac and Maxwell equations, i.e., the
corresponding generators of dilatation D and conformal transformations K, can be
expressed via the Poincaré group generators P, J,, according to relations (3.46). This
seems to be an explanation of the known fact that the conformal symmetry of
Maxwell’s equations does not lead to new conservation laws in comparison with the
Poincaré invariance, see [32, 358].

Let us explain why we restrict ourselves to considering such representations
of the matrices S, of (2.22) which have the type D(0 1) or D(j 0). As was established
by Bracken [52] the operators (2.22), (3.56) form an IA of the d’ Alembert equation
(3.50) only in the case when jT=0 where j and T are indices labelling the representation
of the group O(1,3) realized by S, So only for such types representations it is possible
to obtain a covariant realization of the generators D and K|, using Theorem 2.3 (another
representations do not correspond to a field with zero mass [52]). If j and T are nonzero
then formulae (2.22), (3.46) also define a representation of the algebra AC(1,3) but the
corresponding D and K, do not belong to the class M, (for realizations in the coordinate
representation).
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3.9. Conformal Transformations for Any Spin

In conclusion we should note that the conformal group transformations
generated by the operators (2.22), (3.56), where §,; are arbitrary matrices satisfying the
algebraAO(1,3), can be represented in the form (3.30)-(3.34). It is not difficult to make
sure that the transformations (3.30)-(3.34) satisfy the Lie equations (1.47) for any
matrices S, forming the algebra AO(/,3), and so give the explicit form of the
conformal group transformations for any representation of the Mack-Salam type. The
other (but equivalent to (3.34)) realization of the conformal transformation matrix for
arbitrary spin was given in [371].

For every particular representation D(j T) of the algebra AO(1,3) the
exponential of the matrices §,,[1D(j T) reduces to a finite sum of powers of these
matrices, since [(S,,-A)=0 where A are the eigenvalues of S, - | j-T | <A<j+T. Thus an
explicit form of the transformations (3.30)-(3.34) is easily calculated for any
S,0D( T).

‘We notice that the transformations (3.30)-(3.34) can be considered as a local
representation of the conformal group only, since we encounter not only the problem
of defining the domain of the functions '(x"), Y"(x"), ... but also the fact that the
expressions (3.29), (3.34) become meaningless for 1-2b,x"+b,b"x,x°=0.
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2. REPRESENTATIONS OF THE POINCARE
ALGEBRA AND WAVE EQUATIONS
FOR ARBITRARY SPIN

The two opening sections of this chapter contain a description of IRs of the
algebra AP(1,3) and operators P, T, and C. Incidentally the basis is used in which the
Poincaré group generators have a common form for all the classes of IRs. The main
elements of a theory of Poincaré-invariant equations for arbitrary spin particles are
expounded in Sections 6-10.

4. IRREDUCIBLE REPRESENTATIONS OF THE
POINCARE ALGEBRA

4.1. Introduction

Representations of the Lie algebras of the main groups of relativistic and
nonrelativistic physics, i.e., the Poincaré and Galilei groups, are one of the most
important instruments of a symmetry analysis of equations of quantum mechanics.
These representations are used for a classification and physical interpretation of known
equations as well as for deduction of new motion equations satisfying relativity
principles of Galilei or Lorentz, Poincaré and Einstein.

IRs of the Poincaré group were described mainly by Wigner as long ago as
1939 [413]. Then Wigner’s results were supplemented by Shirokov [386] who for the
first time finds an explicit form of basis elements of the algebra AP(1,3) for all the
classes of IRs. In many publications appearing later, representations of the Poincaré
algebra in various basis were obtained. (See the survey [29] and the references cited
there.) Each of the realizations found of the algebra AP(1,3) has its merits and
drawbacks, each being more convenient for a particular class of physical problems.

The realization of IRs of the Poincaré algebra given below is remarkable for
a simple and symmetric form of basis elements which is common for all the classes of
IRs. In the following sections we will give the classification of IRs of the algebra
AP(1,3), find an explicit form of the Poincaré group generators, and then establish the
connection of the representations found here with the canonical Shirokov-Foldy [386,
106] realization.
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4.2. Casimir Operators

The commutation relations (1.14) can be used as an abstract definition of the
algebra AP(1,3). Our task is to describe constructively all the nonequivalent realizations
of these relations in terms of Hermitian operators (for definitions, see Appendix 1).
According to Schur’s lemma classification of IRs of a Lie algebra L reduces to finding
of a complete set of Casimir operators and calculating eigenvalues of these operators.
Let C be a Casimir operator for the algebra L then only such vectors which correspond
to the same eigenvalues of L can be included into the space of IRs. On the other hand
if we find all the independent Casimir operators C,, C,, ... for an algebra L and define
representation of L in the space of eigenvectors of operators C,, C,, ... belonging to one
of eigenvalues of each of them, then such a representation will be irreducible. In this
case all the operators commuting with any element of a representation of the algebra
L are proportional to the unit operators. In other words only one IR corresponds to a
set of eigenvalues of all the Casimir operators.

To find the Casimir operators of the algebra AP(1,3) we will use the method
which admits a direct generalization to the case of the algebras AP(I,n), i.e., the Lie
algebra of the generalized Poincaré group in (1+n)-dimensional Minkowski space.

The Casimir operators of the algebra AP(1,3) have to commute with P, as well
as with J ;. Quantities commuting with J; are called scalars. Evidently there is not any
scalar among basis elements of the algebra AP(1,3), that’s why we will look for
Casimir operators in the enveloping algebra of the algebra AP(1,3), i.e., in the set of
operators of a kind Q,, 0,Qp 0,0;00 ..., Oy U {P,, J;}. We will search for all
possible scalars starting from vector and tensor quantities which can be defined as
follows.

We say a set of operators (A, A,, Ay, A;) is a vector if for any A, (u=0,1,2,3)
the following condition is satisfied

AN =18 A, 8,0A):

where J,; are basis elements of the algebra AP(1,3). A set of operators A, which
commute with J,; as a product of vector components A A, will be called a tensor of
second rank. An arbitrary rank tensors are defined in analogous manner. The operators
P, and J,; are examples of a vector and second rank tensor.

It is well known that scalars can be obtained from tensors by the operation of
index convolution. The example of scalar is the operator J,,/*°. Our task is to find all
independent scalars starting from P, and J, ;. It is convenient to use for this purpose the
vectors W, and I', defined by the relations
W=Lte JWPC T, P 4.2)

u 7 uvpo’
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These operators satisfy the following relations
wpr=0, T P"=0,

[P W10, (W, W,1=ie . PPW*,

(4.3)
_ . . A
(W, J=-iPW,, [T P,I=i(8,P,P -P.P,),
-7 A
[T T =i PP
11 S
PA, I P 6-200)-Le | pvweair g g,
2 2 (44

1. 1 . 1
JMJ“’JEN:?(ngv —Jw)Jhiswp o °B+3i] ,J), B=—tep, JBIN.

Using (4.3), (4.4) it is not difficult to show that all the independent scalars
being constructed from P, and J,, are exhausted by the set

J°, B, PP', WW¢ T, W\ 4.5)

All other scalars (i.e., all the possible convolutions of the vectors P, and tensors J,;)
can be expressed via the operators (4.5) according to (4.3), (4.4).

Using (1.14) and (4.4), it is not difficult to show that only two of operators
(4.5) commute with P, as well as with J,,. They are the operators

C,=PP" and C,=W W*, (4.6)
o u

which are the main Casimir operators of the algebra AP(1,3).

We note that for some classes of representations there are additional operators
commuting with any element of the algebra AP(1,3). For example, for P P*>0 this
property is possessed by the energy sign operator C;=P,/|P,|. To describe IRs of the
Poincaré algebra it is necessary to use also these additional Casimir operators which
will be enumerated in the following section.

4.2. Basis of an IR

In order to determine a representation of the algebra (1.14) effectively, it is
necessary to set ourselves to some orthogonal basis in the representation space. As this
basis eigenfunctions of a complete set of commuting selfadjoint operators can be
chosen. All the Casimir operators are necessarily included in such a set and some
elements of the algebra and enveloping algebra should be added to make this set
complete.

We will choose the complete set of commuting operators in the following
form
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P, P, P, P, W; C, Cy.., .7

where W, is a zero component of the Lubanski-Pauli vector (4.2) and the dots denote
additional Casimir operators whose existence was mentioned above. We will denote
the orthonormal set of eigenfunctions of the operators (4.3) by |c,p,A> where
c=(c,,Cy,...) are eigenvalues of Casimir operators, p =(p,,p,.p,,P;) are eigenvalues of the
operators P, and A is an eigenvalue of W, so that

C,le.pA>=c |c.p >,
P, \c,ﬁ,)\>:p}l lc,p N>, (4.8)

C’ﬁ7A>:Ap ‘C’ﬁ’)\>’ p:(p12+p22 +1732)1/2-

W,

Incidentally the eigenvalues of the operators P, (which are the basis elements of the
Abelian algebra) and C, lie in the interval

~00<p <00, ~<(, <0, 4.9)

the spectra of the other operators (4.7) will be determined further on.

The numbers ¢, and c, (the eigenvalues of the Casimir operators) assume fixed
values in spaces of IRs. Following Wigner [413], we distinguish five qualitatively
different classes of IRs corresponding to the following values of ¢, ¢,, p,:

I. ¢>0.
II. ¢ =0, ¢,=0, pfo,
. ¢ =0, ¢,#0, (4.10)

2

1V. ¢ <0,
V. p=E 0.

The main interest (from the physical point of view) is aroused by IRs of
Classes [ and /I inasmuch as the space of such representations is compared to the state
space of a non-interacting relativistic particle with mass m>0 and zero mass. But IRs
of Classes /Il and IV also find some applications - for instance, for describing
hypothetical particles with infinite number of spin states [310], nonstable particles and
tachyons [239, 240, 390]. As to representations of Class V, they are an integral part of
any physical theory satisfying the principle of relativistic invariance.

Below we describe all the nonequivalent IRs of the algebra AP(1,3) belonging
to the first four classes. IRs of Class V reduces to the representations of the Lie algebra
of the homogeneous Lorentz group. The theory of such representations is expounded
with exhaustive completeness in monographs [20, 197]. The necessary facts about
finite dimensional representations of the algebra AO(1,3) are given in Subsection 4.8.
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Let us enumerate the additional Casimir operators existing in any class of IRs
and show the corresponding eigenvalues ¢, and ¢, :

PO
¢, 20, C,=——,

A

4.11)
c,=c,=0, C,=W,/P =W,/P,=W,/P,=W [P,
<0, ¢,=cl(I+1), C =W /W],
where [ are arbitrary integers or half-integers.
For IRs of Class V there are two specific Casimir operators

C,=J, ™, C;%swchVpJ v, 4.12)

There is just one more universal Casimir operator for any class of IRs
C,=exp(2iTU, ) =exp(2iTU, ;) =exp(2iTU, ;) (4.13)

whose eigenvalues are equal to 1. The top sign corresponds to simple representations
of the Poincaré group, the lower one corresponds to two-valued ones.

4.4. The Explicit Form of the Lubanski-Pauli Vector

Let us obtain an explicit form of the vector W, in the basis |c,p,A> for any
class of IRs of the algebra AP(1,3) enumerated above. Using (4.4),(4.8) it is not
difficult to obtain the commutation relations for the components W, in the basis
|c,p,A>
[Wa’ Wh]:isabc(p()wz‘iwopc)’ [WO’ Wa]:isahL'phW

o

(4.14)

For any fixed value of p = (p,,p,.p,,p;) the conditions (4.14) determine some
Lie algebra A;. Incidentally nonequivalent algebras correspond to different values of

p.

Our task is a constructive description of all the nonequivalent representations
of the algebra (4.14). To simplify the relations (4.14) we use an invertible linear
transformation

W W, =R W', p,~p/=R, p" (4.15)

As a rule, this transformation is taken in a form which leads to the maximal
simplification of the relations (4.14) for any specific class of the vectors p,. For
example, for p p*>0 a transformation is made to reduce p, to the form where p =0, if
p,P'=0 then p'=p';, p',=p',=0, etc. (see, e.g., [386]). As a result we obtain such
realizations of IRs of the algebra AP(1,3) which have essentially different form for
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different values of c,. Besides in the case p, p*20, one of the vector p, components, for
for example, p;, is always distinguished, although all p, are included into the
commutation relations (1.14) at an equal footing.

We choose the operator of transformation (4.15) in such a form so that it will
maximally simplify the commutation relations (4.14) immediatelly for any type of the
four-vector p,. Namely we set

ROclzRat):O’ ROO= ]’ Rabz_R (416)

ab®

where R, are the matrix elements of the operator of transition to such a reference frame
in which p' ,=n,p, n=(n,,n,,n,) is an arbitrary unit vector, and

Rabzﬁ.néab_ sabzrec+ eaeb(l +p"-n)’l, (4]7)

eazgahrﬁh nc’ pa:pa/p'
As a result of the transformation (4.15)-(4.17), the commutation relations (4.14) take
the form

(W, W,1=ie,, (p,W. -n_pWy), [W, W, 1=ipe, .n,W, . (4.18)
Finally, by setting
WO/ =pA,, Wa/ =n A\, py*A, (4.19)

we obtain from (4.18) the commutation relations for the operators A, A,
[ApA l=ie,, n, A,
A )=ice,, n A,
where ¢,=pp,,.

In aspace of IRs of the algebra AP(1,3) c, takes a fixed value (coinciding with
the eigenvalue of the Casimir operator C,) and the commutation relations (4.20)
determine some Lie algebra A(c,,n) whose structure constants are dependent on ¢, and
n. The vector W, can be taken into correspondence with any representation of these
algebra. Indeed we can obtain by the transformation inverse to (4.15)-(4.17), bearing
in mind the relations (4.19), the following:

(B, 1)\, B, 421
l+np

(4.20)

W,=Wy =p\, W =R, W, =\ +p A p,-

Thus, we have obtained an analytical expression of the Lubanski-Pauli vector
via the components of the four-vector p, and operators A, realizing a representation of
the algebra (4.20). A description of representations of the vector W, reduces to
describing nonequivalent representations of the algebra A(c,n).

49



Symmetries of Equations of Quantum Mechanics

4.5. IRs of the Algebra A(c,n)

Let us study the structure of the algebra (4.20) and establish its connection
with other well known Lie algebras.
It is not difficult to make sure the operators

I=Noe, +A +A3+N5,  1,=exp(2iTIA) (4.22)

commute with )\“, i.e., they are the Casimir operators of the algebra (4.20). So, these
operators are multiples of the unit operator in a space of an IR and their eigenvalues
can be used to numerate IRs. It is not difficult to show that it is necessary to set n A=0
inasmuch as, according to (4.4), p,W;-n,W.p=0. It follows from this that the algebra
(4.20) has three linearly independent elements only. Moreower its structure can be
described as follows [157].

THEOREM 4.1. The algebra A(c,,n) of (4.20) is isomorphic to the algebra
AO(3) if ¢,>0, to the algebra AE(2) if ¢,=0, and to the algebra AO(1,2) if ¢,<0".

PROOF. The commutation relations (4.20) are invariant under the
transformations A, - \' ,=r A, n,—n' =r,n,, where r,, are elements of an orthogonal

matrix. Choosing r,, so that n'=(0,0,1), we come to the following equivalent algebra:

NGALT=iN;,  [AGA]==iN],

(4.23)

I\ As]=ic Ay, AS=0.
By setting
A,=Sy, Ai=mS,, A;=mS,, c'=m>>0,

= - = = 4.24
A=T, N=T, MN=T,, ¢=0 (4.24)
}‘0:512’ )‘1:”501’ )\Z:r]SOZ, Cl=—n2<0,
we obtain from (4.23) the commutation relations for S, T, Sg:
[S,.S, 1= .S, (4.25)
[1,,T1=iT,, [T,T,]=-iT, |[T,T,]=0, (4.26)
(018l =718 13 [SgpsS 11571800 [S5581,1 58S, 4.27)

characterizing the algebras AO(3), AE(2) and AO(1,2) accordingly.

" The symbols AO(3), AE(2), and AO(1,2) denote the Lie algebras of the group
of orthogonal 3x3 matrices, the Euclidean group in two-dimensional space, and a
group of pseudo-orthogonal matrices in (1+2)-dimensional Minkowski space.
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So the isomorphism formulated in the theorem can be given by the relations
Ao, A =R\, (4.28)

where A, are connected with the basis elements of the algebras AO(3), AE(2), AO(1,2)
according to (4.24), R, are matrix elements of the rotation operator connecting
n'=(0,0,1) with n=(n,,n,,n;). The explicit expression for R’ can be obtained from
(4.17) by the substitution p, — pn',. ®

The theorem proved makes it possible to reduce the problem of description
of the algebra A(c,,n) representations to describing representations of the Lie algebras
determined by the commutation relations (4.25)-(4.27). Representations of these
algebras are well known (see, e.g., [386]). A short survey of the main results
connecting these representations is given in the following.

a) The algebra AO(3). IRs of it are labelled by positive integers or half
integers and are realized by square matrices of dimension (2s+1)x (2s+1). This algebra
has two Casimir operators

1,=S}+S;+Sy, I,=exp(2iTS,). (4.29)
Let |s,s;> be an eigenfunction of a complete set of the commuting matrices

I, and S, then

I ]s,s>=s(s+ D) [s5,8,>, L ]s,,5,>=(~1)"[s,,5,>. (4.30)

The explicit form of the matrices S, in the basis |s,s;> is defined by the relations

S, |s.8>=s,]5,5>, s5,=-5,-5+1,....8,

(S,%iS,)[5,5,>=/s(s+1)=s,(s,x1) |5,5,+1>.

b) The algebra AE(2) is characterized by the commutation relations (4.26) and
has the two Casimir operators

1=T}+T;, L,=exp(2irtT}). (4.32)

431

There are two distinguished classes of IRs of the algebra AE(2) corresponding to /,=0
and 1,=r">0. If 1,=0 then

T,=T,=0, T,=A, L=(-1)* (4.33)

where A are integers or half integers. If I,=r">0 then IRs of the algebra AE(2) are
realized by infinite matrices of the kind

T,|r;n>=n|rn>, (T *iT,)|r,;n>=r|r,nxl> (4.34)

where |r,n> are eigenfunctions of the commuting matrices I, and 7,. Besides

I |rn>=r?r;n>, L|rp>=(-1)""|r,;n>, 0<r<oo, (4.35)
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and » runs over either all integer or half integer values.

¢) The algebra AO(1,2) (4.27) has two main Casimir operators
1,=85-So~Sg» 1, =exp(2iTtS,.). (4.36)

Let us denote by |0,n,$> an eigenfunction of the commuting operators I,, I, and S,,
so that

I |o,n,d>=a|a,n,0>,
I, |a,n,0>=exp(2iTtd) |ot,n,d>, (4.37)
S, [o,n,0>=(n+d) |o,n,p>.

All the possible combinations of values of o, ¢ and 7, corresponding to unitary
representations of the group O(1,2), are given by the formulae

a) ¢$=0, —c0<0<0, n=0,x1,%£2,...;
b) ¢=0, a=Il({+1), [=0,12,..., n=l+1,1+2,...;
c) $=0, a=I(l+1), [=0,12,..., n=-1-1,-1-2,...;

(4.38)
d) ¢=1/2, -w<a<-1/4, n=0,x1,+2,..;

e) ¢=1/2, a=l(l+1), [=-1/2,1/2,3/2,..., n=l+1/2,1+3/2,..;

D o=12, a=l(+1), [=-1/2,1/2,3/2,..., n=-1-1/2,-1-3/2,... .

Therefore, it is possible to distinguish six classes of IRs of the algebraAO(1,2)
corresponding to the variants of sets of the Casimir operators eigenvalues given in
(4.38). The representations of types b), ¢) and e), f) correspond to the same sets of
eigenvalues of operators (4.36) but are distinguished by values of an additional
invariant, i.e., the sign of S,,. The explicit form of S|, for any representation is given
by the last formula (4.37), of S, - by the following relations:

(S, iS,,) | an, 4> =iy /a~(n+@)(n+0£1) [o,n1,4>. (4.39)

Using the results given above and taking into account the isomorphism of the
algebras (4.25)- (4.27) and (4.20) established in Theorem 4.1 it is not difficult to
describe IRs of the algebra A(c,,n). As a basis of any such a representation we choose
a complete set of eigenfunctions of the commuting operators I, and A, . Then the
explicit form of the Casimir operators and nonequivalent matrices A, realizing a
Hermitian IRs of the algebra A(c,,n) can be given by the formula

L[, ,cph>==¢, cpeph>, (4.402)
L e, A>=(-1)?c,,c,A>,
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Ayl e A>=N e 0, h>,

(A %iM,) \cl,c2,7\>=%(n3+1)‘/ -¢,~¢ AAx1) [c,,c, Ax1>+
(n,xin))?

¢, ¢c MAFD) [c e A F 1>,
2, 1)

nA,lc,c,A>==(n A +n,\,)|c c,.A>.

(4.40b)

In an IR the parameters ¢, and c, take fixed values from the intervals given
below, where the value intervals of A are specified also:

c,=m*>0, -c,=¢,s(s+1), A=-s,-s+1,....s, (4.41)
¢,=0, ¢,=0, A=A,

¢,=0, -¢,=r>0, A=0x1,%2... or A=x1/2,£3/2,.., (4.43)

1

c,=N<0, c,=n"a, A=0,£1,%2,... or A=x1/2,#3/2,.., -co<a<-1/4,

1
c,=-N%*<0, O<-c.<_n% A=0,+1,+2,...,
=N <7 (4.44)

c1=—r]2<0, czzr]zl(l+1), A=[+1,01+2,...,
c,=N%<0, ¢,=n(I+1), A=-I-1,-I-2,..,

where s>0 and A are arbitrary integers or half integers, [ are positive integers or half
integers satisfying -1/2<[<oo. The values of these numbers in IRs are fixed.

Formulae (4.40)-(4.44) give the explicit forms of all the possible (up to unitary
equivalence) Hermitian IRs of the commutation relations (4.20). Together with (4.21),
these formulae determine all the nonequivalent realizations of the Lubanski-Pauli
vector.

4.6. Explicit Realizations of the Poincaré Algebra

Thus we have obtained all the nonequivalent representations of the vector W,,.
To describe all possible (up to equivalence) IRs of the algebra AP(1,3) it is sufficient
to show the explicit form of the operators P, and J, corresponding to the
representations of the Lubanski-Pauli vector found above. It is not difficult to verify
such operators can be chosen in the form

A

PO =Py Pa =P, J:xxp +)\O n+p s (4453)

A

1+n-p
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Mp Pxnp, A P) (4.45b)
p? p+np

1
N:*T[po,x]_+

where components of the vectors J and N are connected with J,; as follows:
J=12¢,.J,., N=J,; p,and p, are real variables connected by the relation

abc bes
py=e\p e, . e=%l, (4.46)

¢, is an arbitrary real number, and x,=i0/0p,.

For IRs of Classes I-11I (corresponding to ¢,20) € assumes a fixed value, but
for c¢,<0 the energy sign is not fixed.

It is not difficult to verify that the operators (4.45) satisfy the commutation
relations (4.15) and correspond to the Lubanski-Pauli vector in the form (4.21).
Inasmuch as the formula (4.21) gives a general form (up to equivalence) of this vector
for Classes I-IV of IRs, the operators (4.45), (4.46) form a basis for any of these
representations. Representations of the algebra AP(1,3) being realized by the operators
(4.45), (4.46) are irreducible inasmuch as the corresponding Casimir operators (4.11),
(4.12) are multiples of the unit operator.

The operators (4.45) are Hermitian in respect to the scalar product

(q)l’q)2):z Jd zpq:)z(p’)\)qu(pv)\)’ (447)
A

where @, belong to the space of functions decreasing sufficiently fast along the
direction p=-np and A takes all the possible values coinciding with the matrix A,
eigenvalues.

The results given above are formulated in the following form.

THEOREM 4.2. IRs of the algebra AP(1,3) are labelled by the sets of
eigenvalues c,, ¢,, ... of the Casimir operators C,, C, (4.6) and of C, (if ¢, 20), C, (if
c,=¢,=0), C; (if ¢,<0, ¢,<0), and C; (4.11), (4.19). All the admissible combinations of
the eigenvalues c,, ¢, and ¢,=A are given in formulae (4.41)-(4.44), but eigenvalues of
the operators C;, C; and C; are equal to +1. The explicit expression of the
corresponding basis elements of the algebra AP(1,3) can be chosen in the form (4.45)
(up to unitary equivalence) where A, are the matrices (4.40)-(4.44). m

So we have calculated the explicit expressions of the basis elements of IRs of
the algebra AP(1,3). Operators (4.45) have a relatively simple form which is common
for all classes of IRs. It differs favourably our realization from the others known
already.
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4.7. Connections With the Canonical Realizations
of Shirokov-Foldy-Lomont-Moses

Let consider each class of IRs more precisely.

1. Representations of Class I corresponding to P,P*>0 have the additional
Casimir operator, i.e., the energy sign operator with eigenvalues 1. The corresponding
representation space is split into two subspaces, each of them corresponding to the
fixed sign of p,,.

So IRs of Class I are labelled by three numbers: m?, s, and ¢, refer to (4.41),
and are realized in the space of square integrable functions ®(p,\) having dimension
2(s+1) with respect to the index A. Besides, the Casimir operator (4.13) takes the value
+1 for integer and -1 for half integer s. We denote such IRs by D*(ms).

With the help of the unitary transformation

(P,J,N)~(P,,.J',N")=U®P,,J,N)U" (4.48)

where

U=exp(~ik-pxnB )exp(iA ,T)exp(iAxn-n'8,), 4.49)

@, =arccos p-n, ©,=arccosn,, n'=(0,0,1),
the operators (4.45) realizing an IR of Class / can be transformed to the canonical form
of Shirokov-Foldy [386, 106]:

Py =eE=e\p*+m? P =p, (4.50)

€ e pxS

J'=xxp+S, N'=- )
E+m

[x.E]

S]]

Here S are generators of the IR D(s) of the group O(3) given in (4.31).

2. Let us consider the case ¢,=c,=0. There exist two additional Casimir
operators for the corresponding representations, i.e., the energy sign operator C; and
helicity operator C, of (4.11). We obtain from (4.11), (4.21) C,=eA,, and conclude
from (4.42) that eigenvalues of the helicity operator are equal to eA where A is an
arbitrary integer or half integer.

So IRs of Class II are labelled by two numbers, £ and A and are one
-dimensional in respect with the index A. The Casimir operator (4.12) has the
eigenvalue +1 for integer A and -1 if A are half integers. Besides, the basis elements of
the Poincaré algebra (4.40), (4.42), (4.45) take the form

Py=ep, P =p, (4.51a)
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pn
Lpn (4.51b)

1 pxn
N=——c¢[p,x] €A
5 [p,x]. ;

J=xxp +A

+p n

The operators (4.51) have a symmetric and compact form which differs them
favourably from other realizations known. Choosing different unit vectors n, we obtain
from (4.51) different (but equivalent) realizations of IRs of the algebraAP(1,3). Taking
n=(0,0,1), we come to a representation in the Lomont-Moses [287] form, but if
n=(1,1,1)/V3 the above formulae give the realization proposed in [154,157]".

The transition from a representation characterized by a vector n to an a
equivalent representation corresponding to a vector r', n'#-n, can be carried out by the
unitary transformation (4.48) where

0 . O
U=exp %i)\oarctan prnxn % (4.52)
0 l+n-p+n’-p+n-n'
If n'=-n then
N N p [
U=exp %i)\o arctan pnxn % (4.33)
0 pn’ -@-m)m-n")g

where n"#+n is an arbitrary unit vector.
We note that for representations of Class /I the following relations are valid:

W %gp P=(P2+P2 P2, (4.54)

n

which take the following form for IRs:
W“=s)\P“. (4.55)

The condition (4.55) is necessary and sufficient for the corresponding representation
to belong to Class /1.

Aswasnoted in Section 3.7, representations of the Poincaré algebra belonging
to Class /I can be extended to the representations of the algebra AC(1,3). Substituting
(4.51) into (3.48), we obtain the corresponding generators K, and D in the form

D=%(p-x+x'p), K,=2lp.x*12ne 2 mJ K K, N). (4.56)
ln-p

Formulae (4.51), (4.56) set basis elements of the representation of the

“The operators N considered in [154] include the term px instead of [p,x], which
is caused by differently choosing a scalar product.
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conformal algebra, which reduces to the IR of the Poincaré algebra by the reduction
with respect to the subalgebra AP(1,3). When n=(0,0,1) these formulae determine an
IR of the algebra AC(1,3) in the Bose-Parker [50] realization.

3. Representations of Class /I/I have four Casimir operators, i.e., C,, C,, C; and
C, given by formulae (4.6), (4.11), (4.13). Besides, the eigenvalues of C, are equal to
zero and IRs are labelled by triplets of eigenvalues of the operators C,, C, and Cy:

—_ = 2 = = =
c,=r*>0, c,=e=x1, c,==%l.

An explicit form of operators forming a basis of an IR of the algebra AP(1,3) can be
obtained from (4.45) by the substitution p,=ep using the corresponding expressions
(4.40), (4.42) for the matrices A,,. Besides, IRs with integer n correspond to cy=1, and
with half integer n to cg=-1. The corresponding functions ®(p,A) forming the
representation space are infinite dimensional with respect to the index A which takes
denumerable values. When n=(0,0,1) formulae (4.45), (4.46) give the basis elements
of the algebra AP(1,3) in the Lomont-Moses form [287] (besides, Ay— Ty, A, - T},
A, - T,, A\;-0,T,, T, and T, being the matrices (4.34).

4. Representations of Class IV are labelled by a set of eigenvalues of three
main Casimir operators C,, C, and Cy. The eigenvalues of C are equal to + 1 where the
top (lower) sign corresponds to integer (half integer) A. Possible values of C,, C, and
A are given in (4.44). In the case C,>0 there exist the additional Casimir operator
C=W,/|W,|=sign], so the space of the corresponding representation is split into two
invariant subspaces, each of them having all A (the matrix A, eigenvalues) with the
same sign.

All the Hermitian IRs of Class IV are infinite dimensional in respect with the
index A taking denumerable values. With the help of the unitary transformation (4.48)
where

d arctan Po ‘p|2 EU/, lp|=(p+p)"  a=12, (4.57)
0 p] (Ps Mo +N°) 0
(where U’ is the operator of (4.52) for n'=(0,0,1), Sqp are matrices (4.24)), (4.39), the
operators (4.45) realizing an IR of Class IV can be reduced to the canonical form of
Shirokov [386].

So we established the connection of IRs in the form (4.45) with the
well-known "canonical" realizations of IRs of the algebra AP(1,3). Other realizations
of IRs of the Poincaré algebra are discussed in survey [29].

as,
U=exp Ul 0aPa
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4.8. Covariant Representations.

In the set of all the possible realizations of representations of the algebra
AP(1,3), an outstanding role is played by so-called covariant representations which are
characterized by the form of basis elements given in (2.22) where S, are numeric
matrices. The necessary and sufficient condition for the operators (2.22) to realize a
representation of the Poincaré algebra (i.e., satisfy commutation relations (1.14)) is that
the matrices S, should satisfy the relations (2.13b).

Formulae (2.22) determine a general form of basis elements of the algebra
AP(1,3) belonging to the class M,. Particular examples of such realizations of the
algebra AP(1,3) are the IA of the KGF, Dirac and Maxwell equations considered in
Chapter 1. The operators (2.22) with arbitrary matrices S,, generate local
transformations of the kind given in (2.49). It follows from the fact that the "spin" part
of J,; (i.e., the matrices S,;) commutes with the "orbital" part x,p,—x,p, (refer to
Section 2.9).

We note that the operators (2.22) (in contrast with (4.45)) realize a reducible
representation of the algebra AP(1,3) which is not generally speaking Hermitian for
the case of finite dimensional matrices S,,.

If we are not interested in refinements connected with different choosing of
functional spaces of representations, then, to describe all the covariant representations
of the algebra AP(1,3), it suffices to present all the nonequivalent realizations of the
matrices S, satisfying relations (2.18b). We restrict ourselves to the case of finite
dimensional matrices.

The algebra (2.18b) has the two Casimir operators (4.12) whose eigenvalues
label IRs. To describe a domain of these eigenvalues we consider the following
operators

.1 .o g 101 .o g
Jazjﬁsal)cshc-‘—ls()a% Tazjﬁsabcsbc_lSOaE (458)

which satisfy the following commutation relations:
[ja’jb] =ieabcjc’ [Ta’ le] = isabcrc’ [ja’ Tb] =O'

We note that the algebra AO(1,3) is split into two commuting subalgebras
formed by the matrices j, and T,. The commutation relations between j, (and between
T,) coincide with the commutation relations (4.25) determining the algebra AO(3). We
concludes from this that finite dimensional IRs of the algebra AO(1,3) are labelled by
positive integers or half integers j and T. The basis of a space of an IRs is formed by
(2j+1)x(21+1) eigenfunctions of the complete set of the commuting operators j2, T, j,
and T,. Using for these eigenfunctions the notation |j,m;T,n>, we can represent the
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action of the operators j, and T, in the following form (compare with (4.31)):
J 2t n>=iGi+1) [jm;tn>,
Jslimitn>=m|j,m;t.n>, (4.59)

U, %0, [fmstn>=/j(+1) -m(m=1) |j,m;T,n>,

T ,m;T,n>=1(T+1) [j,m;T,n>,
T, |j,mtn>=n|jm;t,n>, (4.60)

(T,#T) |[jm;Tn>=/T1(T+1) -n(nxl) |jm;,T,n>,

where j,m (T,n) are simultaneously integers or half integers, and -j<m<j, -T<n<Tt.

So, finite dimensional IRs of the algebra AP(1,3) are realized by square
matrices of dimension (2j+1)(2T+1)x(2j+1)(2t+1), whose elements are given in
(4.58)-(4.60). We denote these representations by D(j T).

Sometimes it is more convenient to use the O(3)-basis |1;,1,;/,m> in which the
matrix $°=(1/2)S,,S,, is diagonal. The numbers /, and [, are connected with j and T by
the relation
ej=(l,+l,-&)2, et1=(l,-l,~€)/2, e=sign(j-T) (4.61)

and set the eigenvalues of the Casimir operators according to the relations

_S S slm>=(ly +1=1) |1, slm>,

07177

(4.62)
_s SWSPO\1 1 Lm>=2il 1, |11 :Lm>.

HVp [0 Satd

The numbers [ and m determine eigenvalues of S* and S|, in the following way:

S 211 sLm>=I(1+1) | 1,1 5,0 m>, 4.63)
Sl slm>=m |11 5,1 m>
where [=l,l+1,..., |[;|-1 and m=-,-1+1,...,I. The explicit expressions of the matrices

realizing an IR are given by the formulae

Sab | lO’lI ;l’m> =€ ahc(SC'l)mm

Il slm>=[8, ,, C(K,)

S(Ja‘ (U S

11T
mm ll’ I(S )mm 61 II’CI—I(Ka )mm’ |lO’ll’l L >

(4.64)
il ol (121D

S A -1

and the matrix elements (S,),,, and (K),,, are defined by the following relations:
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Nonequivalent representations of the finite group formed by these operators and their
products are encountered, and the explicit form of these operators in the space of the
"universal" representation (4.45) of the algebra AP(1,3) is found.

We will start with the discrete symmetry operators defined on the set of the
KGF equation solutions (refer to (1.51)-(1.53)). These operators and their products
form the group G; including the following eight elements:

G0l P, T, C, PT, PC, TC, CPT (5.1

where I denotes the identity transformation. The group multiplication law for the group
G, can be obtained from (1.51)-(1.53). It is presented in the following table:

Table 5.1
I P T C PT cT cp CPT

1 I P T C PT cT cp CPT

P P 1 PT PC T CPT C cr

T T PT I CcT P C CPT cp

C C cp cr 1 CPT T P PT

PT PT T P CPT I CcP Ccr C

cr cr CPT C T cp 1 PT P

cp CpP C CPT P cr PT I T
CPT | CPT cT cp PT C P T 1

The problem of description of nonequivalent operators P, T, and C, defined in a
representation space of the algebra AP(1,3), includes a description of representations
of the group G, Besides these operators must satisfy the commutation and
anticommutation relations (1.54). It follows from the above the operators P, C, T, and
the Casimir operators (4.11), (4.19) satisfy the relations
pPC=CP, PC=CP, PC=C,P, PC,=-CpP, (5.2)
PC=-CP, PC=CP, PC,=-C,P, PC,=C./P;
Ic,=CT, TC,=C,T, TC,=-C,TI, TC,=C[T,

(5.3)
TC,=C,T, TC,=C[T, TC,=-C,T, TC,=C,T;
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CC,=C,C, CC,=C,C, CC,=-C,C, CC,=C,C,

(5.4)
CC,=C,C, CC,=C,C, CC,=C,C, CC,=C,C.

According to (5.2)-(5.4), the operators P, C, T can be defined in a space of
reducible representation only (inasmuch as they change the signs of eigenvalues of the
Casimir operators).

The description of nonequivalent realizations of the discrete symmetry
operators reduces in our approach to finding all the representations of the group G;. In
addition, the operators P, C, T must satisfy the relations (1.54) where P, and J,s are
basis elements of a direct sum of IRs of the algebra AP(1,3).

5.2. Nonequivalent Multiplicators of the Group G,

As is well known the state vector of a physical system is represented in
quantum mechanics as a ray of a Hilbert space. In other words this vector is defined up
to a phase factor exp(i) where O is a c-number. This situation predetermines the
fundamental role of a ray (projective) representations of symmetry groups, i.e., such
representations for which the group law is valid up to a phase factor only.

Ray representations of the proper Poincaré group always can be reduced to
exact representations, so no new possibilities exist here. But in the case of the complete
Poincaré group including space-time reflections there exist ray representation which
cannot be reduced to exact ones.

Here we consider ray representations of the group G;. Specifically we consider
projective unitary and antiunitary representations (PUA- representations) of this group
which are defined as follows.

We denote by the symbol C the field of complex numbers, by U(C) - the
multiplicative group of complex numbers with the unit module, and by R the field of
real numbers.

A mapping T: G — UA(H) of a group G into multiplicative group UA(H) of
all unitary and antiunitary operators T, gl@G of space H is called PUA-representation
of a group G in a Hilbert space H, if T, satisfy the conditions

Tngs’:z)\(gl’gZ)Tg.gz’ (5.9

where g,, g, 0 G, AN(g,,g,) O U(C), and, besides,

)\(glg2’83)}\(g1’g2g3) =)\(gl’gzg3)x(gpg3)a (56)

where A(g,,2,)=N(g,,g,) if Tgl is a unitary operator and A(g,,2;)=-N(g,.g;) if Tg. is an
antiunitary one.

A system of elements A(g,,g,) is called a multiplicator of a representation 7.
In the case of usual (exact) representations A(g,,g,)=1 for any g,,g,0G.
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PUA-representation differs from the regular exact representations by two
features:

a) They include antiunitary operators besides unitary ones. Antiunitary
operator by definition transforms all quantities into complex conjugated ones (for two
examples of antiunitary operator of charge conjugation, refer to (1.53), (2.60)).

b) The group multiplication law for elements of PUA-representation is defined
up to a phase factor A(g,,g,) which do not change the norm of a vector from a Hilbert
space H.

The definitions given above (which go back to Wigner) lead to a new concept
of representations equivalence. Namely PUA-representations 7 and 7" is said to be
equivalent if there exists such a unitary or antiunitary operator V and such a function
a(g)0d U(C) that

T, =a(g)VI,V "' (5.7)

for any gUG. If a(g)=1 then an equivalence is called regular, otherwise it is called
projective. Below we will omit the term "regular" when speaking about a regular
equivalence.

In the case, when an operator V in (5.7) is unitary, the multiplicators A and A’
of representations 7' and 7" are connected by the relation

a(g)a(cg,)
0(g,8,)

where 0(g,)=0(g,) if Tg‘ is unitary, and 0(g,)=0"(g,) if Tg. is antiunitary operator.

If the operator V'in (5.7) is antiunitary then the condition (5.8) is satisfied by
multiplicators A’ and A

The relations (5.6), (5.8) can be used to describe all the possible nonequivalent
multiplicators characterizing representations of a group. For the group G; such a
description is given by the following assertion.

THEOREM 5.1. All the nonequivalent multiplicators of the group Gy are
present in Table 5.2 (see the following page) where [, =M, Hape=Ha oMo Kyo3a=H Mol Ly
and p, (a=1,2,3,4) accept the values +1 independently.

We do not present a proof (see [12]). B

According to Theorem 5.1, the group G, has 16 nonequivalent multiplicators

i, corresponding to the possible combinations of values of p, These
multiplicators determine all the possible (up to equivalence) commutation and
anticommutation relations for representations of the operators P, C, and 7.

Let P, T'and C be basis elements of a PUA-representation of the group G with

the multiplicator )\w’“x“a . Then we obtain from (5.5) and Table 5.2 that

)\/(gl’gZ): )\(g]’gz)v (58)
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A2 22 2
P=l, T°=I, C =yl (5.9)
CP=p,PC, CT=pn1C, PT=p, TP
Table 5.2
1 P T C PT CcT CcpP CPT

I 1 1 1 1 1 1 1 1

P 1 1 1 N 1 W S5 (3

T Lo Lw Hs My His His

C 1 1 1 My 1 My My My

PT |1 | m L P Hs Hiz Hios Hizs

cT 1 M3 1 Mg M3 Mg Mizq Mizq

CcP 1 1 1 [V 1 Moy Hog Moy

CPT 1 M3 1 Mio4 M3 Mio4 Mi234 Mi234

We see that up to equivalence the operators P, 7 and C must commute or
anticommute with each other. Squared operators of space and time inversions and of
charge conjugation are equal to the unit operator / or to +/.

It is not difficult to make sure that the conditions (5.9) can be considered as
a definition of a multiplicator. In other words, starting from (5.9) and using (5.5) it is
not difficult to find all the possible multiplicators given in Table 5.2.

A set of the operators P, T and € and their possible products form a finite
multiplicative group G(,,14,,15,1,) of dimension 8 if y,=p,=p,=p,=1, and 16 in other
cases. There are 16 such groups corresponding to different sets of the parameters p,,.
A description of PUA-representations of the group G reduces to the description of
regular representations of the group G(u,,H,,1s,1,)-

5.3. The General Form of the Discrete Symmetry Operators

In addition to relations (5.9), the operators f’, 7 and € must satisfy the
following conditions (refer to (1.54)):

PJ=JP, PP=PpP, PP=-PP, PN=-NP, (5.10a)

where P,, P, J and N are the basis elements of the Poincaré algebra.
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TP --P T, TP=-PT, TJ-=JT, TN=-NT,
=P (5.10b)

¢p,=--pP,C, CP--PC, CJ--JC, CN=-NC,

We will start with the universal realizations of the algebra AP(1,3) given in
(4.45). According to (5.2)-(5.4), it is sufficient to restrict ourselves to considering the
representations corresponding to fixed eigenvalues to the Casimir operators C, and C,,
while the operators C;, C,, Cs and C, not being chosen to be multiples of the unit
operator. Restricting ourselves for the time being by considering the representations of
Classes I-111 we conclude that P,J, and N can be chosen in the form

P=8E, P=p, J=xxpA\ 2P _ p=P

~

l+n-p p

pxn(EN E-\-p
N=—l€[E,x]_+)\Xp _p ( 0 P)’
2 p’ pnp
where £ is the energy sign operator having the eigenvalues +1 and A, are the matrices
realizing areducible representation of the algebra (4.20) (corresponding to fixed values

¢, and ¢, in (4.41)-(4.45). Moreover
[é,)\u]=0, g2=1, (5.12)

5.11)

and the operator & can be chosen in the form of a diagonal matrix, and A, - in the form
of a direct sum of irreducible matrices (4.40).

Let W(p) be a vector from the space of representation of the algebra AP(1,3)
belonging to one of three first classes (P P*20). The transformations P, T, and C
without loss of generality can be represented in the form

PWp)-UW(p). TWp)-UWp). CWp)-UW(p). (5.13)
where U,, U,, U, are operators satisfying (according to (4.10)) the following conditions
Up=pU, a=123,

UPy=PU,, U,P=-PU,

uJ=l'U, U,J=]U, UJ=-]""U,
UN=-N'U, U,N=-NU,, U,N=-N""U,

(5.14)
U3P0=_P0U37

(5.15)

Here J' and N' are the operators obtained from J and N by the changep — -p, x - -x.

One concludes from (5.14) that U, do not include operators of differentiation
with respect to p and so can be considered as matrices depending on p. Then we obtain
from (5.9) that

So the general form of the operators P, T, and C defined in the spaces of the
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U,@)U,(-p)=w,U,p)U,(-p),
U,@)U(-p)=m,U,p)U, (-p),
U,@)U,p)=1,U,p)U; (-p),
U@U,(-p)=U;p)=1, Up)U;(-p)=p,

algebra AP(1,3) representations of Classes I-I11 is given by formulae (5.13) where U,
are matrices satisfying (5.16). The problem of finding of all nonequivalent operators
P, T, and C reduces to finding the irreducible sets of matrices U,

For representations of Class IV the energy sign operator is not a Casimir
operator so operators P, T, and C have to be defined in another way. A vector from this
representation space is an infinite component column with components W, (p,¢) with
A running over the values given in (4.44). Denoting this column by W(p,e) we can
represent the corresponding operators P, T, and C in the form

PYW(p.e)=U p.e)¥(p.e),
TW(p.e)=U,p.e)¥(p,-¢), (5.17)

CW(P,e)=U,p.e)¥ (-p,-¢),
as a result we come to the relations

U (p.2)Uy(-p.e)=p,U,p.2)U,(-p.e),
U (p.e)U,(-p,e)=p,U,(p,e)U, (-p,-¢),

U p.e)U,p,~€)=,U,(p.£)U; (-p,~¢), (5.18)
U (p.e)U,(-p.e)=U,(p.e)U,(p.—2)=1,

U,p.e)Us (-p,~2)=p,.

So for representations of Class /V the general form of the operators P, C and
T is given by relations (5.17) where U, (p,e) are infinite dimensional matrices
satisfying (5.18).

We note for completeness that the discrete symmetry operators can be defined
for the representations of the algebra AP(1,3) belonging to Class V (where p,=0) also.
Besides, the operators J and N reduce to finite or infinite dimensional matrices: J, —

(5.16)

172¢ ,,.Sp.. N, — S, and the corresponding operators of discrete transformations can
be represented as follows:

P=g, T=¢, C=tA, (5.19)

where A is the operator of the complex conjugation, §,, &, and &, are numerical
matrices of appropriate dimension satisfying the relations
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E‘ISab =Sabzl’ EZSab =Sabz‘2’ E3Sab=_ azzz’

€S0 S0l €808l &3S0." 750;53’

(5.20)

EE=EE N, EE=EEw, EE=EEu, £=8-1, &&=, (52D

In the following sections we find the explicit form of the matrices U, (and )
determining the discrete symmetry transformations for every class of representations
of the the algebra AP(1,3).

5.4. The Operators P, T and C for Representations of Class I

Representations of the Poincaré algebra belonging to Class [ are labelled by
the eigenvalues ¢,=m*>0, ¢,=-m’s(s+1), and c¢,=g==+1 of the Casimir operators (4.6),
(4.11). According to previous section, we can restrict ourselves to the representations
for which ¢, and ¢, are fixed but € can take two possible values. We choose the basis
elements of such representation in the form given in (5.11) where A, are finite
dimensional matrices realizing the direct sum of equivalent IRs of the algebra (4.20)
corresponding to ¢,=m>>0, c,=-m’s(s+1) (refer to (4.40)-(4.43)).

We represent U, of (5.14) in the form

U=gU, U=V, U=EUb, (5.22)
where
U=exp MT{% V=exp(iA £ 10, (5.23)

onyp -(m'p)” 0
and A is a numerical matrix satisfying the relations

M =-MA, N1, (5.24)

&, being the operators to be determined. Choosing U, in the form (5.22) we do not lose
generality inasmuch as the operators U, V and A are invertible.
Using the relations

UJ=]'U, UN=-N'U, VA=-AV, (5.25)

(J' and N' are determined in (5.15)) we conclude from (5.15), (5.11) that §, must satisfy
the following relations
§ =88, &,8=-£C,

& =8¢, (5.26)
[€,.P,1=1€,.EP]=[€ J,]=[E .EN,]

N,1=0.
But the operators {P,, €N,} realize the direct sum of the IRs D?(m,s) of the
algebra AP(1,3) from which it follows according to Schur’s lemma that §, must be

£P,J

a’
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numerical matrices.
We conclude from (5.15), (5.16) that the matrices &, must commute with A ,

(€A, 1=0, (5.27)

and to satisfy the equations (5.21) which (together with (5.12), (5.26)) determine these
matrices up to unitary equivalence.

So the problem of finding all the admissible operators P, T and C reduces to
finding all the nonequivalent matrices A,, &€ and &, The irreducible sets of these
matrices are given in the following assertion.

THEOREM 5.2. All possible (up to equivalence) irreducible sets of matrices
satisfying the commutation and anticommutation relations (4.20), (5.20), (5.21), (5.26),
(5.27) can be labelled by five numbers s, y,, W, H;, and y,, where s=0, 1/2, 1, ..., and
w==xl. Dimension of these matrices is 2(2s+1)x2(2s+1) if up,=p,p,=1 and
4(2s+1)x4(2s+1) otherwise. The explicit form of the corresponding matrices is given
by the following formulae.

i =ous=1:
£, &=0, &=a, &=0, A=\ (5.28)

by 3

Hip=-1or pus=-1:

O
% 0 O 6 0O go o0
I:Dw D, 2—D2 E, E,i:D 1%,
P wndg " P owed ” pe 0f (5.29)
g
G0 B of
&= o A-g B
D ood " B af
where the following 2(2s+1)x2(2s+1) matrices are included
0 0 | |
O N N L N -
"Hod T 'Hod W g T WoH (5.30)

6 D3 :i Da n = D3
“ oW T o SURNS
A, are 2(2s+1)x2(2s+1)-dimensional matrices realizing the IR D(s) of the algebra

A(c,;=m’, n) (4.20) (which is isomorphic to the algebra AO(3)), I is the unit matrix, 0
is the zero matrix of appropriate dimension.

PROOF reduces to going through possible sets of values of y, and finding
nonequivalent irreducible sets of the matrices §, & and )\H for any combinations of
values p,. We do not represent the corresponding calculations here (see [12]), but note
that the matrices (5.28), (5.29) are determined up to projective equivalence
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transformations (compare with (5.7)):
Ea”az VEanl, a=123, e-VeV! (5.3D

where Vis an arbitrary nondegenerated matrix commuting with A,

V=V oa=12; V=V, a=3.
If we require Q, =0, =0 E!=1 (i.e., restrict ourselves to regular equivalence) then the
matrices §, which are multiples of the unit matrix will be determined up to a sign. ®
So the operators P, T, and € can be defined in the space of the algebra AP(1,3)
representation of Class I by sixteen nonequivalent ways corresponding to various
multiplicators of the group Gy (or, which is the same, to various commutation and
anticommutation relations (5.9)). Incidentally, in four cases the representation space
D of the algebra AP(1,3) is reduced to the direct sum of two invariant subspaces
D=D"(m,s)0D (m,s) (if yp;=p,u,=1) and in the remaining twelve cases the operators
P, J and N of (5.11) realize the direct sum of four IRs

D=D (m,s)UD (m,s)(D ~(m,s)0D ~(m,s).

The explicit form of the operators P, T, and C for the representation (5.11) is given by

formulae (5.13), (5.22), where &, are the matrices given in (5.29), (5.30). For other

realizations of the algebra AP(1,3) being equivalent to (5.11) these operators can be

obtained from (5.13), (5.22) by the change W - V(p)W, U, - U,'=V(p)U,V''(-p), U, -

U,=V(p)U,V'(p), Us > U,'=V(p)U,[V''(p)]", where V(p) is an operator of equivalence

transformation. In particular for the Foldy-Shirokov representation (4.50) we obtain
/

U'=§, U =&, Uj=EA (5.32)

We represent also the explicit form of the matrix A determined by relations (5.24). If
HiM,=H,u5 then

%/ 0 D
A=A = 0 (5.33)
- Z_Ep A 0
0
where A’ is the matrix of dimension 2(2s5+1)x2(2s+1) given by the formula
A =(iy*expli(\, +n,A)TI. (5.34)

If y,p=-1 or p,p,=-1 then A is a direct sum of two matrices A,.
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5.5. Representations of Class IT

The representations of the algebra AP(1,3) corresponding to the zero
eigenvalues of C, and C, have the two additional Casimir operators C; and C, (4.12).
The operators P, T and € have to satisfy (5.2)-(5.4) together with C; and C,. So these
operators transform spaces of IRs of the AP(1,3) algebra according to the following
diagram

¢
D'A) - D0\
Pt P (5.35)
D(-\) < D (-\)

¢

One concludes from (5.35) the operators P, T and € can be defined in a space
of areducible representation of the algebra AP(1,3) belonging to Class /I which can be
reduced to a direct sum of the least four IRs D°(A), D°(A), D°(-\), and D°(-\). We
will choose the elements of such a representation in the form (4.51) where A, and € are
diagonal matrices having the eigenvalues +s and +1, s being a fixed integer or half
integer.

We represent the operators U,, U,, and U, from (5.13) in the following form
U=¢U U=E, U=LU (5.36)

where U is the operator (4.53), &, are the operators to be found. Bearing in mind that
the operator U changes the sign of the vector n in the operators (4.51), it is not difficult
to show that the conditions (5.14), (5.15) reduce to the following equations for §:

E A= AL EAFAL, E3)\0=)‘(;E3’ (5.37)

§8=8F, §2=-8, &E=-2'%, [§p]=IEx,]=0. (5.38)

Thus the problem of description of nonequivalent operators P, C and 7 for the
representations of Class /I reduces to solving the system of equations (5.21), (5.37),
(5.38) for the matrices A, €, and &,. The irreducible sets of the matrices satisfying
these equations are exhausted by the following combinations [12].

When p,p,=1, dimension of matrices is 4x4 and their explicit form is given
by the formulae
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(5.39)
&= - z%“ OE
1 %’0 05 7 Ep ”30%’ 3 Eb ”26uH

where 0,, 0,, 05, and 6 are the matrices (5.30) of dimension 2x2.
If pyp,=-1 then dimension of the corresponding matrices is 8x8. Moreover

v 05 M 0p
=i s =is s
oo MR
. . . (5.40)
¥, ©0H T, 0n oo r,.o
&°0 (O & o &Hr o4
%) Yo g w0 0 e 0
Here
0
6. 00O 00O
r-4° 3 r -0" O
H %) 1o, IS % “26;1.%

and y, are the Dirac matrices (2.4).

Thus there exist 16 nonequivalent possibilities of definition of the operators
P, T, and C in the space of a representations of Class II. The space D of such a
representation is reduced to the direct sum of the subspaces D*(s)00D (s)0D*(-s)O]
D(-s) for w,u,=1 or D*(s)OD*(s)0 D(s)OD (s)AD*(-s)ID *(-s)ID ~(-s)OD(-s) for
u,u,=-1. The corresponding operators P, T'and C are given by formulae (5.20), (5.36)
where &, are the matrices (5.39) or (5.40).

5.6. Representation of Classes I1I-1V

Thus we have determined all the possible (up to projective equivalence)
operators of space inversion, charge conjugation and time reflection which can be
defined in the spaces of representations of the algebra AP(1,3) belonging to the most
important for physical applications Classes / and /. In an analogous way we can find
these operators for other representation classes. Here we consider briefly the
corresponding possibilities.

The representations of the algebra AP(1,3) belonging to Class III (P,P*=0
-WHW"=72>O) have the only additional Casimir operator C;=Py/ | P, |, so the description
of the corresponding operators P, 7'and C does not differ in principle from the case of
representations of Class /. Let us set in (5.13)
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U=L,UN\, ULV, U=ENA (5.41)

where U and V are the operators (4.53) and (5.23) (with an appropriate matrix A,), A
and A are unitary matrices satisfying the conditions (5.24) and
D I I D
Mg=AA, Ah= s 20 a7 N Dy
O I-m-n")
As a result, by using the following properties of the operators UN\ and V:
UNe=.UN, UNJ,N)=(J'N")UN, UNRP,P)=(P,P)UN, VA=-AV, (5:43)

(5.42)

(where J' and N' are the operators obtained from J and N by the changep — -p), we
come once again to the equations (5.21) for the matrices §, whose general solution is
given by (5.28), (5.29) (where [ is the unit operator in the space of IRs of the algebra
AE(2)). The corresponding representation of the algebra AP(1,3) is expanded in the
direct sum either of two IRs D*(r)ID “*(r) if p,p,=p,u,=1 or of four IRs D*(r)0]
D*(r)ID (r)ID “°(r) otherwise. The explicit expressions for the matrices A and A
in the basis (4.40) are given by the formulae

A=A cos@+Asing, A=A,

" i "
n, (1+n)-n.(n," +n'n
@=arctg '//( ) 3// ) (5.44)
n, (1+n))-ny(n; +nn')

A 0,rA>=(-1)M[0,r,-A>, A, ]0,r,A>=i(-1)MsignX |0,r,-A>,
[A] is the entire part of A.

Formulae (5.13), (5.41), (5.28), (5.29), (5.44) give the explicit form of all the
nonequivalent operators P, T and C defined in the space of representations of the
algebra AP(1,3) of Class I1I.

A more complicated situation arises for the representations of Class IV
corresponding to zero eigenvalues of the Casimir operator C,. Such representations can
be subdivided into two subclasses. The first one, subclass IVA for which the
eigenvalues of the operator W,W* are equal to Nl(I+1) (refer to (4.44)) has the
additional Casimir operator Cs=W,/|W,|. The representations belonging to this class
are denoted by D(n,,u) where p=+1 denotes the eigenvalue of the operator W/|W,|.
Other subclass (denoted by IVB) corresponds to negative eigenvalues of W,W* and has
no additional Casimir operators. The IRs belonging to subclass /VB are denoted by
D(n,a), the meaning of n and o being clear from (4.44).

The operators P, T and C can be defined in the space of the reducible
representation D=D(n,L,u)00D(N,1-u) if y,p,=w,1,=1 and D=D(n,Lu)ID(n ,Lw)0
D(n,L-u)ID( n,l-u) otherwise. The explicit form of these operators is up to
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equivalence given by formulae (5.17), (5.36) where &, are the matrices represented in
(5.28), (5.29). The symbol I in (5.28), (5.29) defines the unit operator in the space of
the IRs D(n,1, eu), e==1.

For the subclass IVB the operators 13, T and C can be defined in the space of
the IRs D(n,q) or in the space of the direct sum of two IRs D(n,a)[D(n ,a) or of four
IRs D(n,a)[D( n,a)ID( n,a)[D( na). The general form of these operators is defined
in (5.17), (5.41), (5.44) where &, are matrices satisfying (5.21), (5.27). The explicit
form of all the nonequivalent and indecomposable matrices §, is given by the following
formulae

My =1, ==, =1, §,=€,=¢,=1,
w,=1, w,=-1, or pp,=-1, 21:5“2, EZ:EM.’ 23:(]”4 (5.45)
My==1, py=p, =, =1, 21:03’ 22:02’ 53:6—,1,

and for other values of p, - by formulae (5.28), (5.29) where I is the unit operator in the
space of the IRs D(n,a).

5.7. Representations of Class V

Let us consider also the finite dimensional representations of Class V
corresponding to p,=0. The description of all nonequivalent operators P, T and C
defined in the space of such representations is of great interest because they are the
operators which can be defined on the sets of solutions of relativistic wave equations.

The representations belonging to Class V have the two Casimir operators
(4.12). According to (5.2)-(5.4) the operators P, T and C have to anticommute with C,.
We conclude from this fact that these operators transform a vector from the space of
the IR D(l,1[,) into the vector belonging to the space of the IR D(-/,/,). Hence the
operators P, T and C can be defined in a space of at least two IRs D(1,,/,)0D(-1,1,)
(except the case /,=0 when it is possible in principle to restrict ourselves to using a
single IR).

Let S, be matrices which realize the direct sum D(1,,[,)ID(-l ,.1;) of IRs with
fixed /, and [, [,#0, each of IRs being included with some multiplicity. The
corresponding operators P, T'and € can be defined by formulae (5.19) where &, are the
matrices satisfying relations (5.20), (5.21). All the nonequivalent indecomposable
matrices &, are given by the formulae

§=5p, &,=8p, &=&ip, (5.46)

the matrices from the r.h.s. of this formula are represented in Table 5.3, see the
following page. Moreover a, 6u are the matrices (5.30) with / being the unit
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Table 5.3

Values of p, ots=1, =1 g ous=-1, u=1 oy opa=-1, p=-1 ju =1, p,=-1

D(1,1,)U D(1,1,)U D(l,1,)0
representation | D(l,[;)00 D(-1,,1;)0 D(-1,,1;)0 D(-1,,1,)0
realized by S, | D(-1,1;) D(l,1,)0 D(l,1,)0 D(1,,1,)00

D(-1,1,) D(-1,1;) D(-1,,1;)
explicit form of | O, & o0 & o0 o o0
2 S A

D of D of P of
explicit form of a 0 O 0 0
i3 . %D 9,0 %D 3,0 @, 00

%“3 Oi %“3 OD %p a“JD
explicit form of b} 0 0 0 O
& " %p, 00 0o a,Qg 2 8,00
3 0 0O O E [ E]

P 3.4 #o., 0F |8, 0f
explicit form of
SRR TR E

@ %’ r0 |0 Por 00 PoQ 00 Pog

matrices in the space of the IRs D(,1,), and p are the space inversion matrices for
thelRs D(1,1,), as determined by the relation

plLLsLm>=(-D1| =1 1 5]m>. (5.47)

0°71°

071
Formulae (5.46) are valid only for the representations of the algebra AO(1,3)
in the basis (4.66)-(4.68). For the representations of the type D(0,l,) the operators P,
7 and C are also given by formulae (5.46) where &', are the matrices (5.28), (5.29).
So we have described all the nonequivalent representations of the discrete
symmetry operators which can be defined in a space of a representation of the
homogeneous Lorentz group. As in the case of representations of Classes I-/V there are
16 nonequivalent possibilities in defining of such operators corresponding to possible
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multiplicators of the group Gi.
5.8. Concluding Remarks

We have described all the possible nonequivalent realizations of the discrete
symmetry transformations in a space of a representation of the algebra AP(1,3).
Actually, we have also determined all the projective-nonequivalent local
representations of the extended Poincaré group P(1,3) including the transformations P,
C and T in addition to proper inhomogeneous Lorentz transformations.

We note that in the case of the two-digit representations of the group P(1,3)
it is possible to determine the operators P, C and T in such a way that their squares be
equal to =1, inasmuch as a double reflection can be represented either as an identity
transformation or as a rotation by the angle 21t (which reduces to the multiplication by
-1 in two-digit representations). At this, all the possible products of the operators P, C
and T also form a finite group and the number of different groups is equal to 64. But
IRs of these groups reduces to IRs of the group G; up to projective equivalence.

It follows from the above that the operators of P-, C- and T-transformations
defined on the sets of solutions of the KGF, Dirac, and Maxwell equations, realize only
some of possible representations of these transformations. In other words, only some
of possible groups Gj are realized here. There arises the natural question if there exist
relativistic wave equations for scalar, spinor and vector fields fields which correspond
to another representations of the operators P, T and C. This intriguing problem is
discussed partly in Sections 6-9.

6. POINCARE-INVARIANT EQUATIONS OF FIRST ORDER

6.1. Introduction

In this and the following sections we present some elements of the theory of
Poincaré-invariant equations for particles of arbitrary spin.

Let {Y(x)} be a set of solutions of a motion equation of a relativistic particle
with fixed mass and spin. In relativistic quantum theory the space of states of a free
(noninteracting) particle is identified with the space of the IR of the Poincaré group. So
{W(x)} by definition has to be a representation space of the algebra AP(1,3) and any
WO{W(x)} has to satisfy the following conditions

P PHp=mp, W WHp=-m>s(s+ 1) (6.1)

where m and s are parameters determining the mass and spin of a particle.
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The conditions (6.1) mean that the Casimir operators P P and W,W* have
fixed eigenvalues on the set of solutions of a particle equation. If we choose a concrete
realization of the algebra AP(1,3) then the conditions (6.1) by themselves can be
considered as a system of linear equations describing a particle of spin s and mass m.

As a matter of fact, all the known Poincaré-invariant equations for particles
of fixed mass and spin are nothing but the conditions (6.1) written in other forms. Thus,
the relations (6.1) represent a system of partial differential equations of second order
in all cases when P, and J,, realize a covariant representation of the algebra AP(1,3).
In the case when s=1 and S, belong to the representation D(1/2 1/2) these relations
reduce to the Procd equation [404]. The Dirac equation is a formulation of the
conditions (6.1) in the form of an equivalent system of first order partial differential
equations, etc.

Here we present some elements of the theory of Poincaré-invariant equations
of the form

(Bp*-Bymw=0 6.2)

where (3, B, are numerical matrices and | is a vector-function (a column matrix). The
importance of the analysis of such equations is that equations including the derivatives
of higher order can always be reduced to a system of partial differential equations of
first order by introducing new dependent variables. For example, the KGF equation
(1.1) reduces to the form (6.2) by the substitution p P=m®, D=\, where
W=column(P, Y, Y, P, P;), B,=1 and B, are the Kemmer-Duffin matrices of dimension
5%5 (see (6.17) below).

Poincaré-invariance of the system (6.2) means that this system admits 10
independent SOs forming the algebra AP(1,3). Restricting ourselves to the case when
such SOs belong to the class M, (i.e., has the covariant form (2.22) with appropriate
matrices §,,) we come naturally to the following definition.

DEFINITION 6.1. We say the equation (6.2) is Poincaré-invariant and
describes a particle of mass m and spin s if a covariant representation of the algebra
AP(1,3) is realized on the set of its solutions and the Casimir operators of this algebra
satisfy the conditions (6.1).

Relativistic wave equations of the kind (6.2) where [3, is an invertible matrix
are well studied. In the works of Bhabha [35], Harish-Chandra [216], Wild [416],
Umedzawa [404] the general form of the matrices 3, was found for Poincaré-invariant
equation (6.2). Besides the additional conditions for B, had been formulated which
follows from the requirements (6.1). In the Russia studying of such equations started
with the works of Tamm and Ginzburg [202, 203], the important results in this
direction were obtained by Fedorov [97], Schelepin [384], and especially by Gelfand
and Yaglom [200] who described finite and infinite dimensional first order wave
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equations for any spin particles in the frame of the united approach. Nevertheless the
theory of Poincaré-invariant equations of the kind (6.1) is still far from complete. In
particular the equations with a singular matrix (3, and the equations corresponding to
indecomposable representations of the Lorentz group are not completely studied yet.

6.2. The Poincaré-Invariance Condition

We restrict ourselves to the case when the representation of the algebra
AP(1,3) over the set of the equation (6.1) solutions is completely reducible. Then, the
basis elements of this algebra are given by formulae (2.2) where §,, are matrices
realizing a direct sum of IRs of the algebra AO(1,3).

Let the number of equations in the system (6.2) be equal to the number of
unknowns. In analogy with (2.21), the condition of invariance of such a system under
the algebra AP(1,3) can be written in the form

10, B'p,-Bm1=B, )(B'p,-Bm) 6.3)

where Q, is any operator from the set (2.2), BQA(x) is a matrix of dimension nxn
depending on x. Substituting (2.2) into (6.3) and equating coefficients of the same
differential operators we can make sure that for Q,[1{ P, } the condition (6.3) is satisfied
identically, but for Q,[0{J,, } we obtain the following conditions for the matrices 3,, 3,

By, =B
[S}NsB)\] :i(gv)\Bp _g“)\Bv) +BWB)\’ [SpV’B4] :B}NB4

or
gpv B)\ _B)\S}N :i(g\))\ Bp _gp)\ BV)’
Spv B4 _B4Spv = O’ Spv :Spv _pr'

6.4)

Using the commutation relations (3.49) for S, it is not difficult to deduce the

following conditions from (6.4):

pv?

[Spv’S)\o]B l(gpc VA +gv)\Spo gvc HA gp)\ vc)B (65)

A sufficient condition of validity of (6.5) is the requirement that the matrices SW realize
a representation of the algebra AP(1,3) (which in general can differ from the
representation realized by S,,). If the conditions (6.4) are fulfilled with §,,,, §,, being
matrices satisfying the algebra AP(1,3), then we say the equation (6.2) is invariant
under the algebra AP(1,3) in the strong sense, or S-invariant.

So we come to the following definition.

DEFINITION 6.2. The equation (6.2) is S-invariant under the Poincaré

algebra if there exist such matrices S,,,, SW realizing representations of the algebra
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AO(1,3) then the conditions (6.5) are satisfied for 3, and [3,.

We emphasize that Definition 6.2 gives only the sufficient conditions of the
Poincaré- invariance of the equation (6.2) inasmuch as in general the algebra AP(1,3)
can be realized by operators which do not belong to the class M|, and, besides, it is not
necessary for S, to satisfy the algebra AP(1,3) (the requirement (6.5) is less strong).

We note that Definition 6.2 is also valid for the case when the number n of
components of the function ) does not coincide with the number m of equations. In this
case B, and [3, are matrices of dimension mxn, m#n, S, and .S:W are square matrices of
dimension mxm and nxn.

Further on, we restrict ourselves to considering of Poincaré-invariant
equations (6.2) with square matrices B,, 3, where B, is nonsingular. The theory of
relativistic wave equations with a singular matrix 3, is still not completed (see,
however [1, 95, 221]).

If 3, is nonsingular then, without loss of generality, we can set 3,=I where 1
is the unit matrix. Incidentally the system (6.2) reduces to the form

(B, p"-myP=0. (6.6)

According to (6.4), Swsz if B,=/, and the conditions (6.5) reduce to the following
form

[S}N’B)\] :i(gv)\Bp_gp)\Bv)' (67)

The problem of describing of Poincaré-invariant equations (6.6) reduces to
finding the general solution of the equations (3.49), (6.7). In the following subsection
we represent this solution for the case when the matrices S, are completely reducible.

6.3. The Explicit Form of the Matrices 3,

Solving the equations (6.7) includes generally speaking the following steps:

a) finding the matrices S, satisfying the algebra (3.49), i.e., describing that
representations of this algebra;

b) selection of such representations for which the equations (6.7) have
nontrivial solutions;

¢) and, finally, determining explicit form of the matrices 3, satisfying (6.7).

We restrict ourselves to the case when S, realize a finite dimensional
reducible representation of the algebra AO(1,3). Such a representation without loss of
generality can be taken in the form of a direct sum of IRs given in Subsection 4.8.

Let us denote by |(j T; Im),> a vector belonging to the space of the IR
D(j 1) and being an eigenfunction of the operators (4.12), (4.63) (the index A is
introduced in order to label the spaces of equivalent representations) and by
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<(j T; Im), B, |(' U'; I'm") > - the matrix elements of the matrices 3, from the invariant
equation (6.6). Then the main assertion concerning the general form of matrices [3
satisfying (6.7) can be formulated as follows [58].

THEOREM 6.3. Let S, be matrices realizing a direct sum of the IRs D(j 1)
of the algebra AP(1,3) and 3, be matrices satisfying (6.7). Then elements of the matrix
B, differ from zero only in those cases when |j-j'|=1/2 and |T-T'|=1/2, with the
following relations being valid:

(gim), |B,|G-12 T+1/2:1'm"), )=C, 8, 8, [G+-D)(T++1)]",

n

(Gtm), |B G172 T-172:17m ), ) =(-1yC,, 8,8, [G+T-DG+T+1+1)]"™, 68

(G122 1), 1By [ G+172 217 ), )=(-DVC,, (1+1/2)8,8,,,
where j>T, [j-T <I<j+T, [[] is the entire part of I,
BolG /T 1/ m ), >=(-1)2<j "T's 1'm "), |B, | GT; Im), >,

<Gt Im), B, |G T U'm "), >=—<Tj; Im), |B, |(T'j /5 Im), >, j#T, j'#U, (6.9)

<(T; lIm),

(G=172 j=172: Iy, |By (i 1 m ), )=~ D) 1€, [(5(5+1)128, 8, -
Here C,, are arbitrary complex numbers. The matrix elements of B,, B, and 3; can be
obtained from (6.8), (6.9) by using relations (6.7).

Thus, the matrices (3, are determined by the conditions (6.7) up to arbitrary
complex coefficients C), . The number of these coefficients decreases if we require the
P-, T- and C-invariance of the equations (6.6). Let A, A’ and u, ¢’ numerate two pairs
of nonequivalent representations which are transformed one into another by the space
inversion. Then for P-invariance of (6.6) it is necessary to require C,, =-C,,. Other
restrictions for C,, are considered in the following subsection.

6.4. Additional Restrictions for the Matrices 3,

If we restrict ourselves to completely reducible representations of the algebra
AO(1,3) then formulae (6.8), (6.9) give all the possible matrices [, such that the
equation (6.2) is S-invariant under the Poincaré algebra. But a solution for this equation
does not satisfy in general the conditions (6.1), and so cannot a priori be interpreted as
a motion equation for a particle with fixed mass and spin.

The equations (6.1) impose additional restrictions on the form of the matrices
B,. As was shown in [416] the necessary and sufficient condition of validity of the first
of relations (6.1) is
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B(Z)M =B(2)x—| (6.10)

where s is the maximal spin value appearing by the reduction of the representation of
the algebra of matrices S, by the algebra AO(3). According to (6.11), the
corresponding eigenvalues of the matrix (3,” can be equal to O or 1 only.

So the first of the conditions (6.1) admits the simple formulation (6.10). As
to the second equation (6.1), it reduces to the following relations for 3, [58]:

S ZP—_SahSabB“ Bogs By (6.11)
where S, are the matrices S,, with p, v # 0, and P=B,>"*"" is the projector on the
subspace corresponding to nonzero eigenvalues of the matrices 3,

One more restriction on the matrices 3, can be obtained from the requirement
that the equation (6.6) admits the Lagrangian formulation, i.e., can be deduced from the
corresponding Lagrangian using the minimal action principle. This requirement means
that a nonsingular Hermitizing matrix n exists satisfying the conditions

NS, =S, (6.12)

nB,=Bin. (6.13)

The necessary and sufficient condition of the matrix n existence is that any IR D(j 1)
included into the representation realized by §,, be supplemented by the conjugated
representation D(T j) if jZT. At this, the conditions (6.12) determine the matrix | up to
a factor if any IRs D(j T) has the unit multiple [58]. The explicit form of n is given by
the formulae:

0
I
@) D=D(0)0D(j0), n= %o% (6.14)

where [ and 0 are the zero and unit matrices of dimension (2j+1)x(2j+1);

b PﬂD

by D=D(GUOD®)), j21, n=05 g (6.15)
%TJ 0 O

where P, are the (2j+1)(2T+1)x(2j+1)(21+1) matrices given in (5.47), (4.61) (they are

denoted there by p);

o) D=D(j). n=P, (6.16)

As arepresentation D realized by S,,, is a direct sum of the representations a),
b), and c), then as a matter of fact formulae (6.14)-(6.16) set up the general form of )
for the case when this sum is nondegenerated. For the general form of ] in the case
when §,, realize a degenerated direct sum of IRs refer, for example, to [197].

Thus, the general form of the matrices 3, determining the Poincaré-invariant
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equation (6.6) for a particle of spin s is given by formulae (6.8), (6.9) with the
coefficients C,, having to satisfy additional conditions stemming from (6.10), (6.11),
(6.13)-(6.16). In the following we consider examples of these equations for s<3/2.

6.5. The Kemmer-Duffin-Petiau (KDP) Equation

The simplest example of a Poincaré-invariant equation of the kind (6.6) is the
Dirac equation considered in Section 2. This equation can be obtained with formulae
(6.8), (6.9) starting with the representation D=D(0 1/2)[D(1/2 0) for the matrices Syy-

Let us consider more complicated examples. By choosing the representation
D in the form D=D(0 0)ID(1/2 1/2), we obtain from (4.58)-(4.60), (6.8), (6.9),
(6.10)-(6.12), (6.16) the following expressions for the matrices 3, in the basis

L|J=columnH00;00>, ll;OO s ll;ll s ll;]O ll;l—l E:
0 22 22 22 22 0
0 [l
D i 0d 00 0 A0
B.= % 0 g =10 O :
S R S s Y s
%‘i‘ O D_}\I O
U [ %a O

where 0 and 0 are the zero matrices of dimensions 4x4 and 1x3, A, are the row matrices
A= 00), A=01i0), A,=0 0. (6.18)

Without loss of generality, we set an arbitrary constant C,, in (6.8) be equal to 1.
The equation (6.6) with the matrices (6.17) describes a particle of mass m and
spin s=0. Furthermore, 3, satisfies the criteria (6.10), (6.11), (6.13) where s=0 and

S, =ilB,B,],  N=(1+2BD(1+2B)(1+2B5). (6.19)

Formulae (6.6), (6.17) define the KDP equation for a scalar particle. The
matrices (6.17) satisfy the algebra

B.B.B,+B,B,B,=8,,Br 8B, (6.20)

These relations define B, up to unitary equivalence.
The KDP equation is invariant under the P-, 7- and C-transformations (2.55),
(2.60) where

r=(1-28), r,=1, r=n. (6.21)

2

Consider the KDP equation for a vector particles which may be taken in the
form (6.6) with B, being 10 x10 irreducible matrices satisfying the algebra (6.20). The
explicit realization of these matrices (which is defined by the relations (6.20) up to
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unitary equivalence) can be chosen in the following form:

5004 000 AT
mooog D00 s, oL 622)
P 5 500 M s o of

0 O Ll a L]

400 03 O o of

Here 0 and 0 are the zero matrices of dimension 3x3 and 1x3, 7 is the 3x3 unit matrix,
S, and A, are the 3x3 and 1x3 matrices (3.6), (6.18).

The matrices (6.22) satisfy relations (6.20), from which it follows that they
satisfy also the conditions (6.7), (6.11). The matrices S,, of (6.19), (6.22) realize the
representation D=D(1 0)ID(0 1) [ID(1/2 1/2) of the algebra AO(1,3). Therefore, the
equation (6.6), (6.22) is S-invariant under the Poincaré algebra. This equation describes
a particle of mass m and spin s=1 since the matrices B, satisfy (6.10), (6.11) for s=1.

The KDP equation for a vector particle is P-, 7- and C-invariant and admits
the Lagrangian formulation. The corresponding SOs and the Hermitizing matrix | are
given in (2.55), (2.60), (6.21), (6.19) where (3, are the 10x10 KDP matrices.

We note that besides 3, there exists just one more matrix satisfying (6.20).
This matrix is determined according to the following relation

1 \% (J
B,= mstGB“B Bepe. (6.23)
In the realization (6.22)
B 1 0 o
90 0 o0
BﬁH H (6.24)
0 0O oU
0 0 0E
51 o o o

6.6. The Dirac-Fierz-Pauli Equation for a Particle of Spin 3/2
As a last example, we consider the equation describing a particle with spin

s=3/2.
We will start with the following representation of the algebra AO(1,3):
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-pH!H 10 u,d 6.25
DDEZDHD %) DDD%OEHD %]E} ( )
It is possible to show that formula (6.25) provides the simplest (i.e., realized
by the matrices of the minimal dimension) representation of the matrices S,,, for which
the equations (6.7), (6.11)-(6.13) has nontrivial solutions corresponding to s=3/2.
The vectors from the space of the representation (6.25) can be chosen as a
column with 16 rows. We use the following notation for such vectors

YOO B 0l 0l 0l 626)
where @' are the (2s+1)-component eigenfunctions of the Casimir operators (4.12),
and the operator $?=S .S, /2:

OIODG), 82 =s(s+ P, (6.27)
From (6.8), (6.9) we obtain the following expression for the matrix [3:

O 0 0 2c4
i 0 \/3_C| _Cz 0 z
] c ]

- 3 \/:’TC“ 0 = (6.28)
By=C 0,
o V3¢, c, -~
do  -C, 3¢, 0 ]
dc, 0 o0 d

where C,, ... ,C, are arbitrary complex parameters. The values of these parameters can
be determined up to a nonessential common multiple using the conditions (6.11):

C,=C,=172, C,=C,=i2\/3. (6.29)
It is not difficult to make sure that thus defined matrix ,satisfies the condition (6.10)

which guarantees the eigenvalue of the mass operator to be fixed. Using the relations
(4.64)-(4.66), (6.7) we find the explicit form of 3;:

O, 0O gk k! 25
0o B4 1 5 (6.30)
B-=0 ‘O, B-10 -25, KL, '
a E_BHT 0 E a 3 |:| a a a |:|

H3z, iz, ik [
where S, and ¥, are the spin matrices for the spins s=3/2 and s=1/2 (see (4.31)), and K|,
are the matrices of dimension 2x4:
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0
:L%305§ K:iéososg %/EOOOD 6.31)
‘5%0505 2030 5 0 35050(%

0 being zero matrices of dimension 8x8.

The equation (6.6) with the matrices (6.29)-(6.31) is invariant under the
complete Poincaré group and describes a relativistic particle of mass m and spin s=3/2.
This equation admits the Lagrangian formulation with the Hermitizing matrix n having
the following form:

é Pl/zz/zé
n-0O I 0 (6.32)

0 7 0

0 0

% 0

31212 |

where [ is the unit matrix of dimension 2x2, and P;, are the corresponding matrices p
from (5.47), (4.61).

In [75, 369] there was proposed another formulation of the Dirac-Fierz-Pauli
equation being suitable for a direct generalization to the case of arbitrary spin particles.
In that formulation a vector-spinor wave function (I)Ap is used (A being a vector index,
u spinor index) which is included in the space of the representation D(1/2 1/2)0]
[D(1/2 0)ID(0 1/2)] of the Lorentz group. According to the Clebsh-Gordon theorem
(see, e.g., [3]) such a representation is decomposed into the direct sum of the IRs given
by formula (6.25).

The equation for a particle of spin 3/2 in the Rarita-Schwinger formulation has
the form

v 1 1 v O
@Vp Mgy~ WP NP 2 Yp +m)VAE¢A—O, (6.33)

where y, are the Dirac matrices acting on the spinor index A of the function
¢ =column(¢',05,¢5,Multiplying the Lh.s. of (6.33) by p* and y* and making summation
over u we reduce this equation to the form

(v,p’-m$*=0, y"=0. (6.34)

The equations (6.33) is equivalent to the Dirac-Fierz-Pauli equation. In fact,
multiplying itby g,,—Y,, and making summation over  (this operation is invertible) we
come to the equation in the form (6.6) which differs from the Dirac-Fierz-Pauli
equation only in the realization of the matrices [3,.
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6.7. Transition to the Schrodinger Form

Solutions of the considered equations include more components that it is
necessary for a description of the internal degrees of freedom of a particle (and
antiparticle) with spin s>1/2 (i.e., more then 2(2s+1)). The only exception is the
four-component Dirac equation for a particle of spin 1/2. Besides, by elimination of
redundant components we can reduce these equations to the Schrodinger form (2.10)
with Y being a 2(2s+1)-component wave function, and H being a Hamiltonian which
can be either differential or integro-differential operator.

For the Dirac equation the transition to the Schrédinger formulation is trivial
(see Subsection 2.2), so we consider the KDP and Dirac-Fierz-Pauli equations only.

Using algebraic properties of the 3-matrices we consider the KDP equations
for s=0 and s=1 simultaneously.

Let the matrices B, in (6.6) satisfy the KDP algebra. Multiplying (6.6) by B,
and 1- B,” and taking into account that B,>=[3,, (1- B,>)B,=B,B,’, We obtain after simple
calculations the following system:

iiLIFH K, H*=[B,.B,Ip,*Bymn, (6.35a)
ox,

B *Bé*iBapaB?Ew:O. (6.35b)

0 m 0

The system (6.35) is completely equivalent to (6.6) and includes the equation in the
Schrodinger form (6.35a) and the additional condition (6.35b) which expresses the
"nonphysical" components (1-3,")W via 2(2s+1) essential components 2.

Let us transform the system (6.35) to a representation with the nonphysical
components being equal to zero. Using for this purpose the operator

v-i-1ppp vi-1-Llp B (6.36)
m m
we obtain
1 1=
vH-B: ——Bapaﬁégv =1
g m 0
(6.37)
b (B,p,C
VB, B1p, Bym)V =B, B,p,-m+ — L F
g m [
According to (6.36), the transformed function '=V\] satisfies the condition
(1-Bow'-0 (6.38)

from which it follows that 3,3, p,W=0, and (6.35a) reduces to the form
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: 0. ®pf
la_LIJ/ =HLIJ/E ETBO m+B0 al”a D-IJ/- (639)
%o O O

Choosing for B, the representation (6.17) or (6.22), we conclude from (6.38)
that (s+3) components of |’ are identically equal to zero and that the Hamiltonian H
can be written in the form

SRR
H=0,m+2_5-_L o [2(5'p)pl.

0 2mp 2m
Here 0, and 0, are the 2(2s+1)-row Pauli matrices (see (5.30)), S are generators of the
direct sum D(s)0D(s) of the group O(3), i.e., the matrices (3.6) for s=1 and zero
matrices for s=0. By the additional transformation H - UH U, U:(l-i03)/\f 2, wWe can
change 0, — 0,0, — -0, and obtain the standart form of Hamiltonian discussed in the
follofing subsection.

We see that the KDP equations reduces to the Schrodinger form by
elimination of nonphysical components. The corresponding Hamiltonians are second
order differential operators with matrix coefficients. The equation (2.10), (6.39) was
proposed for the first time by Tamm [401], Sakata and Taketani [377].

Consider the Dirac-Fierz-Pauli equation for a particle of spin 3/2. Multiplying
(6.6) from the left by the invertible matrix C,

(6.40)

0
- H o of

cjﬁ ?E, e=0 i1 15,
0 Cg o i1 1H

where I and 1 are the 4x4 and 2x2 unit matrices, and denoting the components of the
wave function (6.26) according to the formulae

-0, qa{;;”:%(qns—mz), qa‘f;;’2:%(q>3+q>2),

Ol (@, 10, OF'-1(@,0), D=0

6’

we come to the following system

P, +%K- p¢‘4+§S' p®,-m®, =0, (6.41a)
45 pd+ ZiK' - pd, -md,= 0 (6.41b)
—gl p 5+§z pP,-m®,=0, .
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2 4

2K p® S p®, im0, (6.41¢)
P®; +§Z'p(2¢4+¢5)+im¢3: 0, (6.41d)
PP, ST PP, B, 4im®,=0, (6.41¢)
pquG*%S' qu(éK- p®,-m® =0, (6.41)

Acting on | (6.26) by the projector P =B, (see Subsection 6.4), we see that
the physical components of the wave function are ®, and ®,. Unlike the case of the
KDP equation, the redundant components ®,, ®,, ®, and P cannot be expressed via
@, and P, and their first derivatives. But the corresponding expressions may be
obtained with the help of nonlocal (integral) operators.

Considering (6.41) in the momentum representation, using the identity
(Zp)*=p*/4 and relations (12.26), we express nonphysical components via ®, and
D:

quiF%(“pCDﬁiZ'pK*-pdDE, F=2—m,
O 3m 0 U, 9 0
3m=p QO
O 4 0
—irdeoe - 4 sokhpp B
¢3—1F§( po, %Z pK’ pCDﬁE, (6.42)

O 4 O
®,=FGK pP+_—_Z-pKp® 7,
0 3m 0

t 4 |
& =FGK pP+_—_Z-pKp® .
O 3m O

Substituting (6.41) into (6.41a), (6.41f), we come to the equation in the Schrédinger
form (2.10) for the eight-component wave function W=column(®,,d;), where,
according to [308],

H=0,S p& p (8- )2]D+0 ma_[;ﬂ S p)2]g $=(2/3)S. (6.43)

Here 0, and 0, are the 8x8 Pauli matrices commuting with S, S being generators of
the direct sum D(3/2)ID(3/2) of IRs of the group O(3) (compare with (7.6)).
The Hamiltonian (6.43) had been obtained in [308] starting from another
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realization of the Dirac-Fierz-Pauli equation.

The Hamiltonian (6.43) can be defined as a nonlocal (integral) operator in
the x-representation. This signifies that the Dirac-Fierz-Pauli equation corresponds
to the integral evolution equation for physical components of a wave function. In
other words, it is essentially a nonlocal equation. This is the main reason for
paradoxes with the causality violation which take place when using this equation to
describe a particle of spin 3/2 in the external electromagnetic field.

We note that the nonlocal character of the Hamiltonian (6.43) is caused by
nilpotency of the corresponding matrix 3, in (6.6). As far as this matrix is nilpotent
for any Poincaré- and P-, 7-, and C-invariant equations (6.6) describing a particle
with a fixed value of spin s>1, then such an equation corresponds to an integral
Hamiltonian and is nonlocal in this sense.

7. POINCARE-INVARIANT EQUATIONS
WITHOUT SUPERFLUOUS COMPONENTS

7.1. Preliminary Discussion

As was noted in the Introduction, the covariant first order wave equations
for particles with higher spins can be used neither for a description of particle
interaction with an external field, nor for the constructing of a second quantized
theory. The only relativistic equation which does not lead to contradictions when
solving real physical problems is the Dirac equation.

What is the reason to distinguish the Dirac equation from other covariant
equations? There are several reasons for this. The Dirac equation possessing the
unique set of properties given below.

(1) The transparent relativistic invariance. The covariant representation of
the Poincaré algebra can be realized on the set of solutions of the Dirac equation.

(2) The existence of the Schrodinger formulation (2.10) with H being a
local (differential) operator.

(3) The wave function satisfying the Dirac equation has 4=2(2s+1)
components which exactly corresponds to the number of the spin degrees of freedom
for a particle and antiparticle of spin 1/2.

(4) The Poincaré group generators defined on the set of solutions of the
Dirac equation are Hermitian under the usual scalar product (2.39).

Covariant equations of first order considered in the preceding section
possess (for s>1/2) the property (1) and, as an exception, the property (2). As to the
properties (3), (4), the only equation (6.6) possessing those is the Dirac equation. It
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is the existence of superfluous components (i.e., those whose number is more than
2(2s+1)) of a wave function ), which is the source of difficulties for the theory of
higher spinequations.

In connection with the above arises the natural desire to find such equations
for particles of arbitrary spin which have no superfluous components and possess the
other properties mentioned in (1)-(4). It happens that such equations do exist, but the
price to be paid for the absence of nonphysical components is the loss of a
transparent relativistic invariance (i.e., evident symmetry between spatial and time
variables).

In this section we deduce such equations for particles of any spin.

7.2. Formulation of the Problem

We will search for Poincaré-invariant equations for a particle of arbitrary
spin in the Schrodinger form

i % w=my, 7.1
ox, s

where W=y(x,,x) is a 2(2s+1)-component wave function,

ljJ:column(lle,l]JZ,...,lsz(zm)), (7.2)

and H,=H(p) is an unknown linear differential operator to be determined from the
condition of (7.1) being Poincaré-invariant.

DEFINITION 7.1. We say the equation (7.1) is Poincaré-invariant and
describes a particle of mass m and spin s if it is invariant under the algebra AP(1,3),
and, besides, the Casimir operators C,=P,P* and C,=W, ,W* satisfy the conditions
(6.1).

According to the definition, the Hamiltonian H =P, has to satisfy the
following conditions:

[H,P,1]=0, (7.3a)
[H,J,]1=0, (7.3b)
[H,N ]=iP, (7.3¢)

where P, J, and N, are the basis elements of the algebra AP(1,3) satisfying the
relations

[P,P,]=0, [PJ,]=ic, P, (7.42)

v.J1=ie,J, [J.N,]=ie, N (7.4b)

abc” ¢’ abc” " ¢
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[P.N,]=i5 H (7.4c)

ab” s’
[N,.N,]=-ie_J. (7.4d)

It is not difficult to see that formulae (7.3), (7.4) represent nothing but a
new form of the commutation relations (1.14) characterizing the Poincaré algebra.

Thus, to describe Poincaré-invariant equations in the Schrodinger form (7.1)
it is sufficient to choose a representation of the generators P, J, and N, as satisfying
the commutation relations (7.4), and then to find all the possible operators H,
satisfying (7.3).

As is well known (see Subsection 4), the conditions (6.1) define the
operators P, J, and N, up to unitary equivalence. It is natural in choosing a specific
realization of P, J, and N, to require that the representation of these operators to be
defined for arbitrary spin s will make it possible to obtain the Dirac equation for
s=1/2. In other words, it is desirable to generalize the representation of the algebra
AP(1,3), realized on the set of solutions of the Dirac equation, for the case of
arbitrary spin s. We consider three of such generalizations corresponding to three
different approaches to description of Poincaré-invariant equations without
superfluous components [147, 331].

We will start with the following realization of the Poincaré group
generators:

P,=H, P=p, J=xxp+S,
1 (7.5)
N=xp —i[x,HS]ﬁ)\s,

where S are matrices realizing a direct sum of two IRs D(s) of the algebra AO(3)

5 05 7.6
s-8 H. sODe): (7.6
0 55

x and p are canonically conjugated variables defined by the relations
[x,.p,1=id,,; (7.7)

H, and A, are yet unknown operators whose form will be obtained by applying the
requirement for the operators (7.5) to satisfy the commutation relations (7.3), (7.4).
Formulae (7.5) represent the general form of basis elements of the algebra
AP(1,3), which generate local transformations corresponding to translations and
spatial rotations of a frame of reference.
On the set of solutions of the Dirac equation the Poincaré group generators
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have the form (7.5) where A =0. Thus we assume that for the first approach *
=0, (7.8)

The distinguishing feature of the representation (7.5), (7.8) is that all the
Poincaré group generators are Hermitian in respect to the scalar product (2.39),
where Y, U, are 2(2s+1)-component wave functions satisfying (7.1).

In the second approach we choose A, in the form

%a 04d
,=i0,S, =i H. (7.9)
%) “SaJ
Here s, are (2s+1)x(2s+1) matrices belonging to the IR D(s) of the algebra AO(3),
0 are the zero matrices and Oy is the 2(2s+1)-row Pauli matrices (5.30).

The merit of the representations (7.5), (7.9) is that they correspond to the
local transformations of the wave function Y by the transition to a new frame of
references. Actually, on the set of the equation (7.1) solutions the generators (7.5),
(7.9) can be represented in the covariant form (2.22) where S, are matrices realizing
the representation D(0 s)[D(s 0) of the algebra AO(1,3). However, these generators
are not Hermitian in respect to the scalar product (2.39). The only exception is the
case s=1/2 when the operators (7.8) and (7.9) coincides.

We define the operators of space inversion P, time reflection 7, and charge
conjugation C according to formulae (2.55), (2.60) where U is a 2(2s+1)-component
wave function, r|, r,, and r; are Hermitian matrices which can be determined from
the condition that the operators P, T, and C satisfy relations (1.54) together with the
Poincaré group generators. It can be shown that up to unitary equivalence it is
sufficient to restrict ourselves to considering the matrices of the following form:

S,

s> "a 0a’ 0

(Ai’);—%m " x 148

1 1 11
r =0, or r=0, r =0, (7.102)

1 V
r,=0,, r, =0,

A of 7.10b
r31:02A, r3”:02A or V3”:01A, A:Ep E, (7.100)

A'g
where A" is a (25+1)x(2s+1) matrix determined up to a sign by the relations (refer

to (5.24), (5.34))
Ns=-s"0, N1 (7.11)

We require the equation (7.1) be invariant under the transformations

" We will use the indices I, II, and III to distinguish the operators considered in
the first, second, and third approaches, respectively.
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(2.55),(2.60) from which it follows that H has to satisfy the following relations
[P,H]=[T,H] =[C, H] =0. (7.12)

The approaches I and II make it possible to describe a wide class of
Poincaré-invariant equations without superfluous components which, however, does
not include the Tamm-Sakata-Taketani equation considered in Subsection (6.5). The
class of equations including the Dirac and Tamm-Sakata-Taketani equation can be
obtained in the third approach for which the problem is formulated as follows: to
find all the possible differential equations (7.1) invariant under the Poincaré algebra
generated by the operators (7.5). Besides, we assume that the corresponding
Hamiltonians belong to the class of second order differential operators. At the same
time we do not impose any restrictions on the form of A" and do not require P-, 7-
and C-invariance of the equation (7.1). We will see that such a formulation makes
it possible to determine Hamiltonian of an arbitrary spin particle up to equivalence
transformations.

7.3. The Explicit Form of Hamiltonians H' and H."

Following [133], let us find all the possible (up to equivalence)
Hamiltonians H/. It is not difficult to make sure that the equations (7.4) reduces to
identities if the equations (7.3), (7.4d) are satisfied. Substituting (7.5), (7.8) into this
equations we obtain

(H,Y=p2+m?, (7.13a)
[H,J1=[H,,p]=0, (7.13b)
[H, xIx[H , x]=-4iS. (7.13¢)

Relations (7.13) are the necessary and sufficient conditions for equations
(7.3), (7.4) to be satisfied.
We represent H, as an expansion in the complete set of orthoprojectors

H{=Y hA\, (7.14)
where
YT
ATV s -5 (7.15)
V£V V_V/ ! p

h, are matrices commuting with S which can be decomposed by the complete set of
the Pauli matrices (5.30)
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h =a'c (7.16)
v p

and a," are unknown functions of p.
It is not difficult to make sure the operators (7.15) are the projectors into
eigenstates of the operator S p/p and satisfy the following relations

K

AN, =B A, Y AL Y VASS, (7.17)
V=-g5 V=-5
The operators A\, commute with x as follows [133]:
e AI= S A A 2N - B-PS AN, A, . (7.18)
2p? 2p0 PO

Using (7.18), we can prove the following assertion: the vectors pxSA,, SA,, p/A\, are
linearly independent if vZ+s. If v=+s then

PS A o BesPEAL. (7.19)
p 0O prO-"

Relations (7.14)-(7.19) enable us to reduce equations (7.13) to the system
of algebraic equations for the coefficients a,”. As a matter of fact, we obtain from
(7.13a), (7.14), (7.17)

hy=m?+p?, (7.20)
and then from (7.13c¢), (7.18) we obtain

%[hv,hwl];mz—p 2, (7.21)
Relations (7.20), (7.21) are necessary and sufficient conditions for the Hamiltonian

H/ to satisfy equations (7.13). The general solution of these relations and relations
(7.12) is given by the formula

h,=0 Ecos¢, +03Esin¢v, (7.22)
where the possible values of ¢, are determined by the recurrence relations

b, =0 +26', o/=arctan . (7.33)
m

If the space inversion matrix 7! is equal to G, then we have for any s
6,70, ¢,,=6", ¢,=-¢,, (7.24)

but for r,'=0,, solutions of the equations (7.20), (7.21) compatible with (2.55), (2.60),
(7.12) exist for integer s only. Moreover,

d,=0(/m), ¢,=0_, (7.25)
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where ¢ is an arbitrary function of p/m.

According to (7.23) the number of possible Hamiltonians H’ increases with
increasing of s because by calculating ¢,,, we can choose any of possible signs on
each step. It is not difficult to calculate that for r;=0, the total number of different
H/is equal to 2" where [s] is the entire part of s.

We represent the simplest solutions of the recurrence relations (7.23)
compatible with (7.24), (7.25):

(4,),=(-DVE,  (9,),=2v8. (7.26)
By substituting (7.22), (7.26) into (7.15) we obtain

(H)),=0,m+a,py . (-DVA, (7.27)
(H)),=E [E 0,c0s(2v0’ ) +a, sin(2ve’ )} A, (7.28)

The operators (7.27) and (7.28) coincide in the case of s=1/2 and reduce to the Dirac
Hamiltonian (2.11) where Y, =0, and Y, =-2i0,S,.

We represent also the explicit expressions for the Hamiltonians (7.27),
(7.28) in the terms of the helicity operators S, for s<3/2. According to (7.15) we
obtain

(Hy),=0 E, (H,),=C,m+G.p,

(Hyp),=(H\},),=0,m+20.S"p.

(H)),=0,m+0,p(1-25), (7.292)
(H),={0,[E2-2(Sp)]+20mSp|E ",

1
(Hiy),=0,m “308,(7 -4S)),

(Hip),={0,[2E%+p2+2(S pYIm+a [RE>p /12)S-p-4/3(S-p)’]}E 2. (7.29b)

As it can be seen from (7.19), the Hamiltonians H' for s#1/2 are nonlocal
(integro-differential) operators in x-representation. Let us recall that first order
covariant wave equations (6.6) also lead to nonlocal Hamiltonians in general.

The problem of finding the exact form of the Hamiltonians H can be
solved in complete analogy with the above. The Poincaré-invariance conditions (7.3),
(7.4) for the representation (7.8), (7.9) reduce to relations (7.3b), (7.3c), the last of
them being of the form

-(H x\H"+iS[H," 0] +i[H," S]0,=ip. (7.30)

The general solution of the equations (7.3b), (7.3c) compatible with (7.12)
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is given by the formulae [297, 410]

(H),=EY’ [0,sech(2v8")+0,tanh(2vO")]A,, r,=0,A, (7.31)
(H"),=EY’ [io,cosech(2v8") +a,cothQuB")A,,  r,=0,A, (7.32)
where

0" =arctanh%. (7.33)

The Hamiltonians (7.31) are defined for arbitrary values of s, but (7.32) are valid for
half integer spins only because (H"), does not satisfy (7.13a) for integer s [147,
331].

For s=1/2 the operator (7.31) reduces to the Dirac Hamiltonian.

Let us present the explicit expressions for H”, s<3/2 in the terms of helicity
operators:

H,'=0|E,

(H"),=0,E+2ES"p[0,S-p-0.EIE>+p?),
(7.34)
(Hih),={0,[QE*+Tp)/2-2(S - p)Im+

+0, §-p(20p 2+6E)3-S (8- pyERE?+3p ).
0 3 ]

The operators (7.34) correspond to ry'=0,A. In the cases s=1/2 and s=3/2
there exist two more Hamiltonians, one for each value s=1/2, 3/2:

(H\3),=2ESp(iom+0,E)p 2,
H E
(Hyp),= %ol%[aoEmp 2§ p-4(p2+2E>)(S pYp 1+
0 sp
E 2

3p?
These operators correspond to the choice r}'=0,A.

0
0, 2 [(20E2+6p?)S-p-8ES pYp 2IHp +3EY) .
0

We see the operators H” as well as H' are nonlocal in x-representation.
Besides, the boost generators N are non-Hermitian in the metric (2.39). The
invariant bilinear form for the group transformations generated by N” is as follows
[298, 410]:

W)= J dxPiMy,, (7.35)

where
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M :GXEE cosech(2V8")A, r3"=02A,
i

M :Ez sech(2v8A, ri'=o A
m-y

7.4. Differential Equations of Motion for Spinning Particles

The equations without superfluous components considered above include
integro-differential operators H, if s#1/2. Of course, this fact complicates the using
of these equations for solution of specific physics problems. In this subsection we
consider the third approach which leads to differential equations of motion.

We represent a Hamiltonian H.™, which has to be found, as an expansion
in terms of spin matrices and 2(2s+1)-row Pauli matrices (5.30)

me hom+h,' +ih;, (7.36)
m

where
hOJ'za,fcu, hf’zb,joll S'p, h;:cjo}l (S-p)> +d}fopp 2,

The operators (7.36) satisfy relations (7.3b) for any values of constant
coefficients a,’.b,’c, .d, . . The remaining Poincaré-invariant conditions (7.3a),
(7.3¢), (7.4) define these coefficients up to an arbitrary parameter. We give the
explicit form of all nonequivalent Hamiltonians H,™ (for the proof see [147, 331]):

Hf”=01m+022k1S-p+2L(01—ioz)[p2—4kl(S Py, s=0,%,1,..., (7.372)
; m
2 . 2
H"=0,m+(0,-ic,) P_+io k,+0, [kt 1) 1 5P (7.37b)
2m ’ m
2 . 2
H/"=0 m+0 k,S-p+(0,-i0,) P_ ko +i(ki-2)0,) S P (7.37¢)
2m m
1 0 p0 ik 5 .0 05 3 (7.37d)
Hy,=0, IZ?V'p—I:JJ“—4 g, ES'P)Z_—PZD*'—3 k,-1p?, ’
O 2mpQ 2m " 4 0O 2m
(7.37¢)
where ki, k,, ... , ks are arbitrary complex parameters.
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Formulae (7.37) give all the nonequivalent Hamiltonians H," defined up to

equivalence transformations generated by numerical matrices. Besides the
Hamiltonian (7.37a) defined for any s, there exist two pairs of additional
Hamiltonians for particles of spins 1 and 3/2. Each of the operators (7.37) depends
on arbitrary complex number k, /=1, 2, ..., 5.

It is not difficult to make sure the Hamiltonians (7.37) are non-Hermitian
in respect to the scalar product (2.39). But it is possible to choose proper values of
the coefficients k, for these operators to be Hermitian in the indefinite metric

W)= J dxPlo, v, (7.38)
Namely, the operators H'" are Hermitian in respect to this metric iff
ki=k, ky=-k. ki=k,

Pomom e (1.39)
ky =k,, O<k;<l, k, =k, O<k<l.

It is not difficult to show that any equation (7.1), (7.37) is invariant under
the product of the transformations 7C, but in general is not invariant under the P-,
T- and C-transformations. By requiring the symmetry under any of these
transformations we reduce the class of the operators H™ to the following
representatives

g g

2 2
H;”=O']%1+p_%—i0'2p_, (7.40a)
0 2mQ m
H,;=0,m+20,S"p, (7.40b)
S 7.40
Hllllzo_]W+p_|]+#0-2[2(s_p)2_p 2]’ ( . C)
2mQg 2m
(7.40d)

The operators (7.40b) and (7.40a), (7.40c) coincide with the Dirac and TST
Hamiltonians.

The Hamiltonian (7.40a) for s#0 is not of great interest inasmuch as it does
not depend on spin matrices and so do not possesses any information about a particle
spin. We see that there exist only four Poincaré- and P-, T-, C-invariant equations
(7.1) where H, is a second-order differential operator depending on spin matrices.
There are the Dirac, TST equations and the equation (7.1), (7.40d) for a particle of
spin 3/2. The corresponding C-, P-, and T-transformations are given by formulae
(2.55), (2.60) where

rl[llzl, rzlllzo_y rlm=0'3A, (7.41)

97



Symmetries of Equations of Quantum Mechanics

So for particles of spin s>3/2 there exist no Poincaré and P-, 7-, C-invariant
Hamiltonians others then the trivial operators (7.40a). Moreover, it is possible to
show that such Hamiltonians also do not exist in the class of differential operators
of arbitrary finite order. Thus, when describing a particle of spin s>3/2, it is
necessary to choose between nonlocal (integro-differential) equations (7.1)
considered in the preceding sections and the equations being non-invariant under the
space inversion.

7.5. Connection with the Shirokov-Foldy Representation

It is easy to note that the problem of finding of Poincaré-invariant motion
equations for the approaches I-IIl reduces to the description of some special
realizations of the representations of the algebra AP(1,3) belonging to the class 1.
The natural question arises about the relation of these realizations to the IRs of the
algebra AP(1,3) considered in Section 4.

Here we establish such a connection and demonstrate that all the
representations considered in the present section are equivalent to the direct sum
D*(s)UD(s) of the IRs.

To simplify calculations we start from the Shirokov-Foldy realization where
the basis elements of the mentioned direct sum of IRs have the form (compare with
(4.50))

P,=CE, P=p, J=xxp+S,
pxS (7.42)

"E+m’

N=xp- _0 [x.E] -0,

The operators (7.42) and (7.5), (7.8), (7.9) are connected by the relation
Pi=P, =), NO=VEN(VS)', a=LILIIL (7.43)

where V * are invertible operators of the following form:

Vicew 50, D 0N,
v g

(7.44)
vh,= n E@OSh 9”D+10 smh[_]_e”m
NEQ 0Op O or [
/2
V111=(E+01HY111) EE %+i [0, H”I] NN
O o0 2
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where ¢, 8" are the parameters given by the relations (7.23)-(7.25), (7.33), and (V"),
corresponds to the Hamiltonians (H"), (7.31).

The transformation (7.43) with o=III can be used to determine the explicit
form of A in (7.5) which turn out to be integro-differential operators. The
representation (7.5) with differential operator A" also can be reduced to the
canonical form (7.42) but the corresponding transformation operators have a very
complicated form. For example, for the Hamiltonians (7.37a) we can choose for k=1
the following

V= exp %l_arctan_ [EP++P7(m—201S-p)+PA01ES-p},
m (7.45)

P;E(p_r a,),

which corresponds to the representation (7.5) with A /=0

Formulae (7.44) give the explicit form of the operators which transform the
Poincaré algebra realizations used in approaches I-III into the Shirokov-Foldy
realization (7.42). For the Hamiltonians (7.27) and (7.28) the transformation operator
V! can be choosen in the following form

VI=(E+0 H)[2EE+m)] ", (7.46)
and
rQ (7.47)
=exp |1]02 arctan_D .
mj

For s=1/2 these operators coincide and reduce to the Foldy-Wouthuysen (FW) [108]
operators diagonalizing the Dirac equation.

Formulae (7.46), (7.47) present very natural generalizations of the FW
operator to a case of an arbitrary spin.

Using the connection (7.43) it is possible to define the mean position and
spin operators for a particle of arbitrary spin. In the canonical representation (7.42)
such operators have the form [108]

k_ k_
X,=x, S,=S,

In the representations (7.5), (7.8), (7.12) these operators have the following explicit
forms

X,/ =V [VO!, S,=VeS [V, a=LILII.

We present the explicit form of these operators corresponding to the Hamiltonians
(7.27), (7.28):
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1 .
(X)), =x, — {8, pE-0,(H)) 1 +ip,[0,(H)),-m]},
p

(7.48a)
1

(Sﬂlb)l :SabJr P ahc cdpd[E o (H ) ]

pE

1 1 .
X,),=x,+—0,8S +——__(ES,, p,~i0,p S'p),

a a 2 a a
E " EXE+m) (7.48b)
1

(Sah) _S E 2 abc Stdpd E(E )(p p S p ) abc*
where S,=¢,,.S5,/2.

Formulae (7.48) generalize the mean position and spin operators of the
Dirac electron [108] to the case of arbitrary spin particles.

In conclusion we note that the equations found above can be generalized in
such a way that they will describe "particles" with several spin and mass states.
Equations for particles with variable spin and mass were considered in [140, 315].

8. EQUATIONS IN DIRAC’S FORM FOR ARBITRARY SPIN
PARTICLES

8.1. Covariant Equations with Coefficients Forming the Clifford Algebra

All the relativistic motion equations described above can be considered as
generalizations of the Dirac equation. Here we consider the most natural
generalization of this equation in which reducible representations of the Clifford
algebra (2.3) are used.

As in Section 6, we shall search for the motion equation of relativistic
particle of arbitrary spin in the form

(I, p¥-myp=0, 8.1)

where ', are square numeric matrices, and U is a multicomponent wave function.

According to (6.1), the function Y has to satisfy the KGF equation
componentwise. The simplest way to assure for (6.1) to be satisfied is to require the
matrices [, satisfy the relations

rrrr =2g,. (8.2)

Multiplying (8.1) by I'"p,+m and using (8.2), we come to the condition (6.1) which
is a differential consequence of (8.1), (8.2). An IR of the algebra (8.2) is realized by
the 4x4 Dirac matrices. The corresponding equation (8.1) reduces to the Dirac
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equation.

In this section we consider equations (8.1) with reducible matrices I' . We
show that such equations can be interpreted as equations of motion of a relativistic
particle with arbitrary spin s. Then we find the additional conditions needed to select
the subspace of solutions of the equation (8.1) corresponding to a fixed value of s.

It is not difficult to make sure that the equations (8.1) are invariant under
the Poincaré algebra. Taking the basis elements of this algebra in the covariant from
(2.22) and representing the matrices S, in the form

. .

SW—J“V+TW, JW—Z[FH,FV], (8.3)
we find that the operators (2.22), (8.4) satisfy the invariance condition of the
equation (8.1) (i.e., the relations (6.7), where B“ - F“) if the matrices T, satisfy

the following relations:
[Tpv’TAo] =i(guvaA +gv)\Tpo _gpATvc _gchp)\)’
[T, =T 0061 =0,
ie., if the matrices T, commute with I, and realize a finite-dimensional
representation of the algebra AO(1,3).

Thus, we can set a correspondence between the Poincaré-invariant equations
(8.1), (8.2) and any finite-dimensional representation of the algebra AO(1,3). On the
set of solutions of such equations generators of the Poincaré group have the form

(2.22) with S, being a sum of commuting matrices j,, and T,, being given by (8.3),
(8.4).

(8.4)

8.2. Equations with the Minimal Number of Components

Poincaré-invariant equations in the Dirac form admit various interpretations
as far as it is not possible to determine in an unique fashion the corresponding
representation of the Poincaré algebra. The only exception is the case of the
irreducible [-matrices of dimension 4x4 corresponding to the Dirac equation, but
this equation has also an alternative interpretation as an equation for a zero-mass
particle (refer to the following subsection).

To interpret the equation (8.1) it is necessary to choose a possible
representations of the matrices T, of (8.3). The corresponding representation of the
Poincaré algebra (2.22) turns out to be reducible so it is necessary to impose on )
a supplementary condition of the type of (6.1) in order to select the subspace
corresponding to the fixed value of spin.

Consider the case when T, produce the representation D(T 0) of the algebra
AO(1,3). This means that (see Subsection 4.8)
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T,=e, T, T,=iT, [1,7]=ie, T, TI=1(T+]). (8.5)

abe "¢ abc~ ¢’

Substituting (8.5) into (8.3), we obtain

Sab :%[ra’rh] +Saht?-[(" SOa :%[r()’ra] +i-]'—a’ (86)
where the matrices T, commute with ' by definition.

According to Schur’s lemma we conclude that the minimal dimension of
the matrices (8.5) is [4(2T+1)]% Thus, we can set
r=y0n t=101, (8.7)

where the symbol [ denotes the direct (Kronecker) product, y, are the 4x4 Dirac
matrices, T, are matrices of dimension (2T+1)x(21+1) realizing the representation
D(1) of the algebra AO(3), I and 1 are the unit matrices of dimension (2T+1)x(21+1)
and 4x4, correspondingly.

To find the spin value of a particle described by the equation (8.1) it is
necessary to calculate the eigenvalues of the corresponding Casimir operator W ,W*.
Using (2.22), (2.28), (6.1) we find, in the frame of reference where p=(1,0,0,0), that

W“W“=—mZS2, S=¢ § (8.8)

a abc™ be?

and, therefore, these eigenvalues can be found by reduction of the matrices (8.6) by
the algebra AO(3). Inasmuch as the matrices j,, (8.3), (8.6) realize the representation
D(0 172)ID(1/2 0) of the algebra AO(1,3) then the matrices S, (8.6) generate the
representation

DHH ofp B Lt 0-pR-L oBipH-L o F LE. (8.9)
D%D 0 2 02 0 02 0 020

By the reduction AO(1,3) - AO(3) we obtain from (8.9) the following direct sum
of IRs of the algebra AO(3): D(1+1/2)ID(1-1/2)0 D(1+1/2)ID(1-1/2) which
corresponds to the following spin values:

§,=5=1+1/2, s,=s-1=T-1/2. (8.10)

At this, dimension of the matrices Fll is equal to 8s5x8s.

It can be shown that if the matrices T, realise either IRs D(T, T,) with
1,70, 1,20, or reducible representations, then dimension of the matrices I', is larger
than 8sx8s (s is the largest value of spin appearing by the reduction AO(1,3) —
AO(3)).

Thus, the equation (8.1) is Poincaré-invariant. It describes a particle of spin
s and has the minimal number of components if matrices ', have dimension 8sx8s
and the corresponding matrices S, realize the representation (8.9) of the algebra
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AO(1,3).

Let us require the solutions of (8.1) satisfy the second condition of (6.1).
Using the definitions (2.22), (2.28), (8.6) and the equation (8.1), we reduce this
condition to the following form [331]:

LW=[(T, p*+m)S-16ms]p=0, (8.11)
where
S=(1+T IS, S*~4s(s-D)], T,=F T[T,

Thus, in contrast to the first order wave equations considered in Section 6
the second condition (6.1) is not a consequence of equation (8.1) but has to be
considered as a supplementary requirement which can be written in the form (8.11).

Let us formulate the obtained results.

THEOREM 8.1 [331]. The system of equations (8.1), (8.11) is Poincaré-
invariant and describes a particle of spin s and mass m. ®

The equations (8.1), (8.11) have certain advantages in comparison with the
other Poincaré-invariant equation considered above. These are a relatively simple
form which does not become more complicated by increasing of spin value, and
exience of the reasonable limit at m — 0 (which is not the case for the equations
considered in Section 6). Finally, the equations (8.1), (8.11) admit a non-
contradictive generalization to the case of particles interacting with an external
electromagnetic field.

Dirac-like wave equations for any spin particles were considered by Lomont
and Moses [286]. But as proposed in [286] subsidiary condition, selecting the
solutions corresponding to fixed s, differs from (8.11) and is incompatible with (8.1)
after introduction of minimal interaction with an external electromagnetic field.

8.3. Connection with Equations without Superfluous Components
The equations in the Dirac form are closely connected with differential
motion equations without superfluous components considered in Section 7. Namely,

equations (8.1), (8.11) reduce to the form (7.1) where H is present in (7.37a).
Let us write (8.1), (8.11) in the form

iaqu:HLp, P Y=y, (8.12)
Xo

where
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H=T [ P+ m,

X | | (8.13)

P=P+___(1-T)[T"p ,Pl, P=—[S*-s(s-D].
S dm W S s

The first of the equations (8.12) is obtained from (8.1) by the multiplication by Y,,
the second is equivalent to (8.1) according to the relation

8s(1+l PP =(1+)[S,, S* ~4s(s-1)].

It is not difficult to make sure the operators (8.13) satisfy the conditions
pi-p, B=p. (8.14)

The operator 135 is a projector into subspace corresponding to spin s. By
means of the transformation

Y-®=Vy, H-H'=VHV', P VPV =P, (8.15)

where
V=1+(1-il )(C-p-k T S-p), V'=V(-p),

we reduce the equations (8.12) to the following equivalent form:

9 _ 1 .
zWCI):H/dJ:[FOerZk] rs: p+%r0(1 il )[p -4k (S p)]®, 8.16)
0

P =P =0, or S2P=s(s+1)P.

Choosing 'y, ',, S in the form of

g ad 0
@05 B0 L d o (8.17)
Ty o T 7 S 3 58
%) 0, Ep ;] SO .
where 0,, 0;, S are the matrices of (5.30), (7.6), §,, §,, S are analogous matrices for
spin s'=s-1, and O are zero matrices of an appropriate dimension, we come to the
equations in the form (6.1), (7.37a) for a 2(2s+1)-component function ® =P ,®. The

equations (6.1), (7.37a) are differential consequences of the equations (8.1), (8.11).
8.4. Lagrangian Formulation
Let us demonstrate that the equations in the Dirac form can be deduced in

frames of the minimal action principle starting from an appropriate Lagrangian.
We write the system (8.1), (8.11) as a single equation
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(B p*-m)+xm(1-B)]Y=0, (8.18)

where X is an arbitrary parameter which can be chosen to be equal to 1 without loss
of generality, and B, is the projector

B = T(r prem)(L+T YIS, S*-4s(s-1)]. (8.19)
Actually, multiplying (8.18) by B, and 1-B, and using the identities
BB =B, (1+l)B( p"-mB=2l 629p"-m)B, (8.20)

we come to the system (8.1), (8.11).

Using the formulation (8.18) it is not difficult to find the Lagrangian
corresponding to the Dirac-like equations for particles of arbitrary spin. Choosing the
Lagrangian density in the form

0 T A T an
L(X) =i %ﬂTJ/ + aLIJ ru%F I’*)\ an + an r)\F %ﬂp/ +iru an %*16”’1 2S L_IJ/lIJ/ (821)
0 _axp N Ox,  0Ox, 0 0x,

where (' and ' are 16s—comp0nent wave functions,

W’ =column(P,x), @' =yif [, (8.22)

W, X being 8s-component functions, and ﬁw F being the matrices of dimension
165x16s:

F=(1+T )8, " ~4s(s-1)),

OD m, o0 Oo r,0 00 (8.23)
= D“ ¢ -0 E F_B E $ gw D
4 > 5 >
"B D .3 g 0 ™ B sS4

it is not dlfﬁcult to make sure that the equation (8.18) is an Euler-Lagrange equation
of the type
oL 0 oL

i () (8.24)
0P Ox, 0[0P/ox,)

where L is given in (8.21). From (8.24) the equation for a function X follows also,
which can be reduced to (8.18) by the substitution X - y, I, —» -,
Thus, the equations in the Dirac form admit a Lagrangian formulation
which however needs doubling the number of components of the wave function .
We note that the equations (8.24) for W and X are invariant under the
transformations P, T and C in contrast to the equations (8.1), (8.11).
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8.5. Dirac-Like Wave Equations as a Universal Model of a Particle with
Arbitrary Spin

As a concluding remark for this section, we show that the Dirac-like
formulation is applicable to a wide class of wave equations used in modern physics.

Let us consider, for example, the equations for particles of spin 0 and 1 in
the formulations of KDP (see Subsection 6.5), of Stueckelberg [398] and Hurley
[224,225]. We may show that any of them can be represented in the form of the
equation (8.1) with a subsidiary condition

PY=0, (8.25)

with ', being Dirac matrices of dimension 16x16 and P being some numerical
matrix.
We will start with the following representation of the algebra AO(1,3)

D=[D(12 0)D (0 172)] & [D (172 0)D(0 12)] =

(8.26)
=D(1 0)» (0 O)UD(1/2 172) D (172 172) D (0 O)ID (0 1).
Basis elements of this representation can be chosen in the form
4 / i VR
S =S S swzz[ru,rv], SMV:Z[F“,FV], (8.27)

where ', and I'"', are commuting sets of 16x16 Dirac matrices.

The equation (8.1) is transparently invariant under the Poincaré algebra in
the covariant realization (2.22), (8.27). The subsidiary condition (8.25) is
Poincaré-invariant if the matrix P commutes with S‘W of (8.27).

Let us demonstrate that the system of equations (8.1), (8.25) with

P=1-P=_L(1-Tir*, k=0.123.4,
16 (8.28)

(UEET SR VS o o A
is equivalent to the KDP equation for a particle of spin 1. Being specific, we choose

the following realization of the matrices I', and " :

900 gH EO 0 -5, —g54a§
rﬁ)o 10@ _go 0 S s [
OE)IOOE’ “ds, s, 0 0L

& 00 0§ Hes,, s, 0 0 H

where g=2jv-1/2, S,=j,-1, S=j,+1,, I and O are unit and zero matrices of
dimension 4x4, and j, , T, are 4x4 matrices satisfying the relations
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¢ _¢ O
% 0 0 IE ﬁ) O Sa S4a%
0 _
r’:%) 0 gog , P 0 & 0 (8.29)
"B % o oF "Bsgs4oo%’
% 0 O OD a a E
0 . s, 0o of
. L2 2
= =1, =1/4
[j,0,1=0, j,=t,=1/4 (no sum over a), (8.30)
[jaJh] :isahcjc’ [Ta’Th] :igathc'
The explicit form of j, and T, is given in the following, see (9.20).
The matrix (8.28) is diagonal in the realization chosen:
g
%’- 0 H 00 off
0 P 0 400 o
- 1 a 8.31
Py= E A E’ P.==(1+g) %) - ( )
5 0 g 2 00 OE
0 /g 9 0 0 o

From (8.31) it follows that the condition (8.25), (8.28) sets to zero six out
of sixteen components of .

The system (8.1), (8.25), (8.28) can be written in the form of a single
equation

[P(Tp, ~m)P+m(1-P)]Y=(B'p,-m)=0, (8.32)
where
B,=Pl P, P=1-P,. (8.33)

The equivalence of the equations (8.32) and (8.1), (8.25), (8.28) follows from the
commutativity of the projector P with I'*p, on the set of solutions of the equation
(8.32).

Formula (8.32) presents the KDP equation (6.6), (6.22) for a particle of spin
1. In fact, the equation (8.32) coincides with (6.6), (6.22) componentwise (the extra
components of  in (8.32) and of matrices (3, in (8.33) are equal to zero).

In an analogous way we make sure that the system of equations (8.1),
(8.25) where P=1-P,, P, being the projector (8.28), is equivalent to the KDP
equation for a spinless particle. The corresponding matrices (3, are given in (6.17).

We see the KDP equation admits the Dirac-like formulation (8.1) and
(8.25). It is curious that the KDP matrices satisfying the algebra (6.20) can be
obtained from the 16x16 Dirac matrices with the help of the projection (8.33)
nullifying some rows and columns.
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The eleven component equation of Stueckelberg [398] describing a
"particle" with two spin states (corresponding to s=1 and s=0) can also be formulated
in the form of the Dirac equation (8.1) with the subsidiary condition (8.25) where

1
P Ty T -1 T T2, (8.34)

In the representation (8.29) the projector (8.34) reduces to the diagonal matrix with
four nonzero elements (placed on four last rows). The explicit form of the
corresponding matrices 3, for the Stueckelberg equation can be obtained from I, of
(8.29) by deleting four last columns and rows (and the first columns and rows which
are zero).

Finally, setting in (8.25)

1 / /
P=a(1 R I TR (8.35)

we obtain from (8.1), (8.25) a wave equation for a particle of spin 1 in the
Lomont-Moses [286] form. Rewriting this equation in the equivalent formulation
(8.32) we obtain the seven-component wave equation considered in detail by Hagen
and Hurley [215].

We note that the Hurley equations for particles of arbitrary spin [224] are
nothing but the Lomont-Moses equations written in the form (8.32).

Let us summarize. We make sure that the multicomponent Dirac equation
with a covariant additional condition is a very effective construction for describing
pasticles of arbitrary spin. In this way it is possible to obtain new equations
considered in Subsections 7.4-7.8 and well known equations of KDP, Stueckelberg,
and Hurley, as well. The Rarita-Schwinger equation also can be represented in the
form (8.1), (8.25) (refer to (6.34)). Finally, in the following section it will be shown
that equations for massless fields also admit convenient formulations in the
Dirac-like form.

9. EQUATIONS FOR MASSLESS PARTICLES
9.1. Basic Definitions

In this section we consider Poincaré-invariant equations for massless fields.
The description of such equations is a specific problem since they cannot be
obtained, in general, from field equations for non-zero mass particles by passing to
the limit m — O [38]. The equations considered further on should also be of interest
since fields with zero mass are real physical objects.

The definition of a Poincaré-invariant equation for a massless field is given
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in Subsection 3.7. According to the Theorem 1.7, such equations are also invariant
under the conformal algebra AC(1,3).

We assume hereafter that the representation of the algebra AC(1,3) realized
on the set of solutions of the considered equations has the covariant form (2.22),
(3.56):
P=p:ii, J =x p -x p+S .

wPr T w Tpfv v Py P (9.1)

D=x, p"+iK, K =2xD-p xx "+2wa Y,
where S, are matrices realizing a representation of the algebra AO(1,3) and K is a
matrix commuting with S,

The representation space of the algebra (9.1) will be identified with a space
of states of a covariant massless field. According to (3.45), (9.1), any solution of a
Poincaré -invariant equation for a covariant massless field has to satisfy the
d’'Alembert equation

p, P =0, (9.2)

Hence, we state the problem of finding all the nonequivalent linear
equations which are invariant under the Lie algebra generated by the operators (9.1).
Moreover, we assume that solutions of these equations satisfy (9.2) componentwise.

9.2. A Group Theoretic Derivation of Maxwell’s Equations

Before considering wave equations for arbitrary spin fields we make a look
at Maxwell’s equations and demonstrate that it is possible to derive them starting
from the requirement of relativistic (or conformal) invariance and some other
suppositions.

First, we demonstrate that Maxwell’s equations can be deduced by using the
postulate of the conformal invariance. We will look for an equation for a vector field
described by a three-component wave function. The corresponding matrices in (9.1)
will have the following form:

S, =€, S, S,=%iS, K=kI, 9.3)

abc™ ¢?

where S, are matrices (3.6), I is the 3x3 unit matrix, and k is an arbitrary number.

THEOREM 9.1. Let Y be a covariant massless vector field. Then { must
satisfy Maxwell’s equations.

PROOQOF. By definition  satisfies the d’Alembert equation (9.2). This
equation has to be invariant under the conformal algebra whose basis elements are
given by (9.1), (9.3).

The operators P,J

w» and D are evident SOs of the equation (9.2) since
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they commute with L=p"p,. As to the operators K|, the corresponding invariance
condition reduces to the form

(K, p,p 1Q=li(k-Dp,+S,, p 1W=0. 9.4)

It is possible to show the system (9.4) is compatible for k=2 only, and, furthermore,
it coincides with Maxwell’s equations if we set Y=E #iH. To verify this statement
it is sufficient to write the system (9.4) componentwise for u = 0, 1, 2, 3 and to
compare it with (3.2).

We see that Maxwell’s equations are determined uniquely by the conformal
invariance postulate and the vector nature of the electromagnetic field.

Consider now Maxwell’s equations (3.3) with currents and charges. These
equations could not be deduced in the way presented above inasmuch as a current
does not satisfy the condition (9.2). But it is possible to point to such minimal
subsystems of the equations (3.3) which lead to the complete system of Maxwell’s
equations, if we impose the requirement of Poincaré invariance.

We present (without proof) two assertions illustrating the possibilities of
group-theoretic deduction of Maxwell’s equations with currents and charges.

THEOREM 9.2. Suppose L(E,Hj,j) is a system of partial differential
equations including the subsystem

pE=-ij, pH=0. ©-5)

Then, for L(E,H j,j) to be Poincaré invariant it is necessary for this system to
include the following equations:
ia_E=—p><H+ij, a_H=pr. 9.6)
ot ot

Proof is given in [154, 157].

Hence, Maxwell’s equations are a consequence of the system (9.3) and the
relativistic invariance postulate.

The inverse theorem is also true: the necessary and sufficient condition for

the system (9.6) to be Poincaré-invariant is the requirement for E and H to satisfy
the additional conditions (9.5) [154, 157].

9.3. Conformal Invariant Equations for Fields of Arbitrary Spin

In analogy with Theorem 9.1 it is possible to deduce an equation for a
massless field with arbitrary helicity. In fact, supposing that such a field satisfies the
conformal invariance condition, we come to the system of equations (9.4) with S,
being matrices belonging to a representation of the algebra AO(1,3), and Y being a
wave function of corresponding dimension.
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Thus, a covariant massless field satisfies necessarily the equations (9.4) with
the appropriate matrices S, and K. We restrict ourselves to the case when S, form
a completely reducible representation of the algebra AO(1,3). Then the equations
(9.4) reduce to a set of noncoupled subsystems. In any such subsystem the matrices
S,y are the basis elements of the IR D(j T) of the algebra AO(1,3), and K is a
multiple of the unit matrix.

But the equations (9.4) have to be invariant under the algebra AC(1,3), so
we come to the following conditions for the operators L,;:

(L,.01y=0, 9.7)

where Q is any of the generators (9.1). By direct calculation we obtain
(L,.P =0, [L,Dl=iL,, [LJ,]1=i(8L\~8,\L,):

from which it follows that P,, D, and J,, satisfy the invariance condition of the
equation (9.4). As to the operators K, we obtain from (9.7) (with Q to be changed
for K,) the following system of equations [52]:

1575, 45,, 41 -8, J=0.

9.8)
[k(1-k)~jG+ 1) -T(T+1)1Y=0,
(+T+1-R) G ~T=k) (=T +k) (k45 +T+1)p, =0,
which has a nontrivial solution for jT#0 only. Moreover,
k=j+T+1=s+1. &2

Substituting (9.9) into (9.4), we come to the following system of conform
invariant equations:

(isp,+S,, p )W=0, (9.10)

where S, are matrices belonging to the representation D(s 0) (or D(0 s)) of the
algebra AO(1,3), and U is a 2(s+1)-component wave function.

It is not difficult to show that such equations describe a massless field with
helicity + s. Multiplying (9.10) by p" and summing up over u, we come to the
equation (9.2). On the other hand, representing (9.10) in the form

W p=e'sP Y=ehp P, A=ee's, 9.11)

where W, are components of Lubanski-Pauli vector, £'=1 for SWHD( 0s),and e'=-1
for SWHD(S 0), and comparing (9.11) with (4.55), we conclude that the direct sum
D*(¢'s)UD(-¢'s) of the Poincaré group representations is realized on the set of
solutions of the equation (9.10).

Thus, we obtain the system of equations (9.10) describing a massless
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covariant field of arbitrary spin. In the case s=1/2 this system is equivalent to Weyl’s
equation, and for s=1 it reduces to Maxwell’s equations. Equations of the (9.10) type
for an arbitrary spin were considered in [135].

We note that the equation (9.10) follows from the supposition of conformal
invariance of a field Y in a unique fashion. In other words, if  is a covariant
massless field then it has to satisfy to (9.10) with necessity.

9.4. Equations of Weyl’s Type

The equations (9.10) represent a set of four systems of partial differential
equations that should be simultaneously satisfied by a wave function . But in the
case s=1/2 we have actually only one system of equations, i.e., the Weyl system
(2.44). Essentially, any of the equations (9.10) with s=1/2 reduces to the form of
(2.44) by multiplication by the Pauli matrices O,

Poincaré-invariant equations of Weyl’s type exist for a massless field of
arbitrary spin. Instead of four equations (9.10) it is possible to consider a single
system from which (9.10) follow as a mere consequence.

It is well known that the Weyl equation is equivalent to the massless Dirac
equation with the additional condition (1-iy,){)=0. Equations for any spin may be
obtained in analogous way, starting with the Dirac-like wave equations (see Section
8).

A system of Poincaré-invariant equations for an arbitrary spin particle (8.1),
(8.11) may be written for the case of m=0 as follows:

. 0
i—y=rr pWy,
Ox,

9.12)
.0 ;
(zE—FOFapa)(l +l)S,, S P=0.
Imposing on Y the Poincaré-invariant additional condition
(1= )W=0, (9.13)

and choosing I', in the form

5 % D ED “’aE (9.14)

rfBO T e A e

where I and O are the 4s-row unit and zero matrices, and g, are the Pauli matrices
of dimension 4sx4s, we obtain
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O

0
o _ _
@To—opérb(x)-opp“d:(x) 0, ©.15)

6,0%,8” 60 =0.
with ¢(x) being a 4s-component wave function connected with ) by the relation

o =%(1 ST ). (9.16)

According to (8.6), (9.16), the matrices S‘w belong to the representation
D(1/2 0)ID(s-1/2 0) of the algebra AO(1,3), i.e., they have the following structure:

§Oa :i(ia +%O—a)’ §ah:7isahCSOC' (9 17)
Moreover,
[.,0,1=0, [j.j)=ie, j, j.j=s(s-1). (9.18)

The equations (9.15) are transparently Poincaré- and conform invariant. It
is not difficult to make sure that these equations describe a massless field with
helicity +s. In fact, multiplying the first of them by i0/0x,+0p, we come to (9.2)
from which it follows that the mass of the described field is equal to zero. Denoting
§,,8"=-4(g>-s>) and taking into account the identities

1
lg.0'p].=28'p, g’=s, [g.S-p]=0, Sl,:?sa,,cS,,L.,

we obtain from (9.15) that
S-po=g0-po.

or

S-po=g0-po.

Comparing (9.19) with (4.55), we conclude that the helicity of the field ¢
coincides with eigenvalues of the matrix g, i.e., with +s. It is possible to demonstrate
that the systems of equations (9.10) follow from (9.15).

So, in order to describe massless particles of arbitrary helicity, it is possible
to use the generalized Weyl equations (9.15). Consider the examples of such
equations for s<2.

a) s=1/2. In this case the matrices 0, are of dimension 2X2, j, are zero
matrices, ,,8""=0,0,=3, and the equations (9.15) reduce to the usul Weyl equation
(2.43).

9.19)

b) s=1. Without loss of generality, we may choose the matrices 0, and j,
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in the form
B o0 if B o i of 9 -i 0 of
0 0 0 0
0:%) 0 -i o G:B) 0 i {0 0 0f
"B oo *Hiooof P Ho ool
Hi o o of B -i 0 of D o -i of 020,
900 -if B o0 of 9 -i 0 of
._1%’04 0F _15300-% 1 00 0
J‘?@io 0%’ Jz?%iOOO%’ J‘?%ool@'
g0 o0 00 E)iOOD %)OiOD

Then, for ¢=column(P,,P,,P;,W,), we obtain from (9.15), (9.17) the following
equations:

oy —=pxy, pY=0, Y, =const, 9.21)
axo
where the constant |, can be taken to be zero without loss of generality.

The equations (9.21) reduce to Maxwell’s equations if we denote Y=H-iE,
H and E being real vectors.

¢) s=3/2. Choosing 0, and j, in the form

o,=10 ., j=S0I, (9.22)

where S, and 0, are the matrices (3.6), (2.5), I, and I; are the unit matrices of
dimension 2x2 and 3x3, and representing the wave function ¢ in the form

@E o, —column(LLlu,an,LlJa) a=1,2

we obtain the following system of equations:

0
Yo PxY, (0P " =0. (9.23)
0x, K

We see that the massless field of helicity |A|=3/2 satisfies Maxwell’s
equations in respect with the vector index a, and does the Weyl equation in respect
with the spinor index 0.

d) s=2. Let us choose 0, and j, in the form
ja:jaDIT =, G (9.24)

where 0, are the Pauli matrices from (2.5), and
In our case the function ¢ has eight components ¢ak, o=1,2, k=1,2,3,4, the matrices
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u . u u
N m T - N
%oﬁo 0 F %0 30 0f B o -
S 1@3 0 2 05 .y §3 0 2 00 . @1 0
J:—j ;’Jf—.] ;’]_:— D
200 2 0 3 T 200 2 0 A0 CZH 0 - 0
B 0 3 of o 0 3 0f B0 0 -3

J. and 0, acting on the indices k and O respectively. Then we obtain from (9.15),
(9.17), and (9.24) the following system:

00, 2
l =
ox, 3

These equations describe a massless field of spin 2.

/

(0)gP "9 =0, G)uP s (9.25)

0

9.5. Equations of Other Types for a Massless Field

Essentially, the systems (9.10), (9.15) exhaust all the nonequivalent
formulations of conformal invariant equations for a massless field of arbitrary spin,
if we assume that the corresponding generators of the conformal group have the
covariant form (9.1). This does not mean that there no other equations exist, which
are invariant under the algebra AC(/,3), for a massless field, because the basis
elements of this algebra can be, in principle, chosen in a noncovariant realization.
As the examples of equations for massless fields, which are not equivalent either to
(9.10), or to (9.15), may serve the equations obtained from (7.1), (7.27) by passing
to the limit m - 0.

All nonequivalent equations for relativistic massless fields can be
enumerated as follows. Any representation of the Poincaré algebra belonging to class
Il corresponds to the class of equivalent equations, and, thus, it is sufficient to
choose one representative from each of these classes. Supposing that the
corresponding representatives may be reduced to a nondegenerated direct sum of the
IRs D E'(82)\) , €, €£,=x1, we obtain the following combinations for fixed A:
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D (e N), (9.26a)
D (\)OD “(-\), (9.26b)
D “(e,M0D “(e,\), (9.26¢)
D “(e,M0D (-¢,\), (9.26d)
D (e, VD "(-e,M)OD "(e \), (9.260)
D" (e, M)D “(-e,\)OD “(e,\)D “(-¢ ). (9.26f)

Representations described by (9.26d) are realized on sets of solutions for
the equations (9.10), (9.15). Equations corresponding to other representations of
(9.26) may be obtained by the method proposed in [132, 139]. Namely, starting with
an equation corresponding to the representations of (9.26f), we can find all the
nonequivalent Poincaré-invariant additional conditions to be imposed on a set of
solutions for this equation in order to determine subspaces of the representations
(9.26). In this manner, it is possible to describe all the nonequivalent equations for
a massless vector field including the Maxwell’s equations as a particular case. We
will not consider this possibilities in detail as they are elucidated in [154].

10. RELATIVISTIC PARTICLES OF ARBITRARY SPIN IN AN
EXTERNAL ELECTROMAGNETIC FIELD

10.1. The Principle of Minimal Interaction

Solutions of Poincaré invariant wave equations considered above determine
wave functions of arbitrary spin particles which can be used for solving different
problems of quantum mechanics. But the main value of these equations lies in the
fact that they can be used to describe an interaction of a particle with an external
field.

In the case of electromagnetic interaction the corresponding motion equation
can be obtained from an equation for a free particle by the following substitution:

P~ TP, ~eA, (10.1)

where A, is a vector potential of the electromagnetic field, and e is a charge of a
particle.
The rule for introduction of interaction given in (10.1) has to be considered
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as a postulate which is called the minimal interaction principle. We will not discuss
the bounds of validity of this principle, but note that the prescription of introduction
of interaction given in (10.1) is not the only possible one. A more general approach
is to take into account the so-called anomalous interaction, examples of which will
be considered in the following.

Equations of motion, obtained from Poincaré-invariant wave equations for
a free particle by means of the substitution (10.1), preserve the Poincaré-invariance
if a wave function transforms in accordance with the local covariance law (2.49).
But, as it happens, an introduction of the minimal coupling into relativistic equations
for particles of spin s=1 leads to difficulties of the principal manner which, briefly
speaking, may be stated as follows.

1. A system of partial differential equations describing a spinning particle
becomes inconsistent as a result of the substitution (10.1) being made. Such a
situation takes place, for example, for the Procd equation [412] written in the form
of second-order equation with a subsidiary condition.

2. Inclusion of the minimal interaction into the equation for a free particle
can lead to such an equation which cannot be interpreted as a motion equation for
a particle of spin s since the corresponding wave function has superfluous (with
respect to 2(2s+1)) components. Such a result is true for Dirac-like equations for
arbitrary spin particles proposed in [286].

3. Equations for a particle of spin s>1 are relativistically invariant but
describe a faster-then-light wave propagation. Thus, e.g., the Rarita-Schwinger
equation (see Subsection 6.6) becomes nonhyperbolic (i.e., having no wave
solutions) as a result of the substitution (10.1) corresponding to large field strength.
For small E and H this equation remains hyperbolic but describes a faster-than-light
wave propagation [405].

4. Eguations with minimal interaction are inconsistent while solving
concrete physical problems, e.g. the Kepler problem. This situation takes place for
the KDP equation [401].

As was shown in [194, 405], this situation is typical for the majority of
relativistic wave equations for particles of spin s>1/2. The difficulties mentioned in
pars. 1 and 2 can be surmounted if the motion equations are of Euler-Lagrange type
[100]. The contradictions related to causality violations are of principal matter and
follow from the fact that the relativistic wave equations usually include superfluous
components if s>1/2, and, in fact, they are nonlocal (refer to Subsection 6.7).

In connection with the above the natural question arises of the possibility
of using Poincaré-invariant equations without superfluous components and Dirac-like
equations (considered in Sections 7, 8) in order to describe a charged particle of spin
s in an external electromagnetic field. The positive answer to this question is given
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below.
10.2. Introduction of Minimal Interaction into First-Order Wave Equations

As a result of the substitution (10.1), the equations (6.6) take the following
form:

(BTt -m)Y=0. (10.2)

If the starting system (6.6) is Poincaré-invariant and, at the same time, a
transformation law for ) has the form of (2.49) (with the corresponding matrices
S,y) then the system (10.2) has the similar property of invariance inasmuch as
Lorentz transformations for T, and p, are the same. But, in accordance with the
reasons given above, equations of the (10.2) type for arbitrary spin particles are in
general inconsistent.

Here we consider the equations (10.2) for particles with spin s=0, 1/2, 1.
We will define the corresponding Hamiltonians and discuss briefly the problems
arising while using these equations to solve particular physical problems.

The simplest example for a first-order wave equation is the Dirac equation
for an electron. Substituting B,=Y, into (10.2), and multiplying it at the left by y,, we
come to the equation

i0 g-ra, my, (103)
ox,

where

H(A,T)=Y Y, TU+y,m+eA,. (10.4)

The Hamiltonian (10.4) corresponds for a charged particle with spin 1/2
interacting with the electromagnetic field. This is a first-order differential operator
which is formally Hermitian with respect to the scalar product (2.39). The equation
(10.3) satisfies the causality principle (refer to Subsection 10.7) and serves as an
adequate mathematical model for a wide set of physical problems for which the
concept of an external field makes sense.

The KDP equations for scalar and vector particles interacting with an
external electromagnetic field can also be represented in the form of (10.2) with 3,
being the KDP matrices of dimensions 5x5 and 10x10. These equations also reduce
to the Schrodinger form (10.3) using the same procedure as described in the
Subsection 6.7. In addition, Y is a 2(2s+1)-component wave function, and the
corresponding Hamiltonians H(A,,Ty) have the form

0

=0, H=0,m +(02+i01)2i +eA (10.5)
m
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. «TT)2
s=1, H=Ozm+(02+i01)nz+zes H .ig STV sen (10.6)
m

2m o

Here H=ipxA is the vector of the magnetic field strength, 0,, 0,, and S are the
matrices (5.30), (7.6), and (3.6).

The operators (10.5), (10.6) are Hermitian with respect to the scalar product
(7.35) where M=0,, and in the case of e—0 they reduce to the free particle
Hamiltonians (7.40a), (7.40c) (up to equivalence transformation 0, — O,, 0, —» -O,.
The corresponding equations of motion satisfy the causality principle, such as the
Dirac equation (refer to Subsection 10.7).

The Rarita-Schwinger equation loses the properties of a causal equation and
is not considered hereafter.

So, starting from first-order wave equations, we obtain the equations in the
Schrodinger form for particles with spin 0, 1/2, 1. The corresponding equations for
arbitrary spin particles are considered in the following subsection.

10.3. Introduction of Interaction into Equations in Dirac’s Form

We can obtain equations for a charged particle with an arbitrary spin in an
external field by starting with Dirac-like equations for a free particle (see Section 8).

One may make sure (by a direct verification) that the substitution of (10.1)
into the equations (8.1) and (8.11) leads to a system which is consistent only for the
zero tensor F*° of the electromagnetic field. To overcome this difficulty, it is
sufficient to introduce the minimal interaction into the Lagrangian (8.21), or into the
equations (8.18). As a result, we come to the system

[B,()(, Tt -m) +X(1-B ()] =0, (10.7)

where

B(M=—_L (P e m)(1+iF)[S, S™-4s(s-1)]. (10.8)
s 16ms " w

Multiplying (10.7) by B,(10) and (1-B(T1)), and taking into account the identities
B (mB(m=B (1), B(m(I" w-m)B(1)=

e . O, .0 (10.9)
= T+m+_—(1-il S —-irr [ ),
e g TSR
we come to the following system:
| ) Oy
@HW—m+%(l—lr4) B @u:o, (10.10a)
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[(F Te+m)(1+iT LSS ™ ~45(s - 1)]Y=16msy. (10.10b)

Thus, the Dirac-like equations for a particle with an arbitrary spin in an
external electromagnetic field have the form of (10.10). We see that introduction of
minimal interaction into the Lagrangian (8.21) results in the appearing of terms to
be proportional to the tensor of an electromagnetic field strength F*° in the equation
of motion.

Let us demonstrate that (10.10) reduce to equations of the Schrédinger type
for a 2(2s+1)-component wave function. Multiplying any of the equations (10.10)
by I,, we come, after simple calculations, to the system of the form (8.12) where

e [l , O
H= rorctna+r0m + Wro(l _lr4) %—S}N—lr“rvE}F‘“ 5 (10113)

p,fPﬁ%(l*iD)[F,lW‘,PS], (10.11b)
and P, is the matrix (8.13). The identities necessary to reduce (10.10) to the form
of (8.12) are found in (8.14) and (10.10a).

The operators (10.11b) satisfy the condition P>=P, and are orthoprojectors
into a subspace corresponding to the spin s. As in the case of free particle equations,
these projectors reduce to the numerical matrices P, by the transformations (8.15)
where V is the operator obtained from (8.15) by the change p — TU At the same
time, the Hamiltonian (10.10a) is transformed into the form

H—H'=VHV =T m+2k [ ,S-T+ L[ (1-iF )
2m (10.12)
x4k (ST LS [H-i(1-2k 5)E) T+ e,
0 s 0

or, choosing the representation (8.15),

H=0,m+02k S T+ 2L(o, -i0,) E]rrz—4k12(S-n)2 -Lsm-ia -2k $)E] H+eAg.10-l3)
‘ m O s O

Formula (10.13) generalizes the free particle Hamiltonian (7.37a) to the case
of a charged particle in an external field. Thus, starting with the first-order wave
equations (10.10), we have obtained the formula for introduction of interaction into
non-manifestly covariant equations without superfluous components.

We note that the Hamiltonians (10.13) corresponding to different values of
the parameter k, are equivalent. Let H(k',) be the Hamiltonian (10.13) with k,=k',,
and H(k" ) be the operator corresponding to k,=k" . Then H(k'\)=VH(k" )V"' where

The second note is related to the fact that there exists one-to-one
correspondence between solutions of the equations (10.10) and those of (8.12),
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/ /" D

s
m O

1

0
V=exp %p] -i0,)
0

(10.13), as it is evident from the above.
10.4. A Four-Component Equation for Spinless Particles

Let us demonstrate that a spinless particle can also be described by a
Dirac-like equation.

As it was noted in [118], the Dirac equation for a free electron can be in
principle interpreted as an equation for a massless particle since it is possible to
define (noncovariant) representation of the Poincaré algebra corresponding to the
zero spin on a set of Dirac equation solutions. It turns out that such an interpretation
is also possible in the case of charged particles interacting with an external field if
the coupling is taken into account in the specific manner [147].

Consider the equation
@rﬁ“—m . %(1 iy ypva“"EJFO, (10.14)
where V,, Y, are the Dirac matrices, and k is an arbitrary parameter.

The equation (10.14) is explicitly covariant and coincides (in the case of
k=0) with the Dirac equation for a minimally interacting particle with spin 1/2. The
term iek(1-iy,)y,y,F*"/4m can be interpreted as a contribution due to the anomalous
interaction of the Pauli type.

Let us now demonstrate that in the case of k=1 the equation (10.14)
describes a motion of a spinless charged particle. We multiply (10.14) by Y, to
obtain the equation in the form of (10.3) where

YTy ey~ (1= 1YY ™
Then, applying the transformation H — H'=VHV"'-iV"'0V/dx, with V being equal to

O
YU L

O
. 1 .
V-exp @l —iY)—[Fl+ (=YY, TT,
0 m 2m

we obtain the following:

1 )
H'=ym+ %yo(l ~iy,)TC+eA .

Choosing the representation (2.4) for the gamma-matrices, we can rewrite
H' in the form of (10.5) where 0, - 0,, 0, —» -0,, 0, and 0, are the 4x4 Pauli
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matrices (5.30). In other words, this Hamiltonian reduces to the direct sum of two
operators (10.5) corresponding to a spinless particle in an external electromagnetic
field.

10.5. Equations for Systems with Variable Spin

Consider equations (10.10) again, and show that they can be generalized to
describe a "particle" with a variable spin.The equation (10.10a) has a clear physical
sense even in absence of the additional condition (10.10b). In fact, it can be reduced
to a direct sum of the equations (7.1), (10.13) for particles with spin s and s'=s-1.

The equation (10.10a) admits a reasonable interpretation for the case of
matrices S, belonging to a more general representation then given in (8.9). Here we
consider the following representation of S,

E %) DDD% 0%]1)% sTH

Ds+] s-10- -1 s-10-, 0 sO-s s-20
D— —__Dp— Dk D= -0
02 20 02 20 % 20 20
Transforming the corresponding Hamiltonian (10.10a) in accordance with (10.12),

we obtain for k=0 that

(10.16)

. 1 1o w0
Iy (1 zr4)@ﬁ ?SWFPHreAO. (10.17)

The following identity is valid:
(1-il S, =(1-il)S
where S, belong to the representation
D D% SHp % S_zzém %LZEDD% ;g
Choosing ', and I, in the form of (8.17), where 0, and 0', are the Pauli matrices

of dimension 2(s+1)*x2(s+1)* and 2(s*-1)x2(s*-1), and S’w as a direct sum of the
matrices

S;J)DD% %H SJ?DD% =20
0 20

we obtain the Hamiltonian H' in the form of a direct sum of the operators H, and
H, where
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H=0m+(0, —ioz)i He- lS}fV”F“V%wAO,
2mpg s
(10.18)
H,=6,m+(5,-i0,)__me- LsOFmHsea,,
2mpO s

The corresponding Schrodinger equation reduces to the pair of noncoupled
equations with the Hamiltonians H, and H,. Let us write the first of them:

i y=lgm+(0,-io) LHe- LsrmHeea Hp. (10.19)
ox, 0O 2m[] s 0 0

The equation (10.19) differs from (7.1), (10.13) only in the representation
realized by the matrices S,,. The representation D(s/2 s/2) reduces to the following
direct sum of IRs of the algebra AO(3):

D(s/2 s/2) - D(s)UD(s-1)01. OD(0),

and we can interpret (10.19) as an equation for a quasiparticle which can be in
different spin states corresponding to the spin values s, s-1, ... ,0.

The equation (10.19) is invariant under the P-, C-, and T-transformations
which can be chosen in the form of (2.55), (2.60) where

) ) ) A ood R of (10.21)
r=on, r,=0,nd, r,=0y0, r]—Ep H/E’ S-B) 6/%

with " and & ' being matrices defined up to a sign by the following relations:
n's,=S,N" N'S,==S,,n"s =1, &S,=-5.8, (@) =(-D*

The explicit expressions for ' and &' (which will not be used further on)
can be easily obtained using the results of Subsection 5.6.

10.6. Introduction of Minimal Interaction into Equations Without Superfluous
Components

Inasmuch as the main difficulties in description of particles in an external
electromagnetic field are connected with superfluous components of relativistic wave
equations, it is natural to try to introduce an interaction into wave equations with
the correct number of components considered in Section 7. Such equations do not
possess an explicit covariant form, and, generally speaking, the minimal interaction
principle has to be used with an appropriate carefulness since the substitution (10.1)
can violate the Poincaré invariance of the equations considered.

One way to introduce an interaction into motion equations without
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superfluous components is to make the substitution (10.1) in the corresponding
first-order wave equation which reduces to the given equation in the Schrodinger
form by delating superfluous components. This way has been used to obtain the
Hamiltonians (10.5)-(10.7), (10.13), and (10.18). It seems that there exist other
possibilities to include an interaction into equations without superfluous components
(refer, for example, to [211]).

Here we consider a description of arbitrary spin particles in an external
electromagnetic field which is based on the nonlocal equations (7.1), (7.28), (7.23),
and (7.31). We restrict ourselves to the class of problems corresponding to particle
momentum being small in comparison with a particle rest mass, and represent the
corresponding Hamiltonians as a series in powers of 1/m:

0 O o O
1l 1 0 1 g gl g (10.22)
H%=0 m+_——d 0.8S p +__h%=Fo ,
K 1%1 2m abpapr 3% apa m2 H E(.FE
where
d=3,-2(S,5,+S,S,), h'=-2h ”=§Sﬂdhc p,p,p. O=LL. (10.23)

Of course, the equations (7.1), (10.22) are not Poincaré-invariant, and can
be considered only as approximate quasirelativistic models.

Changing p, - T, we come to the following systems:

a .0
HA(mW=i—,
ox, (10.24)

H () =0 [m~+T¢/2m~2(S‘T0)*/m +eS -H/m]+0,[2S Tt+h *(T)/m ] +eA  +o(1/m?).
It will be shown further on that the equations (10.24) describe satisfactorily an
arbitrary spin particle in the electromagnetic field, taking into account such the well-
known physical effects as the dipole, spin-orbital, and Darwin couplings.

10.7. Reduction in Power Series in 1/m

As is well known, relativistic wave equations admit a consistent
interpretation only in terms of the second quantized theory which enables to
overcome the difficulties in interpreting negative energies. But these equations can
serve as satisfactory models for a wide class of problems where a particle
momentum is small in comparison with its mass, since in this case it is possible to
separate the positive energy solutions.

To select the positive energy states we transform our equations to a
representation for which the energy sign operator H//H / is diagonal. In contrast to
the free particle case, it can be done only approximately, by supposing that Tl'“z<m2.
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Hereafter we make such diagonalization. We represent Hamiltonians for
arbitrary spin particle as a power series in 1/m which is convenient for calculations
within the frames of the perturbation theory.

Let us consider the Hamiltonians (10.13), (10.24) defined for arbitrary
values of spin s. After the series of successive transformations

a

W
LWy =H, a=LILIHL  We=VEVEvE,(10.25)

HO- W eH “(W ) -

xO
where
0 0
V1”=V1[= 0. S il V2 —exp Ep_} eS-?%
O m 0O 2m°[
[l 0
J J 4 1 0 1 a
Vi=exp oz%“(n) 2~ SE-_[s-me-28-H] [
g. S-mnQd 10 .S
V= X - -1
1 22sm[%|P pé% 2s0 0 U om g
0 5 H 3 .
V)" =exp —_ M- 5 T[D—iS'H+iS-E ,
0 4m? Os 0O s s
] 0
m_ o [] 10, T S-H 105-n00
V3 =exp | it S
b8m> {1 s 305 0O
e S DT =
e 3_"D 1s H-'SE, tt L per,
o as s Um
we obtain (1gn0r1ng the terms of order of 1/m?) the following®
(H®)" =eo+i+eA0+ﬁs-H eD’ Dls (TE - ExT) +
2m 2m 2m? D
a0 |:](10.26)
0H,
Lo OFa +ls(s+1)divE @ (TIxH - HXT1) - _Qah Doft H
6 ", 3 o5, 2 “Brn

Here Q,, is a quadruple interactlon tensor defined by the following formula

"Detailed calculations related to the transformation (10.25) are presented in [147,
315, 331].
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0.,=3[S,,S,1.-28 s(s+1), (10.27a)

B=-1%2, D*=—(u¥4, C=-3

alll

(2s-1)/8s2,

1 (10.27b)

W=p'=2, pi=_, £,=m.
s

Formula (10.26) generalizes the Pauli Hamiltonian to the case of arbitrary
spin. Actually this operator commutes with 0,, so we can consider solutions @,
satisfying the relations 0,®,=®,. The Hamiltonian (10.26) includes the terms
corresponding to a dipole (O S H), quadruple (O Q,,0E /dx,), spin-orbit (O S {Exp
-pxE)), and Darwin (0 divE) interaction.

For the case a=III there exist two additional terms (equal to zero if s=1/2).
They have no clear physical interpretation and correspond to a quadruple magnetic
and spin-orbit interactions in case of a magnetic monopole field.

Thus, starting with the equations without superfluous components, we have
obtained the quasirelativistic Hamiltonians (10.26). In the approximation 1/m?* the
Hamiltonians (H')" and (H,,)" coincide. In the case s=1/2 all the three Hamiltonians
reduce to the Foldy-Wouthuysen Hamiltonian [108].

We see the approximate Hamiltonians of an arbitrary spin particle include
the terms corresponding to the Foldy-Wouthuysen Hamiltonian and additional terms
corresponding to the quadruple coupling. We note that the dipole momentum (i.e.,
the coefficient of the term eS H), predicted by the Dirac-like equations, is equal to
1/s and hence is in accordance with Belifante’s conjecture [30].

Consider now equations for a particle with a variable spin which were
deduced in Subsection 10.5. By analogy with the above, the Hamiltonian H' (10.18)
reduces to the approximate form

0 O
H'" -0 %“i % SHEeA,—°__S-ExTTRE)-
'G 2m 2sm g " l6m?s?
(10.28)
oE a. B
- ¢ % Qa/,', ‘-N ZdiVE%MN'(TIXH—HxT[)+ e Qa/; 0Ha
24m3s? % ox, 5 8m 2.2 Y o

where
Q. =-3[N_N,] +28 N2, N =S,

04 =~ JHIN, 5,1 1IN, S| ) IS NG, , S,

a 2ahc

s
be »
S,y being matrices realizing the direct sum of two IRs D(s/2 s/2) of the algebra

AO(1,3).
All the terms in the r.h.s. of (10.28) are P-, T-, and C-invariant. Neglecting

126



Chapter 2. Representations of the Poincaré algebra...

the terms of order 1/m’, we obtain from (10.28) the direct sum of the Pauli
Hamiltonians for particles of spins s, s-1, s-2, ... , 0. This fact confirms our
interpretation of (10.19) as an equation for a particle with a variable spin.
Consider the quasirelativistic approximation of the KDP equation. Applying
to the Hamiltonians (10.5), (10.6) the procedure similar to (10.25), we obtain [37]

g g g

o
H' =0+ 1 - ¢ S-HveA, - 2 EC o (St~ L e (sem?) -
]m/l D 0 3|3_
0O 2m 2m 0 2m302 2 (10.29)

CISHTE] +S[S-H, (ST +eX(S-HYH
4 2 0

where S is either the direct sum of two spin matrices (for s=1), or $=0 (for s=0).

We see that the approximate Hamiltonians obtained from the KDP equations
do not include terms of order 1/m?. This means that the KDP equations do not
describe the spin-orbit and Darwin couplings in the frames of the minimal interaction
principle.

10.8. Causality Principle and Wave Equations for Particles with Arbitrary Spin

Let us demonstrate that the covariant wave equations considered here do not
lead to paradoxes with the causality violation.

The causal character of the Dirac-like equations can be established by
transferring to the equivalent system of second-order equations. Actually, multiplying
any of the equations (10.10) by A,=(1+I",)/2 and A=(1-I",)/2, and expressing Y =A Y
via J,=A, we obtain

e reom2e £s FovHy =0, (10.30a)

0" 2s Mg

[S,,, 5™ -4s(s+1) W =0, (10.30b)

w=lr ey, (10.30¢)
m u

with the following identity being used:
(I y=mn e+ 6r rFpw.
N 1 L
Thus, the equations (10.10) can be reduced to the equations (10.30a,b) for
the 4s-component function {J,, the remaining 4s components of Y (i.e., ) being

expressed via |, in accordance with (10.30c).
The equation (10.30b) means that 2s-1 components of the function Y, are
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equal to zero, and 2s+1 remaining components of Y, form a spinor within the space
of the representation D(s 0) of the algebra AO(1,3). We denote nonzero components
of Y, by ®, and rewrite the equation (10.30a) in the form

Tt -+ £ (H-E) R, =0, (10.31)
0 s 0

where S are matrices of dimension (2s+1)x(2s+1) realizing the IRs D(s) of the
algebra AO(3).

To prove the system (10.31) is causal it is sufficient to replace operators of
differentations in respect with x, by the component of the characteristic four-vector
n, and then equate to zero the determinant of the obtained system of algebraic
equations for n,, taking into account the highest order terms only. The analysed
system of partial differential equations is causal if the corresponding characteristic
equation for n, has light-like solutions only [412].

The characteristic equation for the system (10.31) has the form

(nn, "1 =0,

thus all the characteristic vectors are light-like. It means this system is causal. Since
any solution of the equation (10.10) can be expressed via solutions of the system
(10.31) in accordance with (10.30), we conclude that the system (10.10) is causal.

In the case s=1/2 formula (10.31) defines the Zaitsev-Feynman-Gell-Mann
equation for an electron [98, 420], and for an arbitrary s it represents the simplest
generalization of this equation. So, formulae (10.10) define a system of first-order
equations corresponding to the generalized Zaitsev-Feynman-Gell-Mann equation.

In a similar way we can prove the causal character of the equations (10.19).

10.9. The Causal Equation for Spin-One Particles with Positive Energies

In conclusion, we consider in more detail the most popular equation for
spin-1 particles, i.e., the KDP equation.

It is well known that the KDP equation also is not completely satisfactory
if we use it to describe interacting particles. In the case of minimal coupling this
equation has not good solutions if the external field reduces to the Coulomb
potential, as it was pointed by Tamm [401] and Corben and Schwinger [40°]. The
reason is that this equation does not take into account the spin-orbit coupling, see
Subsection 10.7. On the other hand the KDP equation with anomalous interaction
predicts complex energies for a particle interacting with the constant and
homogeneous magnetic field [403]. Moreover taking into account an anomalous
interaction we come in general to a non-causal equation [28"].

Here we demonstrate that it is possible to introduce such the anomalous
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interaction into the KDP equation that the causality principle will be satisfied and

complex energies will not arise while solving the problem of interaction of spin-one

particle with the constant magnetic field. To achieve this goal it is sufficient to take

into account interactions which are bilinear with respect to external field strengths.
We will start with the following equation

d
%“T[“—m+ (1 [34) %] SYF
a

where Suo—l B.-Bsl B“ are the 10><10 KDP matrices, e, k, and k, are coupling
constants which we choose be equal to 1 for simplicity.

The equation (10.32) is Poincaré- and P-, 7-, C-invariant and includes the
terms describing the anomalous interaction of a particle with an external field. The
term proportional to F*'° represents the general form of anomalous interaction which
does not violate the causality principle [40"]. The term proportional to F o is
introduced in order to overcome difficulties with complex energies’.

Let us demonstrate that the equation (10.32) is causal. To do it we will
delete superfluous components of the wave function Y and analyze the corresponding
equation including the physical components of () only.

We find it is convenient to use the concrete realization (6.22), (6.24) of the
B-matrices. Expressing nonphysical components (1-B3)W via physical components
W=R2PY we come to the following generalized TST equation

(10.32)

uo

T[()Lp:[f]qJ (10.33)
where

1 ST SH (EE)D i oV E T

_(10 0)%4 mm Mm? Erz (1+0,)(Em (10.34)

ad
+_ _(1-0 —E)+_(o,-io +(TL—TT,
2m( 3)(TLM ) 2( 5 1)%41 (Tr,M )%

M=m+F‘“’FW/8, S and o, are the spin-one and Pauli matrices (7.6) and (3.6), the
symbol (A,B) denotes the 6x6 matrix:

“This term is absent in paper [40°] where nonlinear in F*® interactions where
analyzed.
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0
%B AB, AB
0

(A.B)= %231 A8, A0

Multlplymg the Lh.s. and r.h.s. of (10.33) by T, and using the identities
1

(S T0? p|j=S Hat_nm ey
0 g g M
i
AL L s+
LT [ Sk
(E, E)H: T T[)_(E ™+ .., (E(S T =

1 i
(S =M — ‘H+..=-__ H)+ ...,
(TLMT[)( ) L MT[[IS M(Tt,ﬂx )

ﬂn ITlDI(EE) H:_E ME%.
O

D‘(En) EI—EDEI—HD+ ,

(where the dots denote the terms which does include second-order differential
operators) we come to the second-order equation

5 1 o M H 10.35

T Tt +(0, +i0,) .. P =0 (10.35)
) M?

O O o 0O

which corresponds to the follofing characteristic equation

(n “nu)ﬁ =0. (10.37)

In accordance with (10.37) the characteristic four-vector n, for the equation
(10.32) is light-like, and so this equation is causal.

In the case of the constant and homogeneous magnetic field directed along
the third coordinate axis, (10.32) reduces to the following exact equation

,0
T@W:Ep +TB-2S H+_ 1 H? %P
4 m 2 D
Using relations (30.7) it is not difficult to make sure that all the eigenvalues
of the operator p3 are positive defined, and so all the corresponding energy values
are real.
Thus the equation (10.32) with k,=k,=1 is causal and does not lead to
complex energies in the case of constant and homogeneous magnetic field. The same
is true for the case of an arbitrary k, if k, is sufficiently large.
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3. REPRESENTATIONS OF THE GALILEI
ALGEBRA AND GALILEI-INVARIANT
WAVE EQUATIONS

One of the main requirements imposed on equations of nonrelativistic
physics is the invariance under the Galilei transformations. This circumstance
predetermines a fundamental role performed by representations of the Galilei group.

The present chapter is devoted to description of representations of the Lie
algebra of the Galilei group and of Galilei-invariant equations for particles of
arbitrary spins. We will see that the concept of spin arises naturally in frames of
nonrelativistic quantum mechanics and most spin related effects (i.e., dipole,
spin-orbital, and other interactions) can be successfully described by equations
satisfying the Galilei relativity principle.

Section 11 is devoted to studying symmetries of the basic equation of
nonrelativistic quantum mechanics, i.e., the Schrodinger equation.

11. SYMMETRIES OF THE SCHRODINGER EQUATION
11.1. The Schrodinger Equation

In quantum mechanics, the states of a system with n degrees of freedom,
as described by a set of coordinates x=(x,,x,,...,x,), are determined by the wave
function Y(t,x) being a vector in a Hilbert space. Moreover the evolution of a
system is described by the Schrédinger equation

iilb(t,x)=HljJ(t,x) (11.1)
ot

where H is the Hamiltonian operator or Hamiltonian of a system.

The simplest quantum mechanical system is a free spinless particle. The
wave function of such a particle depends on three spatial variables x=(x,,x,,x;), and
the corresponding Hamiltonian has the form

2
g=r (11.2)

2m
where m is a parameter determining the mass of a particle, p’=p *+p,+p,’, p,=-

i0/0x,, a=1,2,3. Substituting (11.2) into (11.1) we receive the Schrédinger equation
for a free particle
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D 2
L0022 -0 .0)=0, (3
which is gomg to be the object of our study.

One of the main postulates of quantum mechanics is the Galilei relativity
principle which can be formulated as a requirement of invariance of the Schrodinger
equation under the Galilei transformations. Of course, this requirement is satisfied
by the simplest evolution equation (11.3). Moreover, as it was stated relatively
recently, the equation (11.3) possesses a more extensive symmetry, as being
invariant under scale and conformal transformations.

Below we will study the symmetries of the Schrodinger equation in detail.
It will allow to explain, using a relatively simple example, the meaning of the Galilei
invariance concept for quantum mechanics equations. Moreover, we will demonstrate
that the invariance group of the equations (11.3) determines the maximal symmetry
of this equation in some sense.

The problem of investigation of symmetries of Schrodinger equation can be
formulated in complete analogy with the corresponding problem for the KGF
equation (refer to Section 1). As before, it is sufficient to restrict ourselves to
considering only such solutions of the equations (11.3) which are defined on some
open set D of the four-dimensional manifold R, and belong to the vector space F of
complex-valued functions being analytical on D. Then, the set F|, of solutions of
(11.3) can be defined as a zero-space of the differential operator

2
Ly, L pﬁ% (11.4)
defined on F: QWOF, if YOF, and LP=0. The definitions of a SO and IA for the
Schrodinger equation coincide with Definitions 1.1 and 1.2, p.p. 2, 3, if the symbol
L denotes the differential operator (11.4).

11.2. Invariance Algebra of the Schrodinger equation

The starting point of our studies of Schrodinger equation symmetries lies
in determining of the IA for this equation in the class M|, i.e., the class of first-order
differential operators.

THEOREM 11.1. The maximal IA of the Schrédinger equation in class M,
is the 13-dimension Lie algebra with the following basis elements

. 0 . 0
P=p=i_, P=p=-i___, M=Im, (11.5a)
0 pO at a pa ax

a
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J

a =€ abc’xb pz?’ Ga = tpa -m 'xa’

; . (11.5b)
D=2tp +x“p, +7i, A=t’p,~tD +7mxax a

where x“=-x,, I is the identity operator, and the summation from 1 to 3 is imposed
over the repeating indices.

PROOF. It is not difficult to verify that the operators (11.5) form an IA of
the Schrodinger equation. We can make sure that any of the operators (11.5) satisfies
the invariance condition (1.5) where L is the operator (11.4),

a,=0, =0, =a, =0 =0, a,=-2i, a,=-2it.

It is also easy to verify that the operators (11.5) form a basis of the Lie
algebra, satisfying the following commutation relations:

[P ,P,)=[P ,P,)=[M.,P,|=[M,P,]=[MJ |=[M.,G,]=[P,J,]=0, (11.62)
[P J,]=i¢ , P, [P,G 1=iP, (11.6b)
[P,.G,)=i8 M, [J J,)=ic , J , (11.6¢)
(G J,)=ic,, G., [G,G,]=0, (11.6d)

[D,J 1=[D,M]=[A,G ]=[A,M]=[A,J ]=0,
[D,P,)=-iP, [D,G,=iG, [D,P]=-2iP,, (11.7)
[A,P]=iG,, [A,P,)=iD, [A,D]=-2iA,

In analogy with the Theorem 1.2 proof it is possible to demonstrate that
relations (11.5) define a basis of the maximal IA of the Schrodinger equation in the
class M,. We do not provide a detailed proof but it should be noted that by
substituting (1.4) and (11.4) into the invariance condition (1.5), we come to the
following system of determining equations (compare with (1.9)):

At=A), AJ+A[S=0, b2a,

A0, A°=2A° a=2iA/ (11.8)

A+ L aaas g -0, B+ aB-0,
2m m 2m
where the dots denote derivatives in respect with the time variable ¢,
A=0%/0x*+0°/0x,>+0%/x,>, A“,=0A /dx,, B,=0B/0x,, and there are no summing over
repeated indices.
The system (11.8) is easily integrated (compare with (1.8)) and leads to the
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following expressions for A" and B:

A=ht?+2jt+c, O=2i(ht+j),
A “=cx, +hix “+jx “+tn “+m “, (11.9)

B =m%xbx "-n‘x, +g%%i(kt+j),

where ¢*=-c*, h, j, ¢, g, n* and m* are arbitrary constants. Substituting (11.9) into
(1.4) we come to a linear combination of the SO (11.5). m

11.3. The Galilei and Generalized Galilei Algebras

Thus, we have found the IA of the Schrodinger equation in the class M,
which includes 13 linearly independent SO of (10.5). These operators generate a Lie
algebra which we call the generalized Galilei algebra and denoted as AG,(1,3). An
abstract definition of this algebra is given by relations (11.6) and (11.7).

To understand the structure of the algebra AG,(1,3), we represent it as a
chain of maximal ideals (let us recall that an ideal of a Lie algebra G is a subalgebra
A such that [a,b][A for any bI@, ald, and an ideal A is called maximal if there
do not exist ideals A'[4). Starting with (11.6), (11.7), it is not difficult to make sure
that the maximal ideal A' of the algebra A,G(1,3) includes 11 elements, i.e., Py, P,
J,, G, and M. This fact can be written in the following symbolic form:

G

AG,(1,3)=A'@ , A'OP,P,G.M, I, A. (11.10)

a’

The subalgebra A’ contains, in its turn, the maximal ideal A> O0{M,P,,P,.G,}, and the
subalgebra A does the maximal ideal T5\0{M,P,,P,}. This may be reflected by the
following symbolic relation:

AG,(1,3)=[(T,BT,)BAO(3)]H (11.11)

where T,0{G,}, AO(3)0{J,}, and [{D,A}.

Formula (11.11) describes a structure of the generalized Galilei algebra by
providing its main subalgebras. The subalgebras 75 and 7, are commutative
(Abelian) algebras of dimensions 5 and 3, AO(3) is the three-dimensional algebra
which is isomorphic to the Lie algebra of the rotation group. Let us point also one
more important subalgebra with the basis elements

1 1 1
501=7(A +Py), Sozzj(A Py, S12=_§D‘ (11.12)
The operators (11.12) satisfy the commutation relations (4.27) characterising the

134



Chapter 3. Representations of the Galilei Algebra ...

algebra AO(1,2).

The most interesting (from the physical point of view) subalgebra of the
algebra AG,(1,3) is its maximal ideal which will be called the Galilei algebra and
denoted by AG(1,3). The meaning of the name will be explained in the following
subsection.

The algebra AG(1,3) is a linear span of the basis elements (10.5) satisfying
relations (11.6). It will be shown further on that it is the invariance under the algebra
AG(1,3) that serves as a mathematical expression of the Galilei relativity principle.
As for the operators D and A, which complete the Galilei algebra to the algebra
AGy(1,3), they reduced to the combinations of P,, G, and M on a set of the equation
(11.3) solutions. Indeed, it is not difficult to make sure that

DY=2M)'(P,G +G P )Y, AY=2M) (G G ). (11.13)

In other words the symmetry of the Schrodinger equation under the operators D and
A is nothing but a direct consequence of the invariance under the Galilei algebra.
The Galilei algebra has three main Casimir operators

C,=M, C,22MP,-P.P, C,=(MJ ¢, P,G)MJ ¢ PG,). (11.14)

In quantum mechanics, the eigenvalues of the operators (11.14) are
associated with a mass, internal energy and spin of a particle. Substituting (11.5) into
(11.14), it is not difficult to make sure that eigenvalues of C,, C, and C, on a set of
Schrodinger equation solutions are c¢,=m, c,=c;=0. So, we can conclude that the
Schrodinger equation describes a particle of mass m and of zero spin and internal
energy.

In conclusion we note that the connection between the basis elements of the
Galilei and generalized Galilei algebras given by relations (11.13) takes place for
arbitrary representations of these algebras. More precisely, the following assertion
is true [333]:

LEMMA 11.1. Let {P,,P,,G,J M} be a set of operators satisfying the
Galilei algebra (11.6), and, besides, M is an invertible operator. Then the operators
{D,A,Py,P,G,J . M}, where P{,:PO-(ZJVI)']C2 and D, A are the operators (11.13),form
a representation of the generalized Galilei algebra, i.e., they satisfy conditions of
(11.6) and (11.7).

Proof can be carried out by direct verification.®

According to Lemma 11.1 any representation of the Galilei algebra
(corresponding to ¢,Z0) can be extended to a representation of the generalized Galilei
algebra (in the same way as any representation of the Poincaré algebra of Class II
can be extended to a representation of the conformal algebra, refer to Section 3). It
means that any equation being invariant under the Galilei algebra and describing a
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particle of a non-zero mass is also invariant under the generalized Galilei algebra
(but the corresponding operators D and A do not, in general, belong to the class M,).

11.4. The Schriodinger Equation Group

The symmetry of the Schrodinger equation under the algebra AG,(1,3) is
a fundamental fact which can be used as a base for Galilean kinematics. In this
subsection we consider one of the main consequence of such invariance and clarify
its physical meaning.

In physical terms, this consequence can be formulated as follows: the
Schrodinger equation satisfies the Galilei relativity principle.

As in Section 1, we use the fact that an IA in the class M, generates a local
representation of a Lie group. To find the explicit form of the corresponding
one-parametrical subgroups, we use the Lie equations (1.21) and (1.22) which are
easily integrable for the SO of (11.5). Comparing (11.4) with (11.5), we conclude
that B=0 for the operators P, and J, and, therefore, solutions of the corresponding
equations (1.22) will have the following form:

P D)=P0),  x=(xX,0X,x,), X, =t (11.15)
The corresponding equations of (1.22) will have the following solutions:

X, =x +b, (11.16)
for Q=P, and

/ /
Xy =Xy X, =X,
/ .
x, =x,c0s0 +x sin6 , (11.17)

x, =x,cosB -x,sinB,

for Q=J,. Here b“, 0, are real parameters, and (a,b,c) is the cycle (1,2,3).
Integrating the equations (1.21), (1.22) we obtain the corresponding

transformations generated by the remaining basis elements of the generalized Galilei

algebra:

%IJ(x) (11.18)

/
Xo =X, xa =X, *V 1, x,, =X, b;ta,

W' (x")=exp E}'nvox Wil
0

if 0=G,;
W' () =explimep(), x'=x, (11.19)
if 0=M;
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W ()=exp BAHDG).
02 0

(11.20)
xo/ =exp(2M)x,, xa/ =exp(A)x,,
if 0=D;
)= enp L %u( )
BE) (11.21)
/ _ xO xﬂ/ _ xa ,
1+&x, 1+€x,
if O=A.

Here G, M, A, D are the operators from (11.5), and v,, ¢, A, & are real
parameters of the corresponding transformations.

Formulae (11.16)-(11.21) define a family of one-parameter transformations
forming the 13-parameter Lie group called the Schrodinger equation group. The
transformations (11.16) are translations of time and spatial variables, formulae
(11.17) define a rotation of a reference frame, and relations (11.18) can be
interpreted as a transition to a new frame of reference moving with the velocity v,
along the axis a. Finally, the transformations (11.20) and (11.21) describe the
symmetry of the Schrodinger equation in respect to the scaling and specific nonlinear
change of variables x, — x/(1+&x).

Using (11.6), (11.7), (11.16)-(11.21) it is simple to obtain the general
transformation from the Schrédinger equation group in the following form:

P(x) - W' (x ) =explifix) |P(x), (11.22)
where
- 3 _ axaE + 1 4 3. i
f(x)—jln( +&x,) 5 (l T HIY X, ¥ TV 7z)\ me,
(11.23)
!/ eXpO\)Rab b + b / .xo

xa N — . AT axO a xo Te———— +b0’
1+exp(2M)&x, &x,+exp(2\)

R, is the operator of spatial rotations,

e 0 66
R, =5 cos+ “g “sin@+ ;2b(1—cose), 0=(0]+6;+0)"?, (11.24)
with 6, v,, b, b,, & A, and c being arbitrary real numbers.

It is possible to accertain by direct verification that the Schrodinger equation
(11.3) is invariant under the transformation (11.22) since Y'(x’) satisfies the equation
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72

-
axo/ 2m

O

@h=0, peiC (1125)
X

O
I:II:I_EI:I

We see that the transformed function '(x") of (11.22) differs from the
initial function Y(x) by the phase multiplier exp[ifix)]. However, it may be shown
that the transformations (11.22)-(11.24) do not change the norm of a wave function

WP =)= [ b= W)= WY (1126)

Let us note that the use of formulae (11.22)-(11.24) needs an appropriate
caution since it may occur that x'; and x', do not belong to D, though x,, x, 0 D. For
fixed x,, x, 0 D, x', and x', belong to the domain of a function YWIF , if the
transformation (11.23) belongs to an infinitesimal neighbourhood of the identity
transformation. Because of this (and bearing also in mind that the expressions

(11.23) become meaningless if E=-x0'lexp(-2)\)), we say that the relations
(11.22)-(11.24) define only a local representation of the Schrédinger equation group.

11.5. The Galilei Group

Consider in greater detail the main subgroup of the Schroédinger equation
group which corresponds to &=A=0. The corresponding transformations
(11.22)-(11.24) take the form

W) - W' (x ) =explid ()W), (11.27)
where

d(x) =mvaxa+%mvavax0 +mc, (11.28)
xa/ :Rahxl; +Va 'XO +ba’ xO/ :'xO +b0' ( 1 1 29)

The transformations of space and time variables given in (11.29) are called
the Galilei transformations.

Let us demonstrate that the transformations (11.27)-(11.29) form a group.
Let (R,v,b,b,,c) be a transformation (11.27)-(11.29) with R=R(8) denoting the matrix
of spatial rotation (11.24). Then, the group composition law is defined as follows

2 2 2 (2) 2 1 1 1 (9] D)=
(R( v b2 bi”.c )R DD bV by e V)=
2

:<R @R Dy 4R D@ p1 LR DHR) +v(”b0( ), (11.30)

by by e o R L]
The unit element of the group is represented by the identity transformation
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E=(1,0,0,0,0), (11.31)
and the element inverse to (R,v,b,b,,c) has the form

(Ry.b.byc)! =§e 1R ',-R (b-vb,),~b,-c b —%bovzé (11.32)

This group of transformations (11.27)-(11.29) is called the extended Galilei
group.

We see that the extended Galilei group is an 11-parameter Lie group while
formulae (11.29) representing the transformations of the space-time continuum
include 10 parameters only. The set of the transformations (11.29) also forms the so-
called Galilei group. The group law for the transformations (11.29) has the form

2) (1)
g(R @)y B p 3 ¢ (2))g<R My p» p D <1>)=

(11.33)
=g(R AR M 14 R Dy p R () +v“>b(fz),b(f”+b(;2)>.

The transformations (11.27) comprise a representation of the Galilei group
if we set ¢=0 in (11.28). It is not difficult to make sure that such a representation
is not exact (but is only a projective one) because of

2 1
(R @y p2 p ),O)(R“),v“),b(”,bo( 10)=

(11.34)
=eXp(iw12)(R @R My 4R D@ p R WpD 1 Py, D1 @ )
where exp(iw,,) is a phase multiplier:
w,=v"R b +éb0@(v<“)2. (11.35)

We see that the transformations (11.27) with ¢=0 satisfy the group
composition law (11.33) up to the phase multiplier exp(iw,,) only, the latter not
changing the norm (11.26).

Thus, we can consider either the exact representation of the extended Galilei
group or the projective representation of the Galilei group. We note that the
transformations (11.27)-(11.29) can be considered as a global representation of the
Galilei group if the domain of ) coincides with the four-dimensional manifold R,.

11.6. The Transformations P and T
The symmetry group of the Schrédinger equation considered above

describes invariance properties of this equation with respect to continuous
transformations of dependent and independent variables. Now we briefly discuss the
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symmetry of the Schrodinger equations under the discrete transformations
X - X, t—»t, (11363)

X-Xx, t- -t (11.36b)

We can make sure that these transformations do not belong to the class
defined by relations (11.29) or (11.23). They are linear transformations whose
matrices have negative determinants in contrast to the linear homogeneous part of
the transformations (11.23). Nevertheless the Schrodinger equation is invariant under
these transformations if a wave function is simultaneously transformed according to

P(z.x) - PY(r.x)=n, (1, ~x), (11.37)
W(z.x) - TY(2x)=n,P"(-1.x)

where the asterisk denotes the complex conjugation, N, and ), are complex numbers
such that n,=n,"=n,n,=1. Without loss of generality we may choose

n,=+1, n,==l (11.39)

The set of transformations P, 7, PT and the identity transformation form a
symmetry group of the Schrodinger equation. This discrete group can be added to
the Schrodinger group to obtain the so-called complete Schrodinger group. Unitary
ray representations of the complete Schrédinger group are considered in [59].

This ends the brief discussion of classical symmetries of the basic equation
of quantum mechanics. The results represented in this section will be repeatedly used
further on at the deducing of motion equations for arbitrary spin particles.

12. REPRESENTATIONS OF THE LIE ALGEBRA OF THE
GALILEI GROUP

12.1. Galilei Relativity Principle and Equations of Quantum Mechanics

As was shown above, the Schrodinger equation is invariant under the
coordinate transformations corresponding to a transition to a new inertial frame of
reference.

The relativity principle establishing equal rights of all the inertial frames of
reference was formulated by Galileo Galilei more than 350 years ago. Of course,
Galilei did not show the explicit form of transformations of space and time
coordinates (the concept of coordinates was introduced much later). Nevertheless,
these transformations bear the name of Galilei with a good reason, and the set of
such transformations is properly called the Galilei group.
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It looks surprising that the structure of the Galilei group and its
representations has begun to be studied relatively recently, and much later than the
corresponding problems of the Poincaré group. In 1952 Inonii and Wigner [229]
described exact representations of this group. Bargman [16] was the first to point to
a fundamental role of ray representations of the group G(/,3) in quantum mechanics.

After the fundamental works [16, 229], it was Levi-Leblond who made an
essential contribution into understanding of problems of Galilean relativity in
quantum mechanics. He deduced nonrelativistic analog of the Dirac equation which
is invariant under the Galilei group [276]. Like the Dirac equation, the Levi-Leblond
equation describes the Pauli interaction and predicts the correct value of the
gyromagnetic ratio.

The Levi-Leblond equation and its possible generalizations are considered
in detail in the subsequent sections. Here we only note that there exist
Galilei-invariant wave equations which describe correctly such a fine effect as the
spin-orbit coupling. This makes it possible to use these equations to solve practical
physical problems, and sometimes they are more suitable then complicated
relativistic wave equations.

To describe Galilei-invariant wave equations it is necessary to know
representations of the Galilei group. The basic information about these
representations is given in this and subsequent sections.

12.2. Classification of IRs

Let us consider representations of the Lie algebra of the Galilei group as
defined by the commutation relations (11.6). In this section we consider completely
reducible representations only, so it is sufficient to restrict ourselves to IRs.
Following [151], we will find such a realization of all the nonequivalent IRs of this
algebra that is distinguished by a common and simple form of the Galilei group
generators for all the classes of IRs. Besides, the approach used is closely related
with that presented in Chapter 2. This enables us to avoid superfluous details.

The basic Casimir operators of the algebra AG(1,3) are given by (11.14).
We will show further on that representations of this algebra differ qualitatively for
zero and nonzero eigenvalues c,, ¢, of the operators C,, C,. Namely, it is possible
to select five classes of representations corresponding to the set of values ¢, and c,
as shown in (4.10). Thus, the classification of IRs of the Galilei group is very
similar to the corresponding classification for the Poincaré algebra (do not take the
Casimir operators of the Galilei group for those of the Poincaré group though we use
the same notation for operators and corresponding eigenvalues).

The first three classes I-III of IRs can be realized by Hermitian operators.
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Representations of Class IV are non-Hermitian but they also find an appropriate
usage in physics.

When P,=0 we come to the representations of the homogeneous Galilei
group which is isomorphic to the group E(3). Finite dimensional and irreducible
representations of such a type are considered in Subsection 13.6.

As a basis of an IR we choose a set of eigenfunctions |c,p,A> of the
commuting operators C,, C,, C; (11.14), P,, P,, P,, P;, W,=J P, and of additional
Casimir operators C,, Cs, ... , which will be different for different classes of IRs.
The relations (4.8) can serve as a formal definition of the vectors |c,p,A>
(remember that the symbols C,, P,, and W, denote now another operators belonging
to the algebra AG(1,3)).

Description of representations of the algebra AG(1,3) in the basis |c,p,A>
reduces to finding of an explicit form of nonequivalent operators J, and G, satisfying
the commutation relations (11.6) together with given operators P, and M. In the
same way as was done in studying of IRs of the algebra AP(1,3) (refer to Section
4), it is convenient to pass from the vectors J and G to the following four-vectors
W,=P-J, W=M]-PxG,

(12.1)
r,=P-G, T =MG-Px].

If the operator m*+P” is invertible then J and G can be expressed via the operators
(12.1):
J=M?*+P?) (PXT +MW+PW,),

(12.2)
G=(M?+P?)"'(PxW+MT +PT ),

and our problem reduces to finding all the nonequivalent I', ', and W, W,,.
12.3. The Explicit Form of Basis Elements of the Algebra AG(1,3)

According to (4.8), (11.6), the operators (12.1) satisfy the following
relations:

MW,-P-W=0, [W_P]=0, (12.3)

W W, ]=ice, W, [W,W ]=-ic, P,W., (12.4)

abc’’ ¢

Here ¢, and p, are eigenvalues of the commuting operators C, and P,.

We do not provide commutation relations for I', as they turn out to be
unnecessary for determining the explicit form of basis elements of the Galilei
algebra.

It will be shown further on that to describe nonequivalent IRs of the algebra
AG(1,3) it is sufficient to find all the possible (up to equivalence) realizations of the
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vector W, the latter being the nonrelativistic analog of the Lubanski-Pauli vector,
and then to find the corresponding operators J and G. Thus, our task is to describe
representations of the algebra (12.4).

In the frame of reference for which p=pn, n=(n,n,,n;) being a constant
vector satisfying the condition n°=1, the commutation relations (12.4) reduces to the
following form:

(W, W, 1=ic e, W.,

Wy W, 1=-ipe ,n,W,. (12.5)

abc

The relations (12.5) define a Lie algebra whose structural constants depend on p.
Making a transfer to the new basis {Ay,A,} in accordance with (12.6):

W,=pA,, W =cApn, +\, (12.6)
we obtain the following commutation relations for the operators A, and A :
[}\0’)\11] :isabcnb)\c’ [)\a’)\h] :icl sabcn(‘)\o' (127)

The Lie algebra defined by the commutation relations (12.7) and its
representations have already been considered above in Subsection 4.5. Any IR of this
algebra corresponds to the vector W', from (12.6) in the reference frame for which
p.=pn,. An explicit form of W, in an arbitrary frame of reference can be obtained

by the following transformation:
Pro PN p (12.8)

p “ 1+n-p

Wo—W,=pA, W,-W =R, W,=

where R, is the operator of rotation of a reference frame given in (4.17) and
D.=p./p- It is not difficult to note that the analytical expressions for the
vectors of (4.21) and that of (12.8) are almost identical. Namely, substituting p, —
¢, in (4.21) we come the conclusion that the explicit expressions for J, and G, can
be obtained from (4.45) with the help of the following correspondence rule: p, —
i Jp = gl Joo = Goip,0/0p,. As a result we come to the representation of the
Galilei algebra in the following form:

Py=py P,=p, M=c,=m,

A

- N\ P
e e (12.9)
px n(A.m-\p
G=—ipi—mx+}\xl’ _pxn, p).
ap, p’ p+np

Here m is a fixed number and the variables p,, p, are connected by the relation
2mp,-p*=c,. (12.10)

So, each IR of the algebra (12.7) corresponds to a class of IRs of the
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Galilei algebra with the fixed values of ¢,=m and c,;=2mp,-p’. This result can be
formulated as the following assertion.

THEOREM 12.1. IRs of the algebra AG(1,3) are labelled by sets of
numbers c,, ¢,, ... (eigenvalues of the Casimir operators) with the following possible
values:

I 012:m2>0, czzmzs(sﬂ), —o0<c,<00, §=0,1/2,1,...,
1. ¢ =0, ¢,=0, ¢,=-k*<0, ¢,=0,1/2,1,..., (12.11)
1. ¢,=0, ¢, 7r>0,  ¢;=k’<0.

An explicit form of the corresponding basis elements of the algebra AG(1.3) is given
by formulae (12.9) where m=c, is a fixed real number, A, are the matrices
(4.40)-(4.43), and p,, p, are related by (12.10).

PROOF. The validity of the theorem follows directly from the reasoning
given above. Note that it is possible to verify that the operators (11.9) satisfy the
commutation relations (11.6). We can also make sure that the Casimir operators
(11.14) for the representation (12.9) have the form

C,=m, C2=m2)\(2)+)\f+)\§+)\§, C,=2mp,—p°. (12.12)

The operator C, coincides with the Casimir operator from (4.22) whose eigenvalues
are given by formulae (4.40)-(4.43). It follows from the above that eigenvalues of
the operators C, used for numbering IRs do satisfy relations (12.11). In the case
¢,=c,=0 there exists the additional Casimir operator C=W,/p=A, eigenvalues of which
are integers or half integers (refer to (4.42)).m

We see that the basis elements of IRs of the Galilei algebra can be chosen
in the form (12.9) where A, and A, are matrices realizing an IR of the algebra (12.7).
IRs of the algebra (12.7) are defined by the relations (4.40)-(4.44).

The realization of an IR of the algebra AG(1,3) given by relations (12.9) is
distinguished by a relative simple form for basis operators, which is common for
any class of IRs. In the subsection that follows we discuss briefly different classes
of IRs of the algebra AG(1,3) and show what connections exist between the
realization (12.9) and other known representations.

12.4. Connections with Other Realizations

Let us consider sequentially each of the classes of IRs enumerated in (4.10).
1. IRs of Class I (c,=m*>0) are characterized by three numbers m, £,=c,
and s, m and ¢, being arbitrary real numbers, and s=0 being an integer or half
integer. Such representations are realized in a space of square integrable functions
D(p,\) where A=-s,-s+1,... ,s, i.e., dimension of ®(p,\) in respect with the index A
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is equal to 2s+1. The corresponding scalar product and additional requirements for
D(p,\) are presented in Subsection 4.6 (refer to (4.47)).

The space of an IR of the algebra AG(/,3) belonging to the Class I is
associated with the state space of a free nonrelativistic particle of mass m, spin s,
and internal energy €,/2m. The corresponding basis elements of the Galilei algebra
can be chosen in the form (12.9) where A, A, are matrices of dimension
(2s+1)x(2s+1), connected with generators S, S, and S; of the orthogonal group
according to the following relations (refer to (4.24)):
A,=S; A, =R,'A,, Ni=mS,, Ny=mS,, A\;=0, 12.13)
R, =nn'd +nn, -nn, *(mxn’) (nxn’),(1+n-n')", n'=0,0,1).

The explicit form of the matrices A,, A, in the Gelfand-Zetlin basis is given in
formulae (4.40), (4.41).
With the help of the transformation

p~UPU", J~UJU", G-UGU"' (12.14)

with U being the operator (4.49), the generators (12.9) reduce to the usual form used

in the literature on physics

p 2
P0=so+%, P =p, M=m,

(12.15)

J =-ie ph% +S

2. IRs of Class Il (¢,=c,=0) are labelled by a pair of numbers c¢;<0 and
¢,=0,1/2,1,.... These representations are one-dimensional and defined in the space of
square integrable functions ¢(p,.p). The corresponding form of the Galilei group
generators simplifies considerably. Indeed, setting m=0 and A =0 in (12.9) (refer to
(4.24), (4.33)), we obtain

G=-ip 2 (12.16)

op, '

, G =—mx_+xp._.

a

The remaining basis elements of the algebra AG(1,3) (i.e., P, and J) have the form
(12.9) where A,=c, is an integer or half integer, and p’>=-k>=const.

By means of the transformation (12.14) where U is the operator (4.52) or
(4.53) and n'=(0,0,1), the generators P, J of (11.9) and G of (12.16) can be
transformed to the form found in [375]. We do not give here the explicit expressions
of the corresponding basis elements of the algebra AG(/,3) because of their
complicated and nonsymmetric form as contrasted to (12.16), (12.9).
Representations of the Galilei algebra of Class II are realized on solutions of
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equations describing nonrelativistic fields with zero rest mass, e.g., Galilei-invariant
electromagnetic field [273, 276].

3. Let us now consider IRs of Class III (¢,=0, c,<0) which are labelled by
pairs of positive numbers 7 and k* (see (12.11)). Such representations are realized
in the space of square integrable functions ¢(p,.p,A) where A takes the infinite
number of values given by one of formulae (4.43). The explicit expressions of basis
elements of the IRs are given in (12.9) where m=0, p’=k* and A, A, are
infinite-dimension matrices connected with the generators 7, of the group E(2) by
the following relations (refer also to (4.24)):

Ay=Ty, A, =R ;'\, N =T, A5=T,, N;=0. (12.17)

Here R, are the matrix elements given in (12.13). The explicit form of the matrices
Ao» A, can be chosen, for example, according to (4.40), (4.43).

As far as we know, representations of the Galilei algebra of Class III have
not found yet direct usage in physics. If (in analogy with representations of Classes
I, 1II) we take a space state of a quantum mechanical particle in correspondence with
a space of a representation of Class /71, then such a particle would have an infinite
number of spin states.

4. The classes of IRs considered above exhaust all the nonequivalent
Hermitian representations of the algebra AG(1,3). We note that formulae (12.9)
define the explicit form of basis elements of the Galilei algebra for the case of ¢,’<0
also. The corresponding matrices A, realize a representation of the algebra AO(1,2)
(refer to (4.24), (4.27), (4.36)-(4.39)).

IRs of the algebra AG(1,3) corresponding to ¢,><0 cannnot be realized by
Hermitian operators since the generator M=C, has purely imaginary eigenvalues.
This circumstance restricts the usage of such representations in quantum mechanics.
But representations of this type naturally arise in various problems of classical
physics. In particular, representations of the Galilei algebra corresponding to c,’<0
are realized on a set of solutions of the linear heat equation.

5. IRs of Class V reduce to representations of the Lie algebra of the
Euclidean group E(3). IRs and a class of finite dimension representations of this
algebra are considered in Subsection 12.6.

12.5. Covariant Representations
IRs of the Galilei algebra considered above can be defined in Gilbert
spaces of square integrable functions depending on p,. But for many applications

(e.g., for describing differential equations being invariant under the Galilei group)
it is more convenient to deal with representations defined in a space of functions
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W(z,x) where the generators P,, P, are represented by differential operators. We will
call such representations covariant if the corresponding basis elements belong to the
class M, (i.e., they are differential operators of the first order).

It is not difficult to show that a basis of a covariant representation is formed
by the following operators:

.0 . 0
P=i_, P=p=-i___,
0 at a pa axa
12.18
J =-ie , x iJrSa, M=m, ( )
Ox

c
G =tp,~mx 0,

where S, N, and m are numeric matrices satisfying the commutation relations

[m,S ]=[m,n ]1=0, (12.19)
[S,.S,1=ie ;S (12.20a)
[S,.n,l=ie , N, [n,N,1=0. (12.20c)

Formulae (12.18) determine the general form of operators P, J, G, and M
satisfying the commutation relations (10.6) and belonging to the class M,.

Integrating the corresponding Lie equations (refer to (1.20)-(1.22)), we
obtain finite transformations generated by the operators (12.18) in the form

W(tx) - W' (¢’ x")=Dv,8)explid (x)1P(z,x) (12.21)

where 7, x' and ¢(x) are given by relations (11.28), (11.29) while D(v,8) is the
matrix depending on parameters of the transformation (11.29),

D(v,0)=exp(in v)exp(iS ). (12.22)

In the case of nN=S=0 we come to formula (11.27) which determines the
transformation law for solutions of the Schrodinger equation.

According to (12.21), a transformed function Y'(#,x") is expressed via Y(z,x)
multiplied by the phase multiplier exp[i¢(x)] and a numeric matrix D(v,0). In other
words, a value of ('(¢',x") is completely determined by the value of a
non-transformed function in the point (¢,x) and by transformation parameters. The
transformations of this type are called locally covariant (or simply covariant) in
contrast to nonlocal transformations for which Y'(#,x") depends on values of Y(z,x)
within some domain. Formulae (12.18)-(12.20) determine the general form of
generators of a covariant representation of the Galilei group.

Thus, a description of covariant representations of the algebra AG(1,3)
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reduces to finding the nonequivalent matrices S,, N, and m to satisfy the
commutation relations (12.19), (12.20). Representations of the algebra (12.19),
(12.20) are considered in the following subsection.

Besides representations of the proper Galilei group determined by the
continuous transformations (11.29), a certain interest was exhibited in representations
of the complete group G(7,3) which includes transformations P, 7, and C. An
analysis of such representations is beyond the scope of this book.

Representations of the group including the transformations P and 7 and
(11.28) are described in [59], while representations of the complete Galilei group are
considered in [151].

12.6. Representations of the Lie Algebra of the Homogeneous Galilei Group

The Lie algebra of the homogeneous Galilei group is formed by six
generators S, N, satisfying the commutation relations (12.20). This algebra is
isomorphic to the Lie algebra of Euclidian group E(3) and is denoted as AE(3).

It will be shown further on that the problem of description of nonequivalent
indecomposable representations of the algebra AE(3) reduces to the algebraic
problem which cannot be solved by known methods. So we restrict ourselves to
description of some class of finite dimension representations. This class is wide
enough to deduce consistent motion equations of arbitrary spin particles.

We consider also IRs of the algebra AE(3). The problem of description of
such representations can be solved in a closed form.

The algebra AE(3), as presented by (12.20), includes the subalgebra AO(3)
formed by the matrices S,. Since IRs of the algebra AO(3) are well known, it is
convenient to use the O(3)-basis |\;l,m> formed by eigenvectors of the commuting
matrices S* and S,. Explicit expressions for $*and S, in this basis are given by
formulae (4.63), (4.64), where (I,,[;) — A. In our case A is an additional index
labelling eigenvectors of the matrix §* corresponding to degenerated values of /.

The general expression for matrices N, commuting with S, in accordance
with the rule (11.20b) is given in our basis by the following formula:

n,INLm>=Y"

m’ N

+6 C)\I_I(Kﬂl_l)mm ’]

1 1
6ll’a)\)\ (Sa )mm’ +6

-1,

b (K, ¢ (12.23)

N om'>
where d,,, b'\y, ¢’y are arbitrary complex numbers, (S,),,, and (K, are the

matrix elements given by relations (4.65), (4.66). The possible values of !/
corresponding to indecomposable matrices S, and n, are [197] as follows

I=l,, 1,41, ...y 1, (12.24)

1+1,1° M
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I, and [, being positive integers or half integers. By definition

a"'=a""'=0, bh=c"=0, b"'=c""'=0. (12.25)
We have marked in (12.23) the matrix elements (S,),,, and (K,),,. of the

matrices S, and K, which satisfy the following relations [223]:

K,s,-S, 'K, =ie , K.,

S.S, +K, K, =ile , S, +1%3 ,, (12.262)

S.S,-S,S, =ie , S.;

KK +s/'s =175 - Z !

K,'K,-K, K,=i(2l-1)e_, S,

K,S,-K,S, =i(l+De , K., (12.26b)

sk, S,,“ K/'=i(1-D)e

abc L’

KK, -K, K, =-i(2l+1)e

The conditions (12.26a), together with (4.63), can serve as a definition of
the matrices Sa’ and Ka’, while relations (12.26b) follow from (12.26a). They are the
conditions (12.26a) which are used in the following to describe representations of
the algebra AE(3).

The algebra AE(3) has the two Casimir operators

Cl =Sar]a’ sznar]a (1227)
which reduce to the following form in the basis |A;lm>:

C, |Nslm>=ay, |Nlm>, (12.28a)
C, INslim>=|(1+1)(21+3)cy, by +1(1+ Day,a b +I21-Dbyc, } IN sl (12.28b)

There is also the additional Casimir operator
C,=exp(2TuS ) =exp(2TLS,) =exp(2TLS,) (12.29)

with eigenvalues equal to +1 (refer to (4.13)).

The Casimir operators do not play an essential role in description of
indecomposable representations, but they are very useful in searching of IRs.

Let us show that the condition of commutativity of matrices n, reduces to
the system of quadratic equations for matrices a'=|d'y |, b'=|b',, | and c'=|c', |.
Essentially, using the representation (12.23), it is not difficult to calculate the
commutator
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(NN, 1AsLm>=

I+1 1+1 I+1 o 1+1 1+l o 1+1 1 1+1 14-1+1 ly-1+1
={{c)\v av)\'(Ka Sh _Kh Sa )mm/+a)\vcv)\’(SaKh _SbKa ) 61 1-]+

mm

(12.30)

+|

Lely 1, ol g 1410 0ol g 111 I 1 alal olal
oy by (K, K, -K, K, )mm +ay A (S8 =8pS0) i +

oo (KUKL-KUKD,,, 18, anbh SIK, -SKD),,, +

[ S R S
b al ks -k )mm,}aH,,}\)\ 1 m'>,

the above expression suggesting a summation over the repeated indices v, A, I' and
m'.
Equating (12.30) to zero and taking into account relations (12.26), we come

to the following system of equations for the matrices a', b' and "
(+Dela'=(-Da''c’; (+Da'b'=(1-1)b'a"", (12.31a)

QI+3)c b -QI-Db'c '=(a Y. (12.31b)

Formulae (12.31) present necessary and sufficient conditions of
commutativity of the matrices n, from (12.23).

Thus the problem of description of representations of the algebra AE(3)
reduces to the finding of nonequivalent solutions of the system of quadratic
equations (12.31), (12.25).

First we consider Hermitian IRs of the algebra AE(3). A description of such
representation is a relatively simple problem. Indeed, the Hermiticity condition leads
to the following relation:

ol l=p 1T, (12.32)

Then, according to Schur’s Lemma, the corresponding Casimir operators (12.28)
have to be multiples of the unit matrix so that

al=8,a'. A N=12..n, (12.33a)
a'(l+1)=c, (13.33b)
(I+1)Q21+3)b;, +1(21-1)b=[c,~1(I+1)(a YL . (12.33c)

Here c, and c, are eigenvalues of the Casimir operators (12.27), d' is a real number,
I is the unit matrix of dimension n,xn,, and

1

b12=b ip I, bzzflzb EUNEY (12.34)

The equations (12.31a) are satisfied identically according to (12.33b), and the
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equation (12.31b) takes the form
(21+3)b;.,-21-1)b=a,'1 . (12.35)

So, a description of IRs of the algebra AE(3) reduces to the finding of a
general solution of the equations (12.33)-(12.35).

It is not difficult to demonstrate that without loss of generality we can set
n=1 (otherwise we obtain a reducible representation with degenerated eigenvalues
of the Casimir operators). Thus a, b, and b,,, reduce to numbers which can be easily
calculated.

The system (12.33)-(12.35) is not consistent for any fixed /,, and therefore
it is necessary to solve an infinite numerable system corresponding to an infinite
dimension representation of the algebra AE(3). The corresponding solutions are:

=ty c,=r 1,=0,1/2,1,.., ¢,=(-1)", (12.36)
rl 121y

=0 p T g (12.37)
1(+T) [\ 471

So IRs of the algebra AE(3) are labelled by two numbers, an arbitrary real
number r and non-negative integer or half integer /,. These numbers define possible
values of the Casimir operators (12.36). All the Hermitian IRs are infinite
dimensional, the explicit form of basis elements being as follows:

S |rllm>=Y" (S, |rllm>;

na ‘r’lo ’l’m>= E [Cl 1611 (Sa[)mm’ +b 161711 (K l)j;lm + (1238)

a
c'm

b8, (KSH, |l m >
where a' and b’ are the coefficients from (12.37), (S,}),,, and (K,})
coefficients (4.65), (4.66).

Consider now the problem of description of finite dimension
indecomposable representations of the algebra AE(3). This problem is more
complicated then in the case of IRs. Moreover it is unsolvable in the sense that it
is impossible to enumerate effectively all the nonequivalent representations.

Thus we will try to solve the system (12.31) for the case when the numbers

are the matrix

mm'

l, and [, determining possible values of / are positive integers or half integers. It
means that the chain of equations (12.31) can include an arbitrary (but finite)
number of links corresponding to the given /, and I,. Dimensions of matrices a', b’
and ¢’ are equal to n,xn, nxn,, and n,xn, respectively, where n, and n,, are
multiples of the eigenvalues [(/+1) and I(I-1) of the operator §*. In contrast to the
case of IRs we have no additional equations like (12.33) inasmuch as we consider
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indecomposable representations and the corresponding eigenvalues of the Casimir
operators cannot be fixed.

Unfortunately, it is not possible to describe effectively all the nonequivalent
solutions of the equations (12.31). Indeed, in the particular case of (a®)*=0 these
equations reduce to the problem of a description of all the nonequivalent pairs of
commuting matrices B and C defined in accordance with the following relations:

B|NLm>=b"|\;l-1,m>, C|N\;Lm>=c'|\;l+1,m>.

Such a problem is "wild" and cannot be solved by the known methods [199].

Imposing some additional restrictions on a, it is possible to describe
appropriate classes of solutions of equations (12.31). One such restriction which
enables us to describe completely the corresponding class of solutions is a
requirement for matrices @' to be indecomposable. Here we consider a more
restricted class of solutions of equations (12.31) corresponding to the case when the
possible values of / being equal to
I=5.5-1. (1239)
To denote this class of solutions and the corresponding representations of the algebra
AE(3), we use the symbol D,.

Indecomposable representations of the class D, may be described as follows.

PROPOSITION 12.1 [151]. Nonequivalent solutions of equations (12.31),
a' being indecomposable matrices and possible values of [ being given by (12.39),
are labelled by triplets of integers (k,d,7n) where

k<4, n<d, |k-n|<2, kn<9; a=1, |k-n|=2, a=1,2, |k-n|#2. (12.40)

The corresponding matrices a’, a', b*, and ¢* are of dimensions kxk, nxn, kxn and
nxk, and their elements are equal (for a=1) to

~5-1 I;J ~5

a.r — d;h’ asil: avv s _ AV cs= C)\V

s S ST s P A P

Ay =8, s Aot =8, s NSk, V,V'<n,
0 (12.41a)
=u/kx 6)_2\/, k>n,

5 =dfk, 8, ksn. knza,
j.lé)\v " k=n=2,
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Ak o,. ko,
0

C*f@,/ks 5, . ksn
0

where k=(2s+1)/s’(s+1)* and p is an arbitrary complex number. If 0=2 then the
corresponding matrix elements can be obtained from (12.41) by the substitution a',,

(12.41b)

- dy, by = g O = D

For the proof see [319]. We only note that in the case considered it follows
from (12.31) that (a*)*=(a*')*=0 and the maximal dimension of matrices a' is 4x4.
Choosing these matrices in the Jordan form we obtain the compatibility condition
for the system (12.31) in the form of (12.39) by direct calculations. The
corresponding solutions can be chosen in the form (12.41) with up to equivalence.

It is not difficult to calculate that there are 18 nonequivalent solutions for
any sZ#0,1/2, two of them being dependent on an arbitrary complex number p.

Any solution of equations (12.31) can be set in one-to-one correspondence
with a representation of the algebra AE(3). So, from Proposition 12.1 follows

PROPOSITION 12.2. Indecomposable representations of the algebra
AE(3), belonging to the class D, are labelled with triplets of integers (k,0,n)
satisfying the conditions (12.40). The explicit form of the corresponding basis
elements S, and n, in the basis |A;l,m> is given by the formulae (4.64)-(4.66),
(12.23) and (12.41).

So we have described the class D, of indecomposable representations of the
Lie algebra of the homogeneous Galilei group. These representations will be used
in the next section to deduce wave equations which are invariant under the Galilei
group.

We should like to note that the integers k and n used (together with o) to
label indecomposable representations of the class D, define the nilpotency indices
of the Casimir operators (12.26). Indeed, according to (12.27) and (12.33)

Cc,N=C"*=0, N=max(k,n).

It can be easily seen that N<4 for the representations of the class D,.
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13. GALILEI-INVARIANT WAVE EQUATIONS
13.1. Introduction

From Bargman’s work [16] it is known that the concept of spin arises in
nonrelativistic quantum mechanics as naturally as in frames of relativistic theory.
One of the Casimir operators of the Galilei group is nothing but the operator of
squared spin. Thus, it is surprising that the number of papers devoted to Galilei-
invariant wave equations is extremely small. This circumstance seems to be
particularly strange in view of the fact that Poincaré invariant wave equations attract
attention of a great many of investigators.

An important contribution into the theory of Galilei invariant wave
equations was made by Levi-Leblond [276, 277] who obtained for the first time such
an equation for a particle of spin 1/2. The Levi-Leblond equation takes into account
the Pauli interaction and predicts the correct value of the gyromagnetic ratio such
as the relativistic Dirac equation. Unfortunately this equation (and its generalizations
proposed by Hagen and Hurley [215, 223]) does not describe such an important
physical effect as a spin-orbit coupling.

In this section we describe a class of Galilei-invariant equations of the first
order corresponding to the indecomposable representations of the homogeneous
Galilei group described above. This class includes as the Levi-Leblond and Hagen-
Hurley (LHH) equations as the new equations describing spin-orbit and quadruple
couplings of an arbitrary spin particle with an external field.

The Galilei-invariant wave equations in many cases are good alternatives
to Poincaré-invariant equations for particles of higher spin inasmuch as the latter
lead to contradictions by a description of a particle interaction with an external field,
see Section 10.

13.2. Galilei-Invariance Conditions

To describe first-order equations invariant under Galilei transformations is
to answer the question: what kind of matrices B, B, guarantees the invariance of the
system (6.2) with respect to the Galilei algebra?

For convenience we rewrite (6.2) in the form

LY=0, L:B“pu+[34m. (13.1)

The invariance under the Galilei algebra means that the equation (13.1)
admits 11 SOs satisfying relations (11.6). We restrict ourselves to the case when
these SOs realize a covariant representation of the Galilei algebra and so have the
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form of (12.18). We assume also that the mass operator M is a multiple of the unit
operator and has a positive eigenvalue m>0.

By definition the operators (12.18) are SOs of the equation (13.1) if they
satisfy relations (6.3). Substituting Q,=P , J,, G, into (6.3) we come to the following
relations (compare with (6.4), (6.5))

S B,B,S,=0, S B,-B,S,=0,

a’ v a’

nB,-B,n,=-iB,. n,B,-B,n,=-id,B, (13.2)
ﬁaBO*BOWfO, a=1,23.

Here 5 =S, B,, n,=n, B S, and n, are matrices realizing a representation
of the algebra AE(3) (11.20), B ) B, are unknown numeric matrices.

Using relations (12.20) it is not difficult to obtain from (13.2) the following
conditions

[ga’gb]Bk_ al)c EBk’ k:0’1’2’3’4’
[ﬂa’gh]Bk:isahcﬂch’ (n,.1,1B,=0.

(13.3)

A sufficient condition of validity of relations (13.3) is the requirement that the
matrices S, f, realize a representation of the algebra AE(3).

Thus we come to the following definition.

DEFINITION 13.1. The equation (13.1) is S-invariant under the Galilei
algebra if there exist matrices S,n, and S,.fj, realizing (generally speaking
nonequivalent) representations of the algebra AE(3) and satisfying relations (13.3).

As in the case of Poincaré-invariant equations we will use the sufficient
conditions of the Galilei-invariance given in Definition 13.1. These conditions are
not necessary since there exist equations being invariant under noncovariant
realizations of the Galilei algebra [162, 163]. Moreover it is possible in principle
to renounce the requirement the matrices S, F, realize a representation of the
algebra AE(3) since the conditions (13.3) are more week.

We note that Definition 13.1 determines the invariance conditions for the
case of square matrices B,, B, as for equations with rectangular B-matrices of
dimension mxn, m#n. In the latter case the matrices S, fj, and S, n, have
dimensions mxm and nxn.

13.3. Additional Restrictions for Matrices 6,
Let us define the conditions imposed on B, by some additional physical

requirements.
First we restrict ourselves to considering only such equations which admit
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the Lagrangian formulation. As in the case of relativistic wave equations it means
that we assume that a nonsingular Hermitizing matrix n exists which satisfies the
conditions

nB,=Bin. nB,=Bin. (13.4)
It appears that without loss of generality we can impose a stronger requirement
Bi=B,. Bi=B, (13.5)

as it follows from the following assertion.
LEMMA 13.2. Let {S,, i, S,. n,} be a set of matrices satisfying (13.2),
(11.20), and n be an arbitrary nondegenerated matrix. Then the matrices

Bi=nB. f.=nin’, S'=nSn', S/=S. nl=n. (13.6)

also satisfy these relations.

PROOF is almost evident. Multiplying any of relations (13.2) from the left
by n and putting the matrix n"'n=I between S, f, and B,, B, we come to relations
(13.2) for the matrices (13.6).

So besides the equation (13.1) there exist a class of the Galilei-invariant
equations with primed matrices (13.6). Thus if a Hermitizing matrix exists then we
always can consider an equivalent Galilei-invariant equation with Hermitian matrices
B3,. In other words we can suppose these matrices satisfy (13.5).

The Lagrangian corresponding to the equation (13.1) without loss of
generality can be chosen in the form

_in OW OQ° I 13.7
L, 7(IJJ Bpa—x}l a—quullJ) my°B,. 3.7

It is not difficult to make sure the requirement of the Galilei-invariance of this
Lagrangian reduces to the conditions (13.2) where

(13.8)
§=s/=S, n,=n.

Thus, the problem of description of Galilei-invariant equations (13.1)
admitting a Lagrangian formulation reduces to finding Hermitian matrices B*, *
satisfying the relations

[SH’B()] :O3 [SH’B4] :O’ ( 1393.)
n.B,-B,n,=-iB,, (13.9b)
n.B,-B,N,=-id,B, (13.9¢)

The last relation (13.2) (supplemented by (13.5) (13.8)) turns into identity if relations
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(13.9) are satisfied.
We require also the representation of the Galilei algebra, realized on the set
of solutions of the equation (13.1), be irreducible and belong to Class /. It means

that the wave function has to satisfy the conditions (which have to be consequences
of (13.1))

oD e, (S-_ pxnye=sis+ 1y (13.10)
2m m

where g, and s are fixed parameters.

If the conditions (13.10) are satisfied, the corresponding Casimir operators
of the Galilei algebra have fixed eigenvalues. This enables us to interpret (13.1) as
a quantum mechanical equation of motion of a particle of spin s, mass m and
internal energy ¢,. In the following, we analyze the restrictions imposed on matrices
B* by the conditions (13.10).

13.4. General Form of Matrices B* in the Basis |\;l,m>

Summarizing given in the above we note that the problem of description of
Galilei-invariant wave equations can be subdivided into the following stages:

(1) to describe finite-dimension representations of the algebra AE(3), i.e.,
to find all the nonequivalent matrices S“ and n, included into the equations (13.9);

(2) to select the representations for which nontrivial solutions of (13.9)
exist;

(3) to find an explicit form of the corresponding B-matrices;

(4) to select the matrices B* satisfying the conditions (13.10).

We search for the matrices B, in the basis |A;L,m>. The matrices B, and B,
commute with S so according to Schur’s lemma

B, INslom>=Q1+Dxyy. [N slm>, B, [Nslom>=A,, [N slm> (13.11)

where x5, A, are unknown coefficients. We will denote matrices with matrix
1 1
elements x,,, and A,,, byux and A,
Using (13.9b), (12.23) we obtain the general form of the matrices 8,
(a=1,2,3):
I

B, INLm>=-iBy(K,), |Nl-1,m'>+

(13.12)
H#DN (S, N Lm > +iBy (KD NI+ >
where BA;, and DxlA are the matrix elements of the matrices B, and D,
D= 201 (dfxl—x,d,), Bzchxl—l_xll; (13.13)

I

NTIES)
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Let us require the matrices B, satisfy (13.9c). Using relations (12.23),
(12.31) we come to the following equations for x, and A;:

202Q2U+1)E %, =1L 1) (x b E+¢ b, x) (412~ 1)(@x),+1221-1)A,

151

20°Q1-1)b, xb,=1*21-1)(B,'¢ x,+x &b ) +(d12-1)(@x), , 1221+ 1)A (13.14)

177171 -1°

blla/x,~(1-Vx,al=[(+1)a x,  -Ix, a, ¢,

where
(@x),=a'(a'x,-x,a)~(a'x,~x,a)a,.

Formulae (13.14) present the necessary and sufficient conditions that the
matrices (12.13), (13.11) satisfy relations (13.9). Thus the problem of description of
Galilei-invariant wave equations reduces to solving the system of linear algebraic
equations (13.14) for the matrices x, and A, where a, b, and ¢, are matrices satisfying
the system of coupled quadratic equation of (12.31).

Let us consider the restrictions imposed on x, and A, by the conditions
(13.10). Making the transformation

l.p—>V'.IJ=cD, L_'L/=VTLV*17 (13153.)
V=exp(_’;r] -p) (13.15b)

and using relations (13.9) and the Campbell-Hausdorf formula

exp(A Bexp(-A)=Y l{A,B}",

n=0 N (1316)
{A,BI"=AHA,BI"'A,BI"'A, {A,BI°=B,
we obtain from (13.1) the following equivalent equation
2
L' ®=0, L’=Bo(p0—§_)+B4m. (13.17)
m

The equation (13.17) is more convenient for analysis then (13.1) since it
includes only two matrices. Inasmuch as the operator V satisfies the conditions

P’ 1 “1_
[V’po_—]_oa V(S_—pxr])v =S.
2m m

then it follows from (13.10) that @ has to satisfy the following relations

2
(p,-L)D=e @, SD=s(s+1)®. (13.18)
2m
Relations (13.18) follow from (13.17) iff
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» I%s,

O,
B k(a-g), I=s
=0

where 0 and B are arbitrary functions, ¢, and k; are constants (at least one of k; is
nonzero), n, is the number of rows of the matrices x, A,

Indeed, if (13.19) is satisfied then all the solutions of the equation (13.17)
are eigenfunctions of the operator S* corresponding to the eigenvalue s(s+1).
Besides these solutions satisfy the first of the equations (13.18).

g
i

13.19
det(aX,+BA,)= ( )

13.5. Equations of Minimal Dimension

The above results are valid for arbitrary representation of the homogeneous
Galilei group realized on a set of solutions of (13.1). Now we consider the simplest
case of the system (13.14) when the index [ can take only two values /=[;, [,+1. This
corresponds to Galilei-invariant equations with the minimal number of components.

The corresponding indecomposable representations of the algebra AE(3)
belong to the class D, and are described in Subsection (12.6). For the case
considered the system (13.14) reduces to the following form (refer to (12.25))

¢'x, ¢=-ka'x,a-lk(ax),,
b xb =k, al 1 X, 4,k (@wx), .
+ (13.20)

b [l x -(I-Dx,a 1=l(U+D)a x,_ -Ix, ,a,  1¢,,
o 2

12(1+1)?
As to the matrices A, and A, they are expressed via x; and x,:

21+1 2[-1
A= 2(a-x)l, A= (a X)),

(I+1) -1y

All the possible (up to equivalence) nontrivial solutions of (13.20) (and the
corresponding expressions for the matrices a, b, ¢, A, D, and B)) are present in
Table 13.1 where @, @, and @, are arbitrary parameters.
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Table 13.1
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QIx1)/(1£1, g=QI+1)/I(I+1), k, is given in (13.20).

Here ¢;*
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We see that only four of eighteen classes of representations of the algebra
AE(3) enumerated in Subsection 12.6 correspond to nontrivial Galilei-invariant wave
equations. These classes are D,(3,1,2), D(2,1,1), D(2,1,3) and D(1,1,2).

The results given above are summarized in the following assertion.

THEOREM 3.3. Let the equation (13.1) is S-invariant under the Galilei
algebra, admits a Lagrangian formulation and describes a particle of spin s and mass
m, and let the representation of the inhomogeneous Galilei group realized on the set
of solutions of this equation belong to the class D,. Then the explicit form of these
matrices up to equivalence coincides with the given in (13.11), (13.12) and Table
13.1.m

So we obtain four classes of Galilei-invariant wave equations corresponding
to the matrices enumerated in Table 13.1. Consider these classes successively.

Equations of class R, have 6/+1 components and describe a particle of spin
s=1, mass m and internal energy @. These equations are equivalent to the Hagen-
Hurley [215, 223] equations, and in the case s=1/2 reduce to the Levi-Leblond [276]
equation.

Equations of class R, have 6/-1 components and describe a Galilean particle
of spin s=I-1, mass m and internal energy @’s’m/2. We will see further on these
equations predict the value of the constant of the dipole coupling which differs from
the value prophesied by the LHH equations.

Equations of classes R; and R, are the most interesting. They can be
interpreted as quantum mechanical equations of a nonrelativistic particle of spin s=/
(and s=I-1), mass m and internal energy (s+1)*(ee,>-2e,)m/2 (and s*(ce,>-2ce,)m/2). It
will be shown below these equations can serve as a starting point in the Galilei-
invariant description of the spin-orbit coupling.

We present the simplest of the found equations writing them
componentwise.

Class R,, s=I-1=0,

Y=column(Y,y,,,,J,)
Py p =0, (13.21)
2Zmp+p,=0;

Class R,, s=I=1/2,
Y=column($ ,9,.X,.X,):
3. 3 _
2p, +§(10 p+§azm)x—0, (13.22)

3 . 3
—_wem-io- +_mX=0;
( 5 p)o 57X

Class R,, s=I=1,
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P=column(,X,®,®P,),
1
7p0 XpxP+2ce mX +2ce,m@=0,

1 13.23
§p0¢ P Q)+ 2, m +2e,mx +2m@=0, ( )

i\/37 P X 2e,m@,=0,
PxQ-2ce,md -2mX =0,

where 0=(0,,0,,0;) are the Pauli matrices.
13.6. Equations for Representations with Arbitrary Nilpotency Indices

To conclude this section, we discuss an interesting connection between
Galilei-invariant wave equations and equations invariant under the generalized
Poincaré group P(1,4) (refer to Chapter 8).

Consider the generalized Bhabha equation [340]

B'p,~@)P(x)=0, k=0,1,2,3,4 (13.24)

where n,=S;, are matrices realizing a representation of the algebra AO(1,5) together
with S, and S,=i[S5;,S5,]-

It is possible to show that the equation (13.24) is invariant under the Galilei
group as well as under the group P(1,4), refer to Subsection 26. To make Galilei
invariance of (13.24) obvious, we use the change of variables

| | I
X2 (25t %), X%, =525,75), (13.25)

so that

0 10,9 i:li-ai. (13.26)

Ox, 20%, 0%, Ox, 20% OF,
As a result we come to the equation
LLIJE(BoﬁO_B4ﬁ4_Baﬁa_w)w(io’fpx):o (1327)
where
. 0 .0 . 0
po=i—, pP,=—I—, =—i___, (13.28a)
N T A Oy
1
BU=5(550+SS4)’ B4=550_Ss4’ Ba=S5a’ (13.28b)
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Galilei invariance of (13.27) can be proved by direct verification using the
following realization of the algebra AG(1,3)
Pozﬁo’ Pazﬁa’ M=ﬁ4’
1 (13.29)
] :gahr('xb pC+7ShL')’ Ga :XO pa 7xaM+r]a

a

where

1
r]a =7(SOa +S4a)‘

Indeed, these generators commute with the operator L of (13.27).
Imposing the Galilei-invariant additional condition on U,

PUE,E,0) A e P(F),5,,x), (13.30)

we reduce (13.27) to a Galilei-invariant equation of the kind (13.1) where
BBy B=BAL mAe, (13.31)

I is the unit matrix. The corresponding generators of the Galilei group have the
covariant form (12.18) where

1 1 (13.32)
M=ch, na=7(S4a+S0a), Sfjsachbc.

Finite-dimension IRs of the algebra AO(1,5) (which is isomorphic to the
algebra AO(6)) are labelled by triplets (n,,n,,n;) where n, are integers or half integers
[197]. If matrices S, form the representation D(1/2,1/2,1/2) then the equations (13.1),
(13.28b) are equivalent to the Levi-Leblond equation [276] for a particle of spin 1/2.
The representation D(1,1,1) corresponds to the equations (13.23) for a particle of
spin 1 (besides @,=-@A, @,=c). The corresponding matrices in (13.1) are expressed
via the 10x10 KDP matrices (marked by "" in the following formula)

13.33
LB BB BB, Y

In general the considered equations describe a multiplet of particles of spins
Sy, S5... Wwhere the numbers s; characterize the IR of the algebra AO(3) consisted in
the given representation of the algebra AO(1,5) realized by the matrices S,,.

It is possible to demonstrate the matrices (13.32) satisfy the conditions

(n,S)*#0, (n,S)*"'=0, s=max(s,).

Thus the equations considered here correspond to such representations of the algebra
AE(3) which are characterized by the nilpotency index n=2s+1 of the Casimir
operator C, of (12.27).
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We note that the equations (13.1), (13.31), (13.28b) are defined also for the
case when the corresponding matrices S, realize an infinite dimension Hermitian
representation of the algebra AO(1,5). So we come naturally to infinite component
wave equations which are invariant under the Galilei group [151]. Poincaré-invariant
infinite component equations are well studied in contrast to the Galilei-invariant ones
(see, however, [222]).

We will return to the discussion about connections between Galilei- and
P(1,4)-invariant wave equations in Chapter 5.

14. GALILEI-INVARIANT EQUATIONS OF THE
HAMILTONIAN TYPE

14.1. Uniqueness of the Schrodinger Equation

Consider an alternative possibility in Galilei-invariant description of
arbitrary spin particles which expects to use equations of the Hamiltonian type.
These equations can be more convenient then first order systems of the kind (13.1)
since they include explicitly the evolution operator (Hamiltonian). Besides the
distinguishing of the time variable is in a good accordance with Galilei
transformations (10.39) in contrast to the case of Poincaré-invariant equations.

First let us "deduce" the Schrodinger equation (11.1) and demonstrate that
this is the only Galilei invariant evolution equation for a scalar wave function.

Let us search for linear partial differential equations for a complex valued
function Y(z,x)

LY(t,x)=0

where L is an unknown differential operator. We assume L=p,—H where H includes
space derivatives only.

The Galilei-invariance condition means that L commutes with any basis
element of the Galilei algebra. Without loss of generality these basis elements P,
J, G can be chosen in the form (11.5) (this is the general form of covariant
representation of the algebra AG(1,3), realized in the space of scalar functions, refer
to Section 12). Calculating commutators of L with the corresponding generators of
(11.5) we find immediately that

H=p*/2m+€,, €;=const,
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i.e., we come to the equation which coinsides with the Schrodinger equation up to
nonessential constant term €, in the Hamiltonian.

Thus the Schrodinger equation is unique, i.e., this is the only evolution
equation which involves scalar wave function and satisfies the requirement of Galilei
invariance.

We now consider the problem of deducing of Schrédinger-like equations
for Galilean particles of arbitrary spin. We will search for a motion equation of a
particle of spin s in the form (11.1) where () is a 2(2s+1)-component wave function,
H is a differential operator (particle Hamiltonian) we need to find. We will
demonstrated that this number of components of wave function is minimal for a
profound equation of motion if s is nonzero.

By definition the equation (11.1) is invariant under the Galilei algebra if it
admits 11 SOs satisfying relations (11.6). We restrict ourselves to the case when
these operators have the covariant form (12.18) corresponding to local
transformations of a wave function by passing to a new reference frame.

It is not difficult to make sure the invariance condition (1.5) reduces to the
following equations for H

[H,P]=[H,J]=0, [HG,]=iP, (14.1)

where P, J, and G, are the operators (12.18).

We require the eigenvalues of the Casimir operators (11.14) on a set of
solutions of the equation (11.1) be equal to
cy=m2s(s+1), (14.2)

c,=m, c,=g,,

where s is an integer or half integer, m and ¢, are arbitrary fixed numbers. This
makes it possible to interpret (11.1) as a motion equation of a particle of spin s. The
corresponding matrices S,, N, and M of (12.18) without loss of generality can be
chosen in the form:

%“ O% 14.3
Sa:%) SE}’ r]a:k(o—l+i0—2)Sa’ M:OOm ( . )

where s, matrices of dimension (2s+1)x(2s+1) realizing the IR D(s) of the algebra
AO(3), 0, are 2(2s+1)-row Pauli matrices (5.30), k is an arbitrary complex number.

If k is not equal to zero then the matrices (14.3) can be transformed to the
equivalent representation with k=1. We find it is more convenient to admit arbitrary
values of k, see footnote after Theorem 14.1, Subsection 14.2.

We impose the additional requirement the equation (11.1) be invariant under
the transformation of simultaneous reflection of time and space variables. In analogy
with (11.37) we represent this transformation in the form

P(r.x) - OY(tx) =rP (~t,~x) (14.4)
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where r is a matrix needed to determine. This transformation has to satisfy the
following relations together with generators of the Galilei group:

PO-0P, J0©--0J, GO--0G, (14.5)

which reduce to the following equations for r
rS ==S,r, rn,=-n,r. (14.6)

It follows from (14.3), (14.6) that the parameter k can be either real or
imaginary according to the cases the matrix r commute or anticommute with 0,+i0,.
The corresponding matrix r without loss of generality can be chosen in the form
r=exp(i®)y, if k'=k
r=exp(ip)o.p, if k =-k
where A is the matrix (7.10), ¢ is a real number.

The condition of invariance of the equation (11.1) under the transformation
of complete reflection can be written in the form

[H,0]=0 (14.8)

(14.7)

where O is the operator (14.4), (14.7).

So we state the problem of finding all nonequivalent Hamiltonians H
satisfying the commutation relations (14.1), (14.8). Such Hamiltonians correspond
to Galilei-invariant Schrodinger equations for particles of arbitrary spins.

14.2. The Explicit Form of Hamiltonians of Arbitrary Spin Particles

Here we present the general solution of the problem formulated above.

THEOREM 34. All the possible (up to equivalence) Hamiltonians H
satisfying relations (14.1), (14.8) (together with the Galilei group generators and the
operator (14.4)) are given by the following formulae

H=H“)=01am+032iakSapa+% PPy (14.9a)
2

H=H®=0,bm+(C, +i0,)2bkS, p, +§_ (14.9b)
m

where

C,,=8,,+2ak (0, +0,)(S,S,+S,S.), (14.10)

a, b, k are parameters satisfying the conditions
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b =b, k =xk, (ak)"=ak. (14.11)

PROOF. It is convenient to solve the equations (14.1) in the representation
which is connected with (12.18) by the transformation

PPHPH/=UP“U", J-J'=UJU", G-G'=UGU"' (14.12)
where
0i 0 i
U=expg—-np,Fl+—np, (14.13)
n g m

It is not difficult to make sure that
Pa/ =Pa, P()/ =HS/ , Ja/ =Ja9 Ga/ =tpa _’nxa, (14 14)

i.e., G, has a very simple form. Requiring the operators (14.14) satisfy (14.1) we
come to the following equations

[H/,xa]=—%pa, [H'p1=[H'.S,1=0 (14.15)

whose general solutions have the form

H'=P_Bm, B-ca", (14.16)
2m "
where a, are arbitrary complex numbers, moreover without loss of generality we can
set a,=0.
Using the transformation B — WBW" where W is an invertible numeric
matrix satisfying the condition”

Wn W=An_, AIC A£0 (14.17)

we can reduce B to one of the following forms

B=01a, B:()'Sa, g:,/alz+a22+a32, (14.18a)

“The condition (14.17) can be deduced requiring the corresponding Galilei group
generators in starting (imprimed) representation be connected by the equivalence
transformation H - WHW'=H", P, - WP, W'=P,, J, -~ WI W'=J, G,- WG W'=G,"
where G," differs from G, only by the value of the parameter k (refer to (12.18),
(14.3)). Fixing k in (14.3) (e.g., setting k=1) we lose the possibility to simplify H’
with the help of a matrix transformation, so it is convenient to consider the
representations of the Galilei algebra given by (12.18), (14.3) where £ is an arbitrary
parameter.
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B=0 +i0,. (14.18b)

The matrices (14.18) are nonequivalent in the sense that there is not any
matrix W satisfying (14.17) and and transforming them one into another. Besides the
solutions (14.18b) have to be neglected since they correspond to non-Hermitian
representations of the Galilei algebra with a nilpotent Casimir operator C;=2mP,-P*.

So the general form of H' is given in (14.16) where B is one of the matrices
of (14.18a). With the help of the transformation inverse to (14.12) we find all the
nonequivalent imprimed Hamiltonians in the form (14.9) and obtain the conditions
(14.11) from relations (14.4)-(14.6). =

Thus we obtain Galilei-invariant equations for particles of arbitrary spin in
the form (11.1), (14.9). Galilei invariance of these equations is evident from the
deduction. Nevertheless we can easily verify it directly. Using the identity

exp(inv)=1+in-y (14.19)

we find that the operators (14.9) satisfy the relations

explid () 1D(E) 12 Hp)D " @)expl -] 10 H(p"), (14.20)
gor 0 t

where H(p') are the operators obtained from (14.9) by the change p — p'=-i0/0x’,
X, x', &(x) and D(B,v) are given in (11.28), (11.29), (12.22).

It follows from (14.20) the transformed function '(x") of (12.21) satisfies
the same equation as Y(x):
i% W) =Hp W (x). (14.21)

0x,

In other words the equation (11.1) with any of the Hamiltonians (14.9) is invariant
under Galilei transformations (11.29) if Y(x) is transformed according to (12.21).

We can make sure that the Casimir operators (11.14) corresponding to the
Hamiltonians (14.9) have the eigenvalues (14.2) where € =+am. So we conclude that
equations (11.1), (14.9) can be interpreted as motion equations of a free particle of
mass m, spin s and internal energy am.

In the case s=1/2, a=ik=1 the equations (11.1), (14.9a) reduce to the
following form

(Y, p*-mW=1-y,-y,)p 12m\.
This equation has the form of the usual Dirac equation including the additional term
(p*/2m)Y in the Lh.s. . This term violates Poincaré-invariance of the Dirac equation

but generates invariance under the Galilei group.
We note that the simplest Poincaré-invariant equation, i.e., the KGF
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equation (1.1) also can be "modified" in such a way. Adding to the Lh.s. of (1.1) the
term -(pp*/2m+p4/4m*) we obtain an equation which is not Poincaré-invariant but
is invariant under Galilei transformations.

14.3. Lagrangian Formulation

So we have find Galilei-invariant equations in the Schrodinger form for a
particle of arbitrary spin. As like as the Dirac Hamiltonian the evolution operators
(14.9) depend on the spin matrices but include differential operators of higher
(second) order.

The nonrelativistic Hamiltonians (14.9) depend on two parameters a and k
which cannnot be fixed by the requirement of Galilei and P7-invariance. These
operators are Hermitian with respect to the scalar product (7.35) where M is a
positive defined metric operator

2k 'k

M:U'*'U=1+i[i(k*—k)ol—(k*+k)oz]sap = (1-0)(S, P, 2.
m

Besides the operators (14.9a), (12.18) (with S,, n, given in (14.3)) are Hermitian in
the following indefinite metric

Y,.9)= J d*xPiEW,, (14.22)
where
g ¥oae B (14.23)

b, if a=a, k'=k
€ is a Hermitizing matrix for the Hamiltonian (14.9a) and the generators (12.18). As
to the Hamiltonian (14.9b) the corresponding Hermitizing matrix does not exist.
The equations (11.1), (14.9a) can be deduced using the variational principle
if we start from the Lagrangian

_ikop op O o
LO(X) jéﬁlw WUJE’raquUIUJ
(14.24)

2m Ox, “bT

0
LW 0, k@)ozSa_w a_‘l’ zSanD

where =("¢. It is not difficult to make sure that the Euler-Lagrange equations
(8.24), (14.24) reduce to (11.1), (14.9a). Changing in (8.24)  — | we obtain the
equation for { which is equivalent to (11.1), (14.9a).

Thus equations (11.1), (14.9a) admit the Lagrangian formulation. This
circumstance makes it possible to use the canonical Lagrangian formalism to
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construct the operators of the main physical values (momenta, energy, angular
momenta etc.) and to generalize these equations to the case of a particle interacting
with an external fields using the minimal coupling principle.

We note that the equations (11.1) with the Hamiltonian (14.9b) cannnot be
represented as Euler-Lagrange equations, because the Hamiltonian (14.9b) is non-
Hermitian and the corresponding Hermitizing matrix does not exist. Therefore we
will not consider this Hamiltonian restricting ourselves to the equations (11.1),
(14.9a).

Let us summarize. We have obtained the motion equations for a particle of
arbitrary spin s in the Hamiltonian form (11.1) where H is the second order
differential operator (14.9a). These equations are invariant under the Galilei and total
reflection transformations and admit a Lagrangian formulation.

We present here also Galilei invariant equations for a particle with variable
spin. Such equations can be written in the form (11.1) where

H=0,am+02iakS,, p, +%C’ab P, Dy (14.25a)

Cub :6111) +2ak 2(O-l +i02)(S4aS4b +S4bS4a) ° ( 1425b)

Here S,, are matrices belonging to the representation D(1/2 1/2) of the algebra
AO(4), 0, are the Pauli matrices of dimension 2(s+1)*x2(s+1)?, commuting with S,,,.

The operator (14.25) is a Galilei-invariant analog of the relativistic
Hamiltonian H, of (10.18). The corresponding equation (11.1) is invariant under the
P-, T- and C-transformations and describes particles with variable spin whose values
are s, s-1, ..., 0.

In papers [162,163] other types of Galilei-invariant equations where
considered. They are second order equations with a singular matrix by p, and
Schrodinger-type equations corresponding to non-covariant representations of the
algebra AG(1,3). We do not analyze these equations here but note that they can be
successfully used to describe a particle of arbitrary spin in an external field.

15. GALILEAN PARTICLE OF ARBITRARY SPIN
IN AN EXTERNAL ELECTROMAGNETIC FIELD

15.1. Introduction of Minimal Interaction into First-Order Equations

A motion equation of a free particle is of interest for physics only as a first
step in describing interacting particles. Moreover, the critical point is a possibility
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to use such an equation to describe an interaction of a charged particle with the
electromagnetic field.

We show further on that Galilei-invariant equations can be successfully used
to solve the mentioned problem inasmuch as they take into account all the physical
effects predicted by the relativistic Dirac equation in the approximation 1/m*. Using
the generalized Foldy-Wouthuysen reduction we calculate the constants of the dipole,
quadruple and spin-orbit couplings predicted by these equations. The constant of the
dipole interaction generated by first-order Galilei-invariant equations is equal to 1/s
in accordance with the Belifante conjecture [30].

We start with the Galilei-invariant equations of first order derived in Section
13. Since these equations admit the Lagrangian formulation, this is naturally to
introduce an interaction with the electromagnetic field in frames of the minimal
interaction principle, i.e., to make the change 0/0x" - 0/dx'-ieA, in the
corresponding Lagrangian. As a result we come to the equations

L= +B,m)P=0, T =p -eA,. (15.1)

To substantiate the minimal interaction principle in application to Galilei-
invariant wave equations we will show that the change p, — T, does not violate the
Galilei and gauge symmetry of the starting equations and leads to reasonable results
by solving the concrete physical problems. Moreover we will not use a concrete
realization of [3-matrices (at least until a certain moment) so our results will be valid
for arbitrary wave equations invariant under the Galilei group.

The equation (15.1) is manifestly invariant under the gauge transformations

W(x) - explied(®)P(), A“—>Ap+a§():) (15.2)
X

where ¢ is an arbitrary differentiable function. To establish invariance of this

equation under the Galilei transformations we assume that the vector-potential is

transformed simultaneously according to Galilean law [273]

A,~Ag=A, VA, A A =R A (15.3)

ab” " b*

Using relations (13.9) and applying the Campbell-Hausdorf formula (13.16) we make
sure the operator L(TT) satisfies the condition

explih(x)1D(O.)LTOD ~(8,v)expl i (x)] =L(TT) (154)

where L(TU') is the operator obtained from L(TT) of (15.1) by the change 1, —
T,/=i0/0x"-eA’,, DOy)=[D"'(O]'; x,, d(x), DOy), A, are defined in (11.28),
(11.29), (12.22), (15.3).

It follows from (15.4) the transformed wave function {'(x") of (12.21)
satisfies the same equation as Y(x):
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L)y’ (x")=0, 15.5)

so the equation (15.1) is invariant under Galilei transformations.
15.2. Magnetic Moment of Galilei Particle of Arbitrary Spin

Let us show the Galilei-invariant equations (15.1) are good models of
charged particles interacting with the electromagnetic field and describe the dipole,
quadruple and spin-orbit interactions. To analyze these equations it is convenient to
pass to the representation where the operator L(TT) reduces to a series in powers 1/mn.
For this purpose we make the transformation

Yoy =vV'y, Lm-L'(m=VILmV (15.6)

where
(15.7)

is the operator obtained from (13.15b) by the change p — Tt Using the Campbell-
Hausdorf formula (13.16) and the commutation relations (13.9) for B, and n, and
restricting ourselves to the case when the nilpotency index of the matrices 1, is less
then 4 we come to the following equation

L/(]T)LIJ/()C):O (158)

where

(15.9)

L'(m=B, 510 imsw

If the mlpotency 1ndex n, of n, is larger then 3 the corresponding operators
L'(11) includes the additional terms

onn,,a 03> L,

k=3 m

2m?

where B, depend linearly on the electromagnetic field strengths and their derivatives.
These terms can be neglected proceeding from reasonable suppositions about the
intensity of an external field.

Thus formula (15.9) being exact for n,<3 can be treated as an approximate
one for n,>3.

The operator (15.9) includes the terms corresponding to interaction of a
point charged particle with an external electromagnetic field (CITt ,-T%/2m) and the
additional terms proportional to the vectors of the electromagnetic field strengths.
Here we consider in detail the term efxn- H corresponding to the interaction of a
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particle spin with the magnetic field (i.e., the Pauli interaction).

Using the representation (12.23), (13.12) for 3 and n and bearing in mind
relations (12.26) we obtain the following expression for the matrix 3xn in the basis
|\ Lm>

1 1 l
=E,.S ' |Nm'I>+F, K . |N;[-1,m'>+
A mm| MM mm (1510)
+H(F Y KN I+ Lm >
where
2[+D[(ax),],,.
E, =AA’A,—#, F. _(a’ iy le =blix lah), 1£0, (15.11)

a, b, ¢!, (ax), and A, are matrices satisfying the relations (12.31), (13.14).

Consider the equation (15.8) for the case E=0. Using the representation
(13.11), (15.10) for B,, B, and Bxn we can write the system (15.8) as a chain of
equations for the functions |, (eigenfunctions of the matrix S%)

b

+(2z +1)x m%l,l _lF”K HY, =0,

1 |] 1
, 0.4 8
FIrkhmw +A e - T
2ml, ( ¥, 0 %% 2mE]I+
(15.12)
EN_€ gl H+(21 )y a . ! FUOKYYHG =0
2_ X ml]p[f] LY qJ[fz_ ’
0 21, -1
eF" " 1,41 n I, l 5 E I =
K" -H)'y -+ —  S"H=QL+x *mAp, =0.
2m(10+1)( B, @ %T“ 2m 2m(l,+0) B( oD @U’u
We used the identities
E'=-Lat ph-_1 4
1 l0+

which follows from (15.11), (13.14a), (13.14b). Here E' and F' are the matrices
whose elements are defined in (15.11).

Until now we have not made any supposition about a concrete realization
of B-matrices and use only relations (13.9) following from the requirement of Galilei
invariance. Further we assume the equation (15.1) describes a particle of a fixed spin
s i. e. the conditions (13.19) are fulfilled. Besides we assume that s=/, and call the
corresponding equation (15.1) "equation for the highest spin".
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If the conditions (13.19) are satisfied and s=/, then the operator in square
brackets in the last line of (15.12) is invertible. So we can express qu vial), |

lplsz’]Lw(Kl"*l-H)lp[ 5 V=A ’“%TU s ¢ Eh(zz +Dx bm.
b 2m(l,+1) 5 2m 2m(l 1)D

Since the determinant of the matrix V does not depend on H then det(V")
also has this property. Roughly speaking it means that Y, (eHY, .

In analogous way supposing the magnetic field st}ength is small enough in
order to neglect terms quadratic in respect with eH we can express l]J] via qu 2
l]J] ., via qu ., etc. As a result we come to the following representation for the first
of the equations (15.12):

@ 0o i .

sAt -t —_ ¢ S-HE(2s+1)mx *+F(H?)p =0

ngzmzsm D+() ()D}IJ

where s=[;, $=S", F(H) is a term of order (eH)2 which can be neglected.
Since A and x' by definition satisfy the condition (13.19) it follows from

(15.13) that

0 D

T e H+80[w 0 (15.14)
0

(15.13)

2m  2sm

Thus 1ntroducmg the minimal interaction into first-order Galilei-invariant
wave equations we come to the Schrodinger-Pauli equation (15.14) for a (2s+1)-
component wave function. This equation includes the term describing the Pauli
interaction of spin with the magnetic field. The coefficient of eS H/2m is called the
gyromagnetic ratio, in our case it is equal to g=1/s.

The Belifante conjecture [30] g=1/s has been supported repeatedly using
relativistic wave equations [196, 224]. We see that Galilei-invariant wave equations
for a particle of highest spin also predict the correct value of the gyromagnetic ratio
moreover this result does not depend on a choice of the concrete equation but has
a universal nature.

15.3. Interaction with the Electric Field

We see that the Pauli interaction can be successfully interpreted in frames
of Galilei-invariant theory since any equation of the kind (15.1) can serve as a base
for its description. But an interaction of a spin with the electric field (e.g., the spin-
orbit coupling) is a finer effect which can be described only by special classes of
Galilei-invariant equations.

Starting with the equations of the form (15.9) it is possible to find the
general restrictions imposed on the matrices N, by requiring these equations be a
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suitable model of a real physical situation. A simple analysis shows that if the
nilpotency index of these matrices is less than 3 then the operator L'(TT) does not
include any term depending on the electric field strength. Indeed, in this case n,n,=0
and so according to (13.9) Byn, = 0. The corresponding operator (15.9) reduces to
the form

d g
L'(m)=B, %07 e E+B4m -_% Bxn-H.
0 2mQ 2m

It can be seen easily that the equations (15.8), (15.5) cannnot describe an
interaction of a spin with the electric field. In the case H=0, EZ0 the operator
(15.15) does not depend on E and S, being commutative with S,.

We formulate this result in the form of the following assertion.

PROPOSITION 15.1. The necessary condition a Galilei-invariant equation
of the form (15.1) describes interaction of a particle spin with the electric field is

CIZE(S .n)2¢0 (1516)

(15.15)

where S and n are generators of the homogeneous Galilei group realized on a set of
solutions of this equation, C, is the Casimir operator (12.27).

As will be shown in the following the condition (15.16) is also sufficient.
Thus to answer the question whether the given Galilei-invariant wave equation
describes an interaction of a spin with the electric field, it is sufficient to calculate
the square of the corresponding Casimir operator C, and apply the criterium (15.16).

The representations of the algebra AE(3) realized on sets of solutions of the
LHH equations do not satisfy the condition (15.16) and so these equations do not
describe a spin-orbit coupling of a particle with an external field. In the following
subsection we consider in detail the Galilei-invariant equations of the class D, and
select such equations which describe the mentioned coupling.

15.4. Equations for a (2s+1)-Component Wave Function

Let us analyze the equations (15.1) with the minimal number of
components. The explicit form of the corresponding B-matrices is represented in
Subsection 13.5.

We show these equations reduce to the equations of the Schrodinger type
for a (2s+1)-component wave function ®, and additional conditions expressing
superfluous components of P via P,.

First we consider the LHH equations. The corresponding matrices (3, and
N, are given in (12.23), (13.11), (13.12) and the column R, of Table 13.1. It is
convenient to analyze these equations in the equivalent representation (15.8).
Denoting
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W' =column(® ,®,.X) (15.17)

where @, @' are (2s+1)-component, X is a (2s-1)-component wave function, we
come to the equation (15.14) for ®,, where e=ma*(s+1)>. As to ®/ and X then
according to (15.8) X=0, ®/=@®..

So the LHH equations reduce to the Pauli equation (15.14) for the (2s+1)-
component wave function ®, and predict the correct value 1/s for the gyromagnetic
ratio. Unfortunately these equations do not take into account as important effect as
a spin-orbit coupling.

In an analogous way, we make sure that the equations corresponding to the
column R, of Table 13.1 reduce to the Pauli equation (15.14) for a (2s'+1)-
component wave function of a particle of spin s'=s-1 besides g=1/(s'+1). Thus such
equations also do not describe a spin-orbit coupling.

The equations (15.1) are more interesting in the case when the
corresponding [3-matrices are given in column R, of Table 13.1 since in this case the
criterium (15.16) is satisfied. Denoting

_COZW’Z”(@ ([g (p} Xl aX2 (15.18)

and substituting (15.18) and the explicit form of the corresponding matrices into
(15.8), (15.9) we come to the following equations

i 9 (pY=HqJVE|§ + 3 veA +_ S S-H- € Q'Flépv
a_xo I { |:|0 2m 0 s s(s+ae,m o i (15.19)
&=, ~LaHn(s 17, F=E+_ (ot -Hx,

0O 20 2m

0
5 5 v 1 eS F 5
=— s =
® ad é% s(s+1)ee m%p

N o ik, eK-H
Xl IEO’ 5 = (pl’

(15.20)

0_
 GDes Dm X
So the considered equations reduce to the Hamiltonian equation (15.19) for the
(25+1)-component wave function @,°, the remaining components of |’ are expressed
via this function according to (15.20).

To inquire into the physical sense of solutions of this equation, we
transform (15.19) into a form where the Hamiltonian does not include the term [J
S E corresponding to the nonphysical electric dipole coupling. Using for this
purpose the transformation

(15.21)
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o . O
EEEARL ‘ (15.22)

UZGXPWEW;

and using the identities

. 1 1 . 1

i[S'F,S-1=—_ C—_s(s+Dip-F- _S-(Fxp-pxF),
6Q""6xb 3( )ip 5 (Fxp -pxF)

(ST ]=-S"E, i[ST,T0]=eS-(TxH-HXTD),

(15.23)

where F is an arbitrary vector depending on x, Q,, is the tensor of the quadruple
interaction (10.27), we come to the Hamiltonian (10.26) where

B-1 p-__1 | C:%BD, £O:m0:f%lf%w22%s+l)m. (15.24)
O O

S cezzs(s +1)

We see that the considered Galilei-invariant wave equations generate the
approximate Hamiltonian of a particle of a spin s, which has the same structure as
the Hamiltonian of a relativistic particle. This means that our equations describe
dipole, quadruple, spin-orbit and Darwin interactions as relativistic equations,
furthermore, the accuracy of the Galilei-invariant description in the approximation
1/m? is not less than in the case of using of Poincaré-invariant equations.

The principal distinguishing from the relativistic case is that the coefficient
of the term corresponding to the spin-orbit coupling is not fixed but is determined
up to an arbitrary constant ,.

Thus the spin-orbit coupling which is usually interpreted as a purely
relativistic effect can be successfully described in frames of the Galilei-invariant
approach.

In a complete analogy with the above we can demonstrate that the equation
(15.1) with the B-matrices corresponding to column R, of Table 13.1 reduces to the
following equation for a (2s'+1)-component function X,

0 u ™ e O
i—X, =HX, = i, veA+ S’ H- S’-F,
ox," " g 2m 2m(s’ +1) s'(s! +l)az m g
1=~ Ep 1&322% Pm, S'OD(s-1).
0 O

The latter with the help of the transformation

X, =X, = ep%igx

(s "+De, me
reduces to the form
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iixi =H'X..

ox, '
The explicit form of the Hamiltonian H' can be obtained from (10.26) by the change
S-S, Bo1/(s'+1), C»BD/2, D - 1/[ee,s'(s'+1)], € -,

15.5. Introduction of Minimal Interaction into Schrodinger-Type Equations

The Galilei-invariant equations in Hamiltonian form considered in Section
14 also can serve as a basis for description of spinning particles in the
electromagnetic field. Here we discuss briefly the special features arising by using
these equations.

Making in (11.1), (14.9a) the change p,— T, we come to the following

equation
LOOWW=0. L(V=i2_-H(TLA,), (15.25)
xO
where
. 2
H(TLA ) =0 am 1 _+eA +2iako §-Tt+(, +i6,) 1% 5.2+ £ 5- 1] (15.26)
2m m ] 2 0

Equations (15.25) are Euler-Lagrange equations and can be deduced starting
from the Lagrangian obtained from (14.24) by the change 0/0x, — 0/0x,-ieA,. These
equations are manifestly invariant under the gauge transformations (15.2). It is not
difficult to make sure that the operator L(TT) satisfies the Galilei-invariance condition
(15.4) also,besides D(8,v)=D(8,y) is the matrix (12.22), (14.3) (compare with
(14.20)).

Let us demonstrate that the motion equation of charged particle in the
electromagnetic field, given in (15.25), (15.26) presents a good model of the
considered physical situation and describes spin-orbit and Darwin couplings.

To give a physical interpretation of the equation considered it is convenient
to pass to such a representation where the operator L(T) has a quasidiagonal form
(i.e., commutes with the matrix 0, standing by the mass term). As like as in the case
of the relativistic Dirac equation we can make an approximate diagonalization only,
using 1/m as a small parameter. It turns out the approximate Hamiltonian obtained
from (15.26) also has the form (10.26) where

g,-0,am, B=0ak®, D=k, C=%BD. (1527)

In other words Galilei-invariant equations of the Schrodinger type can serve as a
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good mathematical model of a charged particle of arbitrary spin. The corresponding
Hamiltonian (10.26), (15.27) includes all the terms present in the quasirelativistic
Foldy-Wouthuysen Hamiltonian except the relativistic correction to kinetic energy
p'18m’. So the equations (15.25) describe dipole, quadruple and spin-orbit couplings
of arbitrary spin particles with an external field.

The essentially new point in comparison with Poincaré-invariant equations
and first-order Galilei-invariant equations is that the coefficient of the term eS H/2
(denoted by B in (15.27)) is not fixed but expressed via arbitrary parameters a and
k. The values of these parameters can be chosen in accordance with experimental
data. Setting, e.g., a=1, k=1/s, s=1/2 we come to the Hamiltonian whose first six
terms coincide with the corresponding terms of the Foldy-Wouthuysen Hamiltonian
(see (10.26) for a=III, s=1/2) obtained from the Dirac equation.

In conclusion we note that the explicit form of the corresponding
transformations diagonalizing the Hamiltonian (15.26) is given by formulae (10.25)
(where the index O has to be omitted) besides

V, =exp(0,kS - TVm),
V,=exp(B)=exp[0,k(keS H -2k(S 1)’ ~eS-E/a)/2m ],

O O il

k2 ke 0 gl ik HN
V.=exp@,— [k(S-T)*-__[STLS-H] [0 [B,Tt] - [S-TLTE]

3 %2}113 % 3 El— 1 Tm T, 3 HE

15.6. Anomalous Interaction

The minimal change p, - T, in motion equations is not the only possibility
in description of particles interaction with an external field. A more general approach
(proposed by Pauli) is to take into account so called anomalous coupling described
by the terms linearly dependent on E and H.

A classical example of an equation describing the anomalous interaction is
the Pauli generalization of the Dirac equation

- m+ 1€ [y v 1FWEp=0.
@u me 2Ly, @u

The term proportional to the tensor of the electromagnetic field strength F*¥ makes
it possible to take into account a deviation of the dipole momentum from the value
g=1/s.

Here we discuss possibilities of introducing of anomalous interactions into
Galilei-invariant wave equations. Namely we consider generalized equations (15.1),
(15.25) of the kind
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O 0
0 ,

L=~ AMA)Hp. AMA)=H(TA)+ 23 F» (15.28)
0% 0 n

and

L=, +B,m+ S5, F P Rp=0 (15.29)
0 m 0

where H(TLA,) is the operator (15.26), 2, and X', are some matrices which have to
be of that kind that the equations (15.28), (15.29) are Galilei-invariant.

Our task is to find the exact form of these matrices satisfying the Galilei-
invariance condition and to analyze the contribution of the additional terms
introduced into equations of motion.

The following statement is valid for the equation (15.28).

PROPOSITION 15.2. The equation (15.28) is Galilei-invariant iff

k
s, -_'n. %- ig kS.+kn) (15.30)

Oa 2 abe

where S, and 1, are the matrices (14.3), k, and k, are arbitrary numbers.

For the proof see [320]. =

If we require the equation (15.28) be invariant under the complete reflection
transformation (14.4) then the parameters k, and k, have to be real.

Now we consider the first-order equations (15.29). Restricting ourselves to
the case of the LHH equations (i.e., where [3-matrices have the form (13.11), (13.12),
R, in Table 13.1) we obtain [320, 321] the following general form of Z

k
2007 ¢ BB B (15.31)

; k
21k (1-2B)e,, B0 BB, (15.32)

where k; and k, are arbitrary numbers.

So we have defined the general form of the terms representing anomalous
interaction, which can be included into motion equation without loss of their Galilei-
invariance. To analyze the physical consequences of such an inclusion, we transform
the operator L of (15.28) to the quasidiagonal form and reduce (15.29) to the
equation for a (2s+1)-component wave function in analogy with the procedure made
in Subsections 15.4, 15.5. As a result, we obtain the equation [320, 321]

0 O
P ) "Ha%):o (15.33)
50t 3m> " 0x, g

where H" is given in (10.26) besides
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e,~0,am, Bk +0,(k-4ak?), D=2kk,-1, CzéBD, (15.34)
and
0 2 O
0 ek a0 (15.35)
0or dm*  g°
where H" is the operator (10.26) again but
K
g =me (s +1), B=l(1+k4), p=_2, c=Lap. (15.35)
N 2s 2

We see that introduction of anomalous interaction into Schrodinger-like
equations does not change the structure of the approximate Hamiltonian but makes
it possible to correct in a Galilei-invariant way the values of coefficients of the terms
representing dipole, spin-orbit, etc. interactions. As to the LHH equations the
anomalous interaction leads to principal changes of the corresponding approximate
Hamiltonian which now includes the terms corresponding to spin-orbit coupling
while the minimal interaction leads to the Pauli Hamiltonian (15.14).

Summarizing, we can say that Galilei-invariant wave equations give a wide
possibilities in description of arbitrary spin particles in an external field. In particular
such equations give a correct description of Pauli and spin-orbit couplings and
predict the correct value g=1/s of the gyromagnetic ratio. In Chapters 6 and 7 we use
Galilei-invariant equations to solve concrete physical problems of one- and two-
particle interactions.
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We show the symmetry of the basic equations of quantum physics is wider
than the classical symmetry described in Chapter 1. Using the approach proposed in
[113, 116, 122] we find [As of the Dirac, Maxwell, KGF, Schrodinger and other
equations in the classes of higher order differential and integro-differential operators.
The corresponding SOs form wide Lie algebras and superalgebras including the
Poincaré or Galilei algebra as a subalgebra.

16. HIGHER ORDER SOs OF THE KGF AND SCHRODINGER
EQUATIONS

16.1. The Generalized Approach to Studying Symmetries of Partial Differential
Equations

In Chapter 1 and Section 11 we studied symmetries of the basic equations of
quantum physics in respect to continuous groups of transformations. This symmetry
can be defined as an invariance under a finite dimension Lie algebra whose basis
elements belong to the class M, (i.e., the class of first order differential operators). It
is evident these symmetries do not exhaust all the invariance properties of the equations
considered since a priori we do not take into account IAs including differential
operators of higher orders.

Here we study symmetries of the fundamental equations of quantum theory
in frames of a more general approach than the classical Lie method. The basic idea of
this approach (called non-Lie in the following) is that the class of SOs can be
essentially extended by including differential operators of the second, third, .. etc.
orders and even integro-differential operators. We call them higher-order SOs.

A well-known example of a symmetry under such an extended class of
operators is the invariance of the Schrodinger equation for the hydrogen atom under the
algebra AO(4) established by Fock [103, 104]. Other examples can be found in [6, 39,
228], a good treatment of higher symmetries is present in Olver’s book [350].

Higher order SOs give an information about hidden symmetries of equations
including Lie-Biclund symmetries [422] and supersymmetry [159, 327]. These
operators can be used to construct new conservation laws which cannot be found in the
classical Lie approach. A very interesting application of these operators is a description
of coordinate systems in which solutions in separated variables exist [305].

An effective algorithm for finding higher order SOs and the corresponding
IAs is suggested in [116,122]. Here we discuss this algorithm briefly and give basic
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definitions.
Consider an arbitrary linear system of partial differential equations

Ly(0=0 (16.1)

where L is a linear differential operator, ) is a multicomponent function. As in
Subsection 1.2 we say an operator Q is a SO of the system (16.1) if it transforms
solutions into solutions. In other words a SO satisfies by definition the condition

[0, L1Y=0 (16.2)

where U is an arbitrary solution of the equation (16.1).

In Chapter 1 we suppose that SOs belong to the class M, and thus describe Lie
symmetries. Here we decline this supposition and search for SOs of arbitrary order.
Besides we impose two types of restrictions on the SOs considered.

(1) We require the SOs form a finite-dimensional Lie algebra*, i.e., satisfy the
relations

(9> @l =/ inc Qe (16.3)

where f,,. are structure constants. It will be shown further on this way makes it
possible to find new wide IAs of equations of quantum physics.

The condition (16.3) is a very substantial restriction selecting subsets having
the structure of a Lie algebra from a set of SOs which is infinite in general.

(2) We consider SOs belonging to the class of differential operators of order
n (class M,) where n is fixed. Generally speaking such SOs do not form a finite-
dimensional Lie algebra, but sometimes they have another interesting algebraic
structures, e.g., they can form a basis of a superalgebra.

To investigate non-Lie symmetries we use various combinations of the
restrictions (1), (2) (i.e., impose one of them or both them). In some cases we decline
these restrictions and search for a complete set of SOs of arbitrary order.

The principal question arising while investigating symmetries in frames of
non-Lie approach is the following: how are SOs of the equation considered to be
constructively calculated? By generalizing results of calculations of IAs of equations
of quantum mechanics it is possible to formulate the following algorithm:

(1) by means of a nondegenerated transformation the system of partial
differential equations is reduced to diagonal or quasidiagonal form, i.e., the maximal
splitting of this system into independent subsystems is carried out; (2) the IA of the

" According to Theorem 1.1 SOs belonging to the class M, always form a Lie
algebra which can be either finite or infinite dimensional. But even second order SO
do not satisfy (16.3) in general
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transformed equation is found and the kind of a representation of the corresponding Lie
algebra is determined; (3) by means of the inverse transformation the explicit form of
the basis elements of the IA of the original equation is found.

The algorithm is based on one of the most fruitful and effective ideas in the
theory of differential equations, i.e., using of transformations of independent and
dependent variables.

While realizing the algorithm an important role is played by the concept of the
symbol of an operator L which can be defined by means of the Fourier transform

Ly)=2m 3’ZﬂLd3pLexp<ip-x>m(x0,p> (16.4)
)

where YOCF(R,), P(x,, p)=FW(x) is a Fourier transform of YP(x), F'is the unitary Fourier
operator mapping a vector of the Hilbert space H into H, Q(x,,p)JH, D(p) is a domain
of integration. A formal connection between the operator L and its symbol L can be
given by the following relation

[=F'LF, L=FLF. (16.5)

Relations (16.4), (16.5) can be used to realize the first step of the algorithm.
Indeed if the symbol of the operator L is a matrix with variable coefficients (and this
occurs for the majority of equations of mathematical physics) the system (16.4) can be
reduced in principle to a system of noncoupled integral equations by transforming L to
diagonal or Jordan form.

It should be noted that a realization of the algorithm present above for
concrete equations of physics or mechanics, as a rule, is not a simple problem.
Sometimes it is easier to use other ways considered in the following.

We saw in Chapter 1 that a description of first order SOs is based on using the
explicit form of the Killing vectors corresponding to the space of independent
variables. To describe higher order SOs it is necessary to calculate more complicated
structures which we call generalized Killing tensors of order s. In the following we
present a definition of these tensors as complete sets of solutions of some over-
determined system of partial differential equations of order s. The explicit form of the
generalized Killing tensors used in this book is given in Appendix 2.

16.2. SOs of the KGF Equation
Like in Chapter 1 we start with the KGF equation, the simplest equation of
relativistic quantum theory. Using notations and definitions of Section 1 we formulate

the problem of description of higher order SOs for this equation.
Let M, be the class of differential operators of order n defined on F. Then any
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operator Q,[JM, can be represented in the form
o

Ox,0x, ...0x, ’

In a complete analogy with Definition 1.1 we formulate the following

DEFINITION 16.1. A linear differential operator (16.6) is a SO of the KGF
equation in the class M, (or a SO of order n) if

[0, L1=a,L, a,0M,

an Z Qj, szh a,a,.-4; h a‘az..,a/DF’ a,.=0, 1 ’2,3‘ (166)
J=0

(16.7)

1

where L is the operator (1.3).

In the case n=1 such defined SOs reduce to the generators of the Lie group
considered in Section 1. The SOs of order n>1 describe generalised (non-Lie)
symmetries of the KGF equation. The problem of description of the complete set of
SOs of order n reduces to finding the general solution of the operator equation (16.7).

It is convenient to represent all the operators (16.7) as sums of j-multiple
anticommutators [328,342]

n-1

n
0,=). 0. ap=) 0,
=0 =0

(16.8)
o,L= 1[0, 0.0 - Lloa, 0] - L@aa
q _ZH o HL’ ] 5 0 Y], Z( ,d5)
where
0- %{K{wwa,’ aal . aaz} ’_._aaH (16.9a)
aj: %'{aaﬂgma[’ aa} , aa} e aa E’ (169b)
1]+ 2|, ,D

K" and a” are unknown symmetric tensors of rank j. Transferring differential
operators to the right we can reduce Q, of (16.8) to the equivalent form (16.6).

Substituting (16.8) into (16.7) and equating the coefficients of the same
differential operators we come to the following equation for &#0:

a(a,,]Kalar..a]):O’ j: 1,2,...,”, (16 10)

P (16.11)

where symmetrization is imposed over the indices in parenthesis:

a(a,,]K a,a,...a) — aar,lK a0y aalK By | aazK 4Gyl aa'K a,,...a,.,a,.,

So the problem of describing SOs of order n for the KGF equation reduces to
solving the noncoupled system of partial differential equations (16.10). In the case n=1
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this system reduces to the Killing equations (1.9).

We will see further on that formula (16.10) gives the principal equation
appearing while investigating higher order SOs of the basic equations of quantum
theory. The equations of the type (16.10) were considered in [408]. We call a
symmetric tensor K~ satisfying (16.10) a Killing tensor of valence j and order 1,
the sense of the last term will be clear in the following.

The general solution of (16.10) is given in Appendix 2. The number N’ of
independent solutions is

(16.12)

N/=_C’,C’

J+3 j4
where C} is a number of combinations from b elements by a ones.
To present the explicit form of F" it is convenient to define a special kind
of tensors (which we call basic tensors) =~ A% ?d-15 having the following
properties:
(1) symmetry and zero traces in respect with the indices a,, a,, ..., a
2) symmetry in respect with a permutation of pairs of indices [a,,;b;] and
la,,;b], ij=12,...n-
3) skew—symmetry in respect with the indices [a,,;b,];
(4) a convolution in respect with any triplet of indices with absolutely skew-
symmetric tensor €,,4, is equal to zero.
Basic tensors are reducible since in general they have nonzero traces over
pairs of indices a,, a,, if I>c and (or) m>c.
LEMMA 16.1. The general solution of (16.10) can be represented in the form

K“l“z aj_g (a, ,a/I(ala2 a;, )+Z )\aa -afa,b)..lab, []x )C X (1613)

b
1=0

j-1

a,d,...q;

where K ““%  is the general solution of (16.10) for j—j-2, A" are arbitrary basic
tensors independent on x.

PROOF reduces to direct verification the fact that the tensor (16.13) satisfies
(16.10) and to calculation the number of independent components of A~ which is
equal to N7-N’? [328,342]. m

The first term in the r.h.s. of (16.13) corresponds to a SO of order j which
reduces to a SO of order j-2 on the set of solutions of (1.1) and so can be neglected.
Then substituting (16.13) into (16.9) we obtain
0 jzi Nl bl-lop Ip. PP, d, (16.14)

= a”a_ b a,b,"""ab

it

where P, J,, are the Poincaré group generators (1.6).
Thus we have obtained a complete set of SOs of order 7 for the KGF equation
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in the form (16.14) where j<n. All such operators belong to the enveloping algebra of
the algebra AP(1,3). The number N/ of linearly independent operators Q' is

N=N-N, = %(i+1)(i+2)(2j+3)(/'2+3j+4), (16.15)

and the total number of SOs of order j<n is

(n) ZN_

In conclusion we note that the SO (16.14) can be represented in such a form
which includes irreducible arbitrary parameters only. Indeed, expanding A“  in
irreducible tensors (i.e., tensors having the properties (1)-(4) and besides being
traceless over any pair of indices) we obtain

(n+1)(n+2)2(n+3)(n > +4n+6).

Z}\cllaz .a [a“lbl [a ,b,] a/b/ P P P %
ul
P by /2l
XIa a Ia a "'Ia a (J ) (J J“C) a b a, b’ 'Ja b
w12 A3 Qg -2 Yot a0 Gua Oy i1 0y
where

n _ L 1 :
Iabz‘]an‘] b ”_“|+8p2+2”3’ ]/_]_“2’ 8“2_5[1+(_1)p],

{A} is the entire part of A, and the summation is imposed over all the values of p,
satisfying the condition

0=p <2l 0Sp,<2{(-2u,)/21; 0P, Sj -2, 4,

16.3. Hidden Symmetries of the KGF Equation

Let us demonstrate the higher order SOs of the KGF equation possesses
nontrivial algebraic structures. Restricting ourselves to the SOs of the second order we
see that there are 49 such operators having the form

a ab

P, J, Pah=papb—%gabm2, F =] P (16.17.2)

J=J ,Jv, K, =J,J"+J J" —lg J?
|,l\/ ac ai c [« a 2 ac
(16.17b)
1 1 2

K“b[(d] [J J] 4gchad_1_68bcgadJ

ab®

where the Latin indices run from O to 3.
In contrast with the first order SOs of (1.6) the operators (16.17) do not form
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a Lie algebra. But the subset (16.17a) includes bases of some Lie algebras, satisfying
the following commutation relations

(p,P,1=0, [P, P,1=0,

[Pah’ JLd] l(gac bd gdeaL' gade(‘ ghCPad)’
[F,F)=-im*],, [F,J 1=ig,F.-g,F, (16.18)

. 3
[Fa’ Ph] = l(Pab - Z m 2gah)’

[F,P,1=2iP P, P.~im®g P +im’g P,.
Using (16.18) and (1.14) we can indicate two finite-dimensional Lie algebras
A, {] F } A, {P P ,J }

uv? uv?
and the infinite dimension Lie algebra
A, {FJ P, PP, PPP,PPPP, .|

uv’ (TR Ve TRV A S TRV N

The algebra A,, is isomorphic to AO(2,3).
Let us consider still hidden symmetry of the KGF equation. Denoting

p=mx, ¢=column(y,X) (16.19)

we can rewrite it in the form

p,b =lom~+(0, 102) ]¢ (16.20)

Now we can investigate symmetries of (16.20). Any symmetry transformation for
(16.20) can be considered as a hidden symmetry of the KGF equation [121] inasmuch
as any solution of (16.20) satisfies (1.1).

LEMMA 16.2. The equation (16.20) is invariant under the algebra AP(1,3)
whose basis elements are

N
Pli:pu’ Jabz'xapb_'xbpa’ ]Oczzxopca_xap0+(ol_ZOZ)W‘

Proof reduces to a direct verification. ®
The operators (16.21) generate the following finite group transformations
[170]

d'(x") =l %1 + 03)cosh)\ +1-0,+ (0, +i0,)sinhA )\_'P%(x)
20 mA [

where x' is given in (1.32), (1.39). These transformations represent the group of a
hidden symmetry of the KGF equation, mixing wave function and its derivations, see
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(16.19).
We remind that the KGF equation admits also the algebras and groups of
hidden symmetries connected with antilinear transformations, refer to Subsecrion 1.7.

16.4. Higher Order SOs of the d’Alembert Equation

Consider the KGF equation in the special case m=0. The problem of
description of higher order SOs of this equation can be solved in a complete analogy
with Subsection 16.2. Substituting (16.8) into (16.7) and setting m=0 in L of (1.3) we
come to the following determining equations (instead of (16.10)) [328]

a(a/,lK a,azu.al) _ Ll ahK b(“ﬂz-"",—wg ara],,) _ O, ( 162 1 )
] +
a“l“z'“”,—] _ ._116;,Kbalar..a/,| (1622)
] +

where K“ and a“" are symmetric traceless tensors, the first is called a conformal
Killing tensor of valence j and order 1.

The general solution of (16.21) is given in Appendix 2. The number N'; of
linearly independent solutions is equal to

N; :%(i+1)2(i+2)2(21+3), (16.23)

each solution corresponds to the SO of the d’ Alembert equation. Substituting (A.2.10),
(A.2.14) into (16.9) we obtain linearly independent SOs in the form

aay.a_ . la . bl.la b ]
Q-: )\ R R T s e eel g
J
Z (16.24)

xP.P,.P, K K .K (DYJ J ,.J ,

where A are arbitrary basic tensors, P, K, J,,, D (a,b=1,2,3) are the generators of
the conformal group given in (1.6), (1.16), 0<c,+c,<j-c;, ¢;=0,1.

So we have found a complete set of SOs of order n for the d’Alembert
equation in the form (16.24). All these operators belong to the enveloping algebra of
the algebra AC(1,3).

We note that higher order SOs of a system of partial differential equations do
not belong in general to the enveloping algebra of the Lie algebra of this system
symmetry group (see Section 17).

In conclusion we consider briefly the problem of description of higher order
SOs for the generalized KGF equation in the pseudo-Euclidean space of dimension
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p+q=M:
(pppvgw7m2)lp:0’ “’V:1’2’~-~p+q’ (1625)
where
O
%0, HEV,
g““%l, U=vsp,
O

1, p<u=v<p+q.

The problem of description of SOs of the equation (16.25) is formulated in
complete analogy with the above. The generalization the above results to the case of
an arbitrary number of variables is almost trivial so we restrict ourselves to presenting
the number of linearly independent SOs of order j for the equation (16.25) in M-
dimensional space [328, 342]

1\/].“=%ij§;1qu§;‘. (16.26)

The total number of SOs of order j, 0<j<M is

2n22nM+MM-1) m2 m2
N(nM)= y2C ot (16.27)
(M) M(M—l) n+M-2~n+M-1
In particular for M=2,3
N/-2=2j+1, N(n,2) :(}’l+1)2, (16283)
1\/j3=%(j+1)(2j2+4j+3), N(n,3)=%(n+1)(n+2)(n2+3n+3). (16.28b)

Formulae (16.28a) and (16.28b) give the numbers of SOs for the Helmholtz
and inhomogeneous Laplace equation. For the homogeneous Laplace equation we have

1\~{i3=%(j+1)(2j+1)(2j+3), 1\~7(n,3)=%(n+1)(n+2)(2n2+6n+3). (16.29)

16.5. SOs of the Schriodinger Equation

Here we find a complete set of SOs of order n for the Schrodinger equation.
Without loss of generality we represent such an operator in the form (16.9a) where
indices values run from 1 to 3.

The SOs considered do not include p, because it can be expressed via p*/2m
on the set of solutions of the equation (11.3).

Substituting L (11.3) and Q (16.8) into (16.7) we come to the following
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system of coupled equations [330]
9K = 2m(+ DK, j=0,1,.n-1, (16.302)

a(anwKalaz'"au)zo’ Kzo, .I=0 (16.30b)

where the dots denote the time derivatives.

So to find all the SOs of order n for the Schrodinger equation it is necessary
to obtain the general solution of (16.30). The system (16.30) is over-determined and
can be solved by transition to the set of noncoupled differential consequences. We
make it as follows.

Consider (16.30a) for j=n-1:

OK M = DK (16.31)

Using (16.30b) we can obtain the following differential consequence of (16.31):
9 @) = ). (16.32)

Then differentiating (16.32) in respect with ¢ and considering (16.30a) for j=n-2 we
obtain

a(au,laa”aa”,lK a,a,..a, ,) _ 0’

and for j=n-s+1

9“4 0% K =0, s=n+1-j. (16.33)
It follows from (16.30), (16.33) that
j+l
(g/)/ IKaIaz..,ar:O. (1634)
1)’”

So starting with (16.10) we come to the system of noncoupled equations
(16.33), (16.34).

The equations (16.33) are direct generalizations of the first-order equations
(16.10) determining the Killing tensor. We call solutions of (16.33) generalized Killing
tensors of valence j and order s [328, 342]. The general solution of (16.33), (16.34) is

J

Kalar‘.aj:z Ks‘;ﬂg-»-a/t q, s=n+1 _j (1635)
=0

where K:;'az"'a’ is a Killing tensor of valence j and order s. Substituting (16.35) into

(16.30) we come to the equation

a,a,..a "l"z‘"“,—l)

aKvu ]=2mja(a/Kv—la—l ’ Gio, s=n—j. (1636)

Let we know the general solution of (16.35) for a fixed value of j=j,-1 then
the relations (16.35), (16.36) define an explicit form of the general solution for j=j, up
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to an arbitrary generalized Killing tensor K, of order s=n-j,+1. So the number
N, of linearly independent solutions of the system (16.30) coincides with the total
number of independent components of generalized Killing tensor of valence j and order
s=n-j+1, 0sj<n. According to (A.2.4)

n 3 1
NZ Ny = (D2 (043 4. (16.37)

Thus the Schrodinger equation admits N, linearly independent SOs of orders
Jj<n. Subtracting from (16.37) the number of SOs of orders j'<n-1 we obtain the number
of SOs of order n

N, =N, N, = e D2 (n3), (16.38)

The corresponding SOs can be represented in the form

0=y Y \wesdbetip p P G, G, .G, J,.J, (16.39)
C-:O k:() 1 2 k k+1 k+2 c 1 2 n-c

where P, G, and J, are generators of the Galilei group of (11.5), A"~ are arbitrary

tensors symmetric in respect to permutations @, — — a; and b, — — b,, besides

)\azlazz...a(hLhz...h“,L 6 =O. (1640)

ab

Summing up the numbers of independent components of A“~ we make sure that the
number of linearly independent SOs of (16.39) coincides with (16.38).

16.6. Hidden Symmetries of the Schrédinger equation

So we have calculated all the linearly independent SOs of arbitrary order for
the Schrodinger equation. All such operators belong to the enveloping algebra of the
Galilei algebra.

Here we demonstrate this enveloping algebra has a very interesting structure
and includes wide Lie algebras. But before this we consider the other hidden
symmetries generated by antilinear transformations.

In Subsection 11.6 we were discussing symmetries of the Schrédinger
equation in respect with the antilinear transformation 7 of (11.37). Then in accordance
with Lemma 1.1 (refer to Subsection 1.7) this equation is invariant under the algebra
AO(1,2) whose basis elements are {7T,R,TR} where R is the evident symmetry
transformation (1.55). Moreover this symmetry can be extended by including the
combined transformations consisting of the space reflection P of (11.37). As a result
we come to the following IA of the Schrodinger equation

{T.R,TR,PTPR.PTR).
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These operators satisfy the following commutation relations

[T,R1=2TR, [T,TR]1=2R, [T.PT]1=0, [T,PR]=2TPR, [T,PTR]=-2PR,
[R,TR]=-2T, [R,PT]=-2PTR, [R,PR]=0, [R,PTR]=-2PT,
[TR,PT)=2PR, [TR,PR]=-2PT, [TR,PTR]=-2P,

[PT,PR]1=2TR, [PT,PTR]=2R, [PR,PTR]=-2T,

and thus form the Lie algebra isomorphic to AO(2,2).

Taking into account that the squares of the considered SOs are proportional
to the unit operator (up to a sign) it is not difficult to find the corresponding symmetry
group of the Schrodinger equation. We restrict ourselves by presenting one parameter
transformations generated by these symmetries and belonging to the group O(2,2):

Q(t, x) — cosB,Y(t, x)+isinB Y, x),

P(t, x) — cosB,(z, x) +isind,Yi(z, -x),
J(t, x) — coshB,(z, x) +sinhB,(t, -x),
Q(t, x) — coshB,Y(z, x) +isinh® (-, x),
J(t, x) — coshB,(, x) +coshB,( -, -x),

J(t, x) - coshB,(t, x) +isinhB, (-1, -x)
where 0, are real parameters.

But let us return to linear SOs considered in the previous subsection.
Restricting ourselves to the second order SOs we obtain from (16.39) the following
complete set of them

1
Pah = Pan’ Gah = GaGh’ Qah - T(PHG}’ * Gan)’ (164 1 a)
Fah :Ja Jh +Jl;' Ja’ Fa = Saht? Pb ]C’ Ga = E:athb Jc’ ( 1641b)
Lah:Pa]b+PhJa’ Nah:Ga ‘Ib+ Gh Ja’ (a’b’c):(1’2’3)’ (1641C)

including 40 elements (compare with (16.38)). In contrast with G, Q,, and F,, the
tensors L, and N, are traceless.

The SOs (16.41) do not form a closed Lie algebra. But some subsets of these
operators are closed in respect with commutation and so form the bases of Lie algebras.
One of such subsets is given by the operators P?, G* and P -G forming a basis of the
algebra AO(1,2), see (11.12), (11.13). The more extended Lie algebra is formed by the
operators (16.41a) together with P,, G, and J, inasmuch as they satisfy the following
commutation relations
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[Pab’ Pcd] = [G ch] = 0’

(P, G l=im@®,.0,+9,0,+9,0,+9,0,),
(e, 0.,\=im@ P,+9o P +d P +0 P ),
G, Q,1=-im®, 0, +d,0,+6 G +9,G, ),
[0, Ql=im®,.0,,+9,0,-9,0,-9,.0,),
(p,p,1=0, [P,0Q,]l=im®d P,+d P,),
(.G, l=im@®,G,+9, G,,
[J.R, =i, R, ¢, ,R,), R, =0,.G,P,).
The relations (11.6b)-(11.6d), (16.42) define the 27-dimensional Lie algebra
A,, . This algebra includes very interesting subalgebras listed in the following table.

ab’

(16.42)

Table 16.1
Main subalgebras of Basis elements
the algebra A,,
AG,(1,3) P=P2m,P,J, G, PG, G
AO(1,2) PG, PG
AIGL(3) Py Jo Oy
AP(1,2) Py Qi Qi3 J,

Thus, the Schrodinger equation has very extensive hidden symmetries
including the Lie algebras of the groups of general inhomogeneous linear
transformations /GL(3) and of the generalized Poincaré group in three-dimensional
space. These algebras are realized in the class of second-order differential operators
and can be used for various purposes including separation of variables and construction
of exact solutions of linear and non-linear problems based on the Schrodinger equation.

Considering SOs of order n>2 we can find more extensive IAs of the
Schrodinger equation. Here we represent two of them

LID{Pa, J,G, 0., G:GGG} i<n,

(16.43)
LZD{PG’ Ja’ Ga’ Qab’ Palal...a‘:PaIP(zz"'Pa}

where Q,, is the operator (16.41a), n is an arbitrary integer.
It is not difficult to verify the operators (16.43) form finite-dimensional Lie
algebras for any fixed n.
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Symmetries of the Schrédinger equation under integral transformations are
considered in [165, 338], where so exotic IAs are found as AO(1,4) and AC(1,3).

16.7. Symmetries of the Quasi-Relativistic Evolution Equation

Let us consider briefly symmetries of a four-order partial differential equation
which can be interpreted as a quasi-relativistic generalization of the Schrédinger
equation. Namely we consider the equation

2 4

. 0 p p
i— Y=HY, H=am+L_-a , (16.44)
axOLp W 0 2m ' 8m?3

where a,, a,, and m are real constants.

If a,=a,=0 then (16.44) coincides with the Schrédinger equation for a free
particle. For a,=a,=1 the Hamiltonian H includes three the first terms of the Taylor
series of the relativistic Hamiltonian H'=(m*+p?)"2.

The maximal IA of the equation (16.44) in the class M, is the eight-dimension
Lie algebra Ay including the basis elements P, P,, J, and M of (11.5). Thus this
equation is invariant under neither Galilei nor Lorentz transformations. This does not
mean however that symmetries of (16.44) are exhausted by the algebra A; This
equation is invariant under the 20-dimensional Lie algebra including P, P,, J, and M
of (11.5) and the following higher order SOs [145]

2
V=i, x )= (1-a, L )p,,
m 2m?

(16.45)
a, 1 5
Ga: (XOVa_'xa)m’ Rah:__(paph +_6ahp )
m 2
Using the identities [H,V,]=[P,,x,]=0 it is not difficult to make sure that the operators
(16.45) satisfy the invariance conditions (1.5) (together with L=i0/0x,-H) and the

following commutation relations

[Py G J=imV,, [V,.G,]=im(R,,~3,—M).
m

a’

[]a’ sz:] = i(sabchn * eaL'ann)’ [PO’ Rbc] =O’
v, V=i, VvV, [P,V,]=[P,R,1=0,

abc” ¢

ia
[G RbL'] = 74(6112) Pc * 6bz: Pa * 6110 Pb)’

a’

the commutation relations between P,, P,, J,, M and G, are given in (11.6).
We see the quasirelativistic evolution equation (16.44) is really invariant
under the 20-dimensional Lie algebra generated by the SOs P, P,,, J,, M of (11.5) and
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V,G, R, of (16.45). Besides the SOs (16.45) are third-order differential operators and
so they do not generate local transformations of the type (11.15). But it is possible to
demonstrate (see [387]) that G, generate nonlocal transformations of the following kind
g (x /)=exp[im(xava+lx0v 2—12%\/” P, p)IPx) (16.46)
2 2 m?

where v, are transformation parameters and x' are connected with x by the Galilei
transformations (11.18). For a,=0 formula (16.46) presents usual Galilei
transformations of (11.27).

Let us demonstrate that if we interpret (16.44) as a motion equation for a
particle of rest mass m then the complete mass M' depends on the velocity. Indeed, the
corresponding quantum mechanical operator of velocity is the operator V, of (16.45),
and the classical analogues of the operators P, and V, are the momentum p, and
velocity v,. In accordance with (16.45) the velocity depends on momentum in the
following manner

v;& - lipap 2 (16.47)
m 2 m3

But on the other hand we have according to the classical definition of velocity that

v=Le (16.48)
‘M

Substituting (16.48) into (16.47) we come to the cubic equation
M1 ,M' O (16.49)

m 2 Om O
Solutions of this equation have the form

M/:ﬂsin%arctanlg W= %ﬁ%(m v]. (16.49)
w . \/—D 020

1-W?
It follows from (16.49) that the mechanics based on the equation (16.44) leads
D DI/Z

to the limiting velocity v, = EII%I?%D |a,| E like relativistic mechanics. Besides if v -
vy, then M' - (3/2)m. m-0 D
In conclusion we note that analogous analysis can be carried out for the
N

equation (16.44) with a more general Hamiltonian H =E a, p”
n=0

Approximate symmetries and solutions of wave equations are discussed in
[389].
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17. NONGEOMETRIC SYMMETRIES OF THE DIRAC EQUATION
17.1. The IA of the Dirac Equation in the Class M,

The hidden symmetries of the Dirac equation are more interesting and
complicated than considered above owing to the matrix structure of the corresponding
SOs.

In Section 2 we found the maximal IA of the Dirac equation in the class M|,
it was isomorphic to the Lie algebra of the Poincaré group. It turns out this IA can be
extended by including the SOs belonging to the class of first order differential operators
with matrix coefficients. We denote this class by M,.

For convenience let us rewrite the Dirac equation in the form

Ly=0, L=y"p,-m. (17.1)

Using the definitions (16.2) and the algebraic properties of the Dirac matrices (refer to
(2.3)) it is not difficult to show that a linear differential operator

Q,=A*p,+B, A", BOG" (17.2)

to be a SO of the Dirac equation in the class M, if
[0, LI=(fip,+a,)L. (17.3)

where f,*, O, are 4x4 matrices in general depending on x. We make the same
suppositions about the wave function and matrices f4, g,: WF *, f1, ¢,[G *.

Let us formulate and prove the following assertion.

THEOREM 17.1 [142]. The Dirac equation is invariant under the eight-
dimensional Lie algebra A, defined over the field of real numbers. Basis elements of
this algebra can be chosen in the form
5= ST (WO, P, Y, P, e
$o=L E=my,-i(1-iy)y,p",
where [ is the unit matrix. For nonzero m this algebra is isomorphic to the Lie algebra
of the group GL(2,C), for m=0 the operators (17.4) form a commutative (Abelian)
algebra.

PROOF can be carried out by direct verification. Using (2.3) it is not difficult
to obtain the following relations

- 1 - - y
[Z“V,L]:E(VHPV—VVPH)L, [£,L1=0, [%,L]=-2yy'p L (17.5)

which have the form (17.3). If m=0 these operators commute. For nonzero m we denote
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b2 =i2 , T=5 3 =i$ (17.6)
nv nv 0 0 1 1
m m

and obtain the following commutation relations
[zpv’ Z}\c] =gp)\zvc+gvczp}\ _gpczv)\ _gv)\zpc’
2, %,)=[%,. %, ]-[%,.%,,1-0.

Thus the operators (17.4) form an IA of the Dirac equation. For m=0 this IA

is commutative, for nonzero m it is isomorphic to the algebra AGL(2.C). This
isomorphism can be established by the following relations

MNi=Z 2 Ap=E T, AL,

(17.7)

12
A =254 2,, xll =2+ x22:21 s (17.8)
X12:7201 2 le =242,

where A, and A, are the basis elements of the algebra AGL(2,C) satisfying the
commutation relations

[)\ah’ )\cd] = _[xah’ xcd] = aac)\hd+ 6bc)\ad_ 6ad>\hc - 6hd)\ac’
[}\ah’ XL'a'] = 6acxbd+ 6]Jz‘xad_ 6adxbc - Bhdxm"

31°

17.9)

We give the other more constructive proof of Theorem 17.1 in order to explain
the nature of the additional symmetry of the Dirac equation. It is well known that the
system of four first-order equations (17.1) is equivalent to the system of two second-
order equations. Multiplying (17.1) from the left by (1+iy,)/2, denoting

1. ..
quj(lilVQll—' (17.10)
and expressing Y._ via Y, we come to the equations
(p“pu_mZ)Lp_:o’ (17.11a)
1
w-=mvpp“ y.. (17.11b)

But the equations (17.10), (17.11a) have the evident symmetry under arbitrary
matrix transformations commuting with y,. They are the transformations generating the
hidden symmetry described in Theorem 17.1.

To describe effectively all nonequivalent transformations of this kind, we use
the fact that the transition from (17.1) to (17.11) can be represented in the form
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Yo =V, L-L =WLV (17.12)

where

V=exp[—i(1—iy4)y“p ]El*i(l*iyzt)y“p , (17.13a)
2m " 2m "

W=expl (1+iyy* p. 121+ (1 +iy, )y p., (17.13b)
2m H 2m "

L= 1-iyym+ L (1+iy)(p, pr-m?). (17.13¢)

2 2m H

Indeed, the equation
L/llJ/:O, qJ/ :VllJ (1714)

reduces to (17.11) moreover ' = .

The equation (17.14) is manifestly invariant under arbitrary matrix
transformations commuting with Y,. The corresponding transformation operator can be
represented as a linear combination of the matrices

;1 / /
zpvzz[yu’yv]’ ZOZI’ Z1 :V4 (1715)
satisfying the relations (17.7) and so forming a basis of the eight-dimension Lie
algebra. It is not difficult to make sure these matrices are linearly independent over the
field of real numbers while

(Z,-ie,, oW =(Z, +iZ )W =0

where ()’ is a solution of (17.1).

Using the operator (17.13a) we obtain from (17.15) the explicit form of basis
elements of the IA of the Dirac equation: £ =V'%' V, Z“(,:V"Z'“UV where % ; and 2
are the operators (17.4), (17.6).m

It follows from the proof that the additional symmetry of the Dirac equation
described in Theorem 17.1 is maximal in the sense it includes all the possible matrix
transformations in the representation (17.14).

So besides the well-known Poincaré-invariance the Dirac equation is
additionally invariant under the algebra A;. Basis elements of this algebra do not belong
to the class M, and thus cannot be considered as a Lie derivatives. In spite of this fact,
they form a Lie algebra and satisfy the relations

=TT 2=

a
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and so generate the eight-parameter group of transformations
0
qJ _y[,—LIJ)a
X, X,
(17.16)
Y- " =(coshB,, +Y,y,sinh®, )P~ _sthOa(l zy4)(y0 (NJ gTqJ)

P =(cosB,, +V,y,sinB - _s1n6ab(1 zy4)(yaa

(no sum over repeated indices),

P - " =(cosB, +y,sinb, )LU+_s1n6 (1- 1y4)y“ 6L|J
(17.17)

W - Y¥=expB Y

where 6,,, 6,,, 8, and 0, are real parameters. Any of formulae (17.16), (17.17) defines

a one-parameter transformation group and can be represented in the form

Y - exp(2Z,0,)Y, where A=0,1,01,02,... .

The principal distinguishing feature of the transformations (17.16) with
respect to Lorentz transformations (2.59) is that the transformed functions depend on
derivatives of the wave function. Furthermore, in accordance with (17.16) independent
variables are not transformed in contrast to Lorentz transformations. In other words the
additional invariance of the Dirac equation has nothing to do with transformations of
the space-time continuum, that is why we call this symmetry nongeometric.

The question arises of whether it is possible to combine the symmetry group
of the Dirac equation given by the transformations (17.16), (17.17) and the Poincaré
group. It turns out that such a unification is possible since the generators of these
transformations and the Poincaré group generators form an 18-dimensional Lie algebra.

THEOREM 17.2. The Dirac equation is invariant under the 18-dimensional
Lie algebra whose basis elements are given by formulae (2.22), (17.4), (17.6) and
satisfy the commutation relations (1.14), (17.7) and (17.18):

[P,z 1=[P,Z]=[P,Z]=0. (17.18)

[ v’ )\0] l(gpo VA gv)\zpo gp)\zvc gvczu)\)'

The proof of the theorem reduces to direct verifying the validity of relations
(17.18).m

We conclude from the above that the Dirac equation is invariant under the 18-
parametrical Lie group including Lorentz transformations (2.49) and the nongeometric
transformations (17.16), (17.17). A general form of this group transformation is

wo AljJ(x/)+B“an(x/) (17.19)

where x', are connected with x, by Lorentz transformations, A and B" are numerical
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matrices depending on 18 parameters [153].

17.2. Symmetries of the Dirac Equation in the Class of Integro-Differential
Operators

Let us denote by M,, the set of nonlocal (integral) operators Q of the kind

Qwar@mﬂjwmmxmwwm@fn (17.20)
where Q(x,,p) is a Fourier transform of Y (x):
O, x,) =T *”Jexp(—ip X)WGx,x,)d p, (17.21)

Q is a 4x4 matrix depending on p.

We show the Dirac equation has an additional invariance under the
transformations belonging to the class M,. Moreover, the corresponding IA is more
extensive than established above.

THEOREM 17.3 [142]. The Dirac equation is invariant under the algebra A
defined over the field of complex numbers. The symbols of basis elements of this
algebra are given by the formulae

= 1 _ - H
ZPV:Z[VH’VV] (y =Y, P )B ly4— z():I’ Z1:— (1722)

EQ E
where H=Yy, +Yyn, E=\p*+m?.

Instead of the proof we present the explicit form of the operator V
diagonalizing the symbol of the operator L of (17.1)

V=P_+P_%, vi-Ltwpp B, P-(xyn.
— .

It is easy to ascertain that

vy, LV =L'=i 0~y E. (17.23)

Xo

Symmetry operators 2;[M _ in the representation (17.23) are matrices
commuting with Y,. Any such a matrix is a linear combination of the following basis
matrices

S =YY, 02, & =ly,.y )4, S=y, £=1

which are linearly independent over the field of complex numbers and satisfy the
commutation relations (17.7). Using the transformation £,' - %,=V"'2,'V  we obtain
the SOs (17.22) in the starting representation.m

So the Dirac equation possesses an additional invariance under the nonlocal
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(integral) operators belonging to the class M,. We note that the basis elements of the
corresponding IA are similar to (17.4), (17.6) and possess the only nonlocal element,
i.e., the energy sign operator €=H/E. But in contrast to (17.4), (17.6) the operators
(17.22) are linearly independent over the field of complex numbers.

It is not difficult to make sure the operators (17.22) form a Lie algebra
together with the Poincaré group generators (2.40) and satisfy the commutation
relations (17.18). Thus the symmetry of the Dirac equation in the class M, is
represented by the 18-dimensional Lie algebra A 5 including the subalgebra AP(1,3).
It can be shown the algebra A ; is isomorphic to AP(1,3)[AGL(2,C) .

In conclusion we note that it follows from Theorem 17.3 the Dirac equation
is invariant under the 16-parametric group of transformations @ — ('=exp(Z,0,)Q
where 8, are complex parameters. The explicit form of these transformations is given
by the following formulae
oy oy
ox, K Ox, )

w,

o

P —(cosb,, +yaybsin9ah)lb—%sin9abz (1+iey,)(y,

oyr
ox, Yy

P - (coshB,, +y,y,sinh6 )y —%sinhewz (v,
WY (cosh®, +esinhe O )*, Y —exp(iB)Y.

Here

W= eThg, Qg oo

17.3. Symmetries of the Eight-Component Dirac Equation

Until now, we consider only linear symmetry transformations of the Dirac
equation. Here we extend class of symmetries by considering antilinear transformations
which are also admissible in quantum mechanics.

Consider the eight-component Dirac equation

Lg=0, L=[ p“-m, (17.24)

where ' are 8x8 matrices satisfying the Clifford algebra (8.2) together with 'y, I's, I'4.
Choosing I, and the wave function in the form

o Uy O
rng; v% mz%zw% (17.25)
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where Yy, are the 4x4 Dirac matrices in the realization (2.4), ) is a four-component
wave function, we obtain from (17.24) a system of equations including the Dirac
equation and the adjoint equation (2.8).

The condition (17.25) can be represented in the form independent on
realization of the -matrices:

(1-iF L OPp=0 (17.26)
where C is the charge conjugation operator. In the representation (17.25) we can
choose
g -y, 004
r,= al y% r;;H) dor- Al m
%4 0g %4 0F %) YO (17.27)
Cp=il ,p.

Thus the Dirac equation and the adjoint equation (2.8) can be represented in
the form (17.24) with the additional condition (17.26). Besides linear transformations
of solutions of (17.24), (17.27) correspond to linear or antilinear transformations of
solutions of the four-component Dirac equation. Moreover such a correspondence is
anisomorphism. So the problem of description of linear and antilinear SOs of the Dirac
equation is equivalent to finding the TA of the equations (17.24), (17.26) in the class
of linear operators.

We note that the equation (17.24) admits different interpretations including
that of the equation of motion of particles with spin 1 (see Section 8) and 3/2 [233].
This makes the problem of investigation of symmetries of this equation even more
interesting. Here we consider symmetries of (17.24) without additional conditions and
then symmetries of the system (17.24), (17.26).

Thanks to the increase of the number of components of the wave function the
equation (17.24) has more extended symmetry than the four-component Dirac equation.
In addition to manifest invariance under the Poincaré group (whose generators are
given by formulae (2.22) where S,=i[l',,[,]) this equation admits matrix
transformations commuting with I .. Furthermore, the eight-component Dirac equation
has a hidden (nongeometric) symmetry including SOs in the classes M, and M.,.

In analogy with Theorem 17.3 it is possible to prove the following assertion.

THEOREM 17.4. The eight-component Dirac equation is invariant under the
32-dimensional Lie algebra defined over the field of complex numbers. The basis
elements of this algebra belong to the class M, and are given by the formulae

On=Z.Dy 0n=ZD, (17.28)

N
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where

1 1
%ol =T, Ty p )T T o),

. i (17.29)
Z,=Dy=l T T ph AT ),
wWYA=0,12,3, a=12,
D,=iT [, D,=if T, D,=iT[,, DI, (17.30)

1 is the unit matrix, =1 or e=-1.

The proof is similar to the proof of Theorem 17.3. The Lie algebra spanned
on the basis (17.28) is isomorphic to AGL(4,C) [154].

The operators (17.28) form a closed algebra together with the Poincaré group
generators (2.22) (where S, =i[l" [ ;]) inasmuch as

[P, Q0] =[P, 0 1=1,,. 0,10,

[Jpv’ Q)\cp] = i(gchv)\p + gv)\ onp - gp)\chp - gchp)\p)'
It is possible to show the symmetry formulated in Theorem 17.4 defines the maximal
IA of the eight-component Dirac equation in the class M,.®

In complete analogy with the results presented in the preceding section we can
show that the nongeometric symmetry of the eight-component Dirac equation in the
class M,, is more extensive and is determined by the 32-dimensional Lie algebra
defined over the field of complex numbers. Basis elements of this algebra are defined
by formulae (17.28)-(17.30) where e=% =H/E, H=I" [ ,p 4T  m.

Before we restrict ourselves to searching sets of SO of the Dirac equation,
forming bases of Lie algebras. Now we will demonstrate the existence of a more
complicated algebraic structure generated by these SO.

THEOREM 17.5. The eight-component Dirac equation admits an IA
isomorphic to the Poincaré superalgebra. Basis elements of this IA have the form

.0
PP:p}l:_lﬁ’ ]p0:xppc_x0pp+zp0’

T .
0,=/2T, [, +ir,+ L1+ ), +ip )2,
0 m 0

sz\/irs %3+ro+i(1 +ir4)(p0+p3)%2,
0 m 0
Q_l :\/Ers[(po_ps)(rl _irz) (P, _ipz)(I_S_ ro)]/z’

0,={2 T, p,~T,ps+i(T,p,~T,p)-iml }/2
where
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i . i
zah = § [rarh - rbra - 2£abcr0 rCJr (1 - lr4)(ra p117 rh pa)} > ZOa: jgahrzhc’

and I, are the 8x8 Dirac matrices which can be chosen in the form (17.25), (17.27).

PROOF reduces to direct verification that the mentioned SOs do satisfies the
invariance condition (17.3) and the commutation and anticommutation relations (1.14)
and

[0,.0,].=10,.0,1 =0, [0,.0,] =2(0,),,P*.

V00l =50,0.),4 00 1,00,1= 50,0150,

[P.0,]=[P.0,1=0. A, B=12

which characterize the Poincaré superalgebra [411], refer also to Appendix 1 for
definitions.

A specific feature of our realization of the Poincaré superalgebra is that the
generators J,; are the first-order differential operators with matrix coefficients.

17.4. Symmetry Under Linear and Antilinear Transformations

Letus investigate symmetries of the eight-component Dirac equation with the
additional condition (17.26). As was noted in the above linear symmetries of this
system correspond to linear and antilinear symmetries of the eight component Dirac
equation. To denote the classes of SOs including linear and antilinear transformations
we use the symbols M,", M," ... where M, is the class of linear and antilinear
differential operators of first order etc.

The SOs of the eight-component Dirac equation are not SOs of the additional
condition (17.26) in general. We will see that the symmetry of the system (17.24),
(17.26) is more restricted than the symmetry of the eight-component Dirac equation but
is more extended than the symmetry of the four-component Dirac equation.

THEOREM 17.6. The system of equations (17.24), (17.26) is invariant under
a 14-dimensional Lie algebra isomorphic to AP(1,3)[A0(1,2) [T ,. Basis elements of
this algebra can be chosen in the form (2.22), (17.30) where S=i[l' .51, T,
(k=0,1,...,6) are 8x8 Dirac matrices satisfying the relations CI' =I",C, CT =T ,C,
n=0,1,...,5. The real Lie algebra spanned on the basis (2.22), (17.30) is the maximal IA
of the system (17.24), (17.26) in the class M,.

PROQOF. It is easily verified the operators (2.22), (17.30) commute with
L=l p"-m and L,=1- il (C and so are the SOs of the eight-component Dirac
equation with the additional condition (17.26). To prove these operators form the
maximal IA of the system (17.24), (17.26) it is sufficient to show that any QM ,

206



Chapter 4. Nongeometric Symmetries

satisfying the conditions [Q,L,1=B,'L,+0,'L,, [Q,L,]=B,°L,+0,’L,, where a ,°, B,,° are
matrices depending on x, is a linear combination of the basis elements (2.22), (17.30).
We do not represent here the corresponding calculations but show a complete set of
matrices which can be used to expand all unknown quantities:

{QA, ro,rre,rrro, F“FVFAFGQA}.

Here Q, (A=1,2,3,4) are the matrices (17.30), u, v, A=1,2,3,4, uZA, uzv, A£v.

The operators P,, J,, commute with Q, which satisfy the commutation
relations characterizing the Lie algebra of the group O(7,2).m

We see that besides the obvious symmetry under the Poincaré algebra the
system (17.24), (17.26) is invariant in respect with the three-dimension matrix algebra
AO(1,2) (the trivial identity symmetry operator is not discussed here). So this system
is invariant under the three-parameter group of matrix transformations

P - (exp6,0 )W (17.31)

where 0, are real numbers. Using the representation (17.25),(17.27) we find the
corresponding transformations of solutions of the four-component Dirac equation

)] —»exp(—_éel)lp,
ez A e2
] _>cosh7ljJ+zyzsmh7l|J‘, (17.32)

93 : 63 *
(/N cosh7tu —yzsthlJJ .

The invariance of the Dirac equation under the transformations (17.32) was
apparently established for the first time by Plebanski (see [72, 227, 364]). We note that
the existence of this symmetry follows from Lemma 1.1, refer to Subsection 1.7.

The symmetry of the Dirac equation in the class M, is more extended.

THEOREM 17.7. The eight-component Dirac equation with the additional
condition (17.26) is invariant under the 16-dimensional Lie algebra defined over the
field of real numbers. Basis elements of this algebra belong to the class M," and are
given by the formulae

1 1 ,
zmn=§[rm, r] +Z(1 -t )T, p,-T.p) Z,=I, mn=0,1,..,5. (17.33)
The proof is similar to the proof of Theorem 17.1. We note that by definition
D3 P(x)=-i0/0x,, ,P(x)=0, hence the operator %,,=-3 ; reduces to the numerical matrix.

The generators (17.33) satisfy the commutation relations (17.7) where
gm=diag(1,-1,-1,-1,-1,-1) and form the Lie algebra isomorphic to AO(1,5)T , T,¥ .
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The operators (17.33) form a closed algebra together with the Poincaré group
generators, satisfying the following relations

[P z ] [pv’ 54] O [pv’ m}\]:i(gp)\zm’v V)\ m v) (1734)

v n’ p%]zl(gup VA+gv%Zup gw\zvv gVPZM)

where m',n">3, u,v,p,A<3. Hence it follows the system (17.24), (17.26) is invariant
under the 26-parameter group including the Poincaré group and the group of
transformations () —»exp(Z,6,)P where 0, are arbitrary real parameters. The latter
transformations have the following explicit form

oy -~ owH
@ - (cosB,, +T I sme,d)m—_(l—zr )sind,, EL r,_g k120, k21,
N axl Oka

(17.352)
¥ — (cosh6,,+ I, sinh® k)lTJ——(l ’ra)% am +F aqj Elsme

{ —exp(8) Q.

We can collate a linear or antilinear transformation of solutions of the four-
component Dirac equation to any transformation of the kind (17.35). Substituting
(17.25), (17.27) into (17.35) we obtain for k,/<3 the transformations (17.16). If k>0
then the corresponding transformations have the form

P - (cosB, P+iy,y.y,sinb, Y )—_l(y4y2—zy2) v sin@, ,
m 0x
. o NG L1 A
P - (cosB, P+y,Y,Y,sinb, W )—E(y4y2—zy2) 3 sin@, ,
P - exp(if,, )P, (17.36)

oy
)

0

. . .1
P - coshB,P+iy,y,sinh "~ —

oy .
al)l: sinh@,.

0

. o1 .
J - coshB ,+Y,y,sinh6 +E(1 -iy,)Y,

Formulae (17.16), (17.36) define the sixteen one-parameter transformations
which do not change the form of the Dirac equation. We see the symmetry group of
this equation in the class M, is more extensive than in the class M, and includes the
latter as a subgroup.
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17.5. Hidden Symmetries of the Massless Dirac Equation

We saw in Chapter 1 that IAs of motion equations for massless fields are more
extended than the corresponding symmetries of equations describing particles of
Nonzero masses.

Here we investigate nongeometric symmetries of the massless Dirac equation
which also turn out to be more wide than in the case of nonzero mass.

It was noted in Subsection 2.8 that the massless Dirac equation is invariant
under the 16-dimensional Lie algebra whose basis is formed by the generators of the
conformal group and the operator F'=-y,. Besides this equation is invariant under the
eight-dimensional commutative (Abelian) algebra belonging to the class M,. Basis
elements of this IA are given in (17.4) where m=0.

The SOs (17.4) form a 18-dimensional Lie algebra together with the
generators of the Poincaré group. This algebra cannot be extended by including the
conformal group generators (2.42) inasmuch as the corresponding set of SOs is not
closed in respect with the Lie brackets.

The IA of the massless Dirac equation given in Theorem 1.3 can be extended
with the help of SOs belonging to the class M,". Let us write this equation in the form
(17.24), (17.26) where m=0. Then any SO of this system in the class M, corresponds
to the SO of the four-component Dirac equation in the class M,", since linear and
antilinear transformations can be represented as linear transformations for the real and
imaginary components of the wave function.

In analogy with Theorem 17.6 we can formulate and prove the following
assertion.

THEOREM 17.8. The maximal IA of the system (17.24), (17.26) (with m=0)
in the class M, is a linear span of the basis elements {P,.J;,,D,K,,D;,D,,,} where

ou>
0, 7T Irro, k1234,

and P, J ., K, D, D, are the operators (2.22), (2.25), (17.30) (where S, ,=i[l" [ ;]).

The proof is similar to the proof of Theorem 17.6 and so is not given here. The
operators Dy, D,,, commute with P, J, K, D and form an eight-dimensional
subalgebra. The commutation relations between D, and D,,, can be represented in the

form (17.7) if we denote
D,=z, D,~=%, D=%, D=, D=, D,=%,, D=, D,=%

12° 3 01 4 02° 5 03°

We conclude from the above that the massless Dirac equation admits a 23-dimensional
Lie algebra isomorphic to AC(1,3)IAGL(2,C).

It follows from Theorem 17.6 that the massless Dirac equation is invariant
under the 23-dimensional Lie group locally isomorphic to the group C(1,3)IGGL(2,C) .
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The corresponding transformations from the conformal group are given in Subsection
2.9. The transformations from the subgroup GL(2,C) can easily be found with the
formula (17.31). These transformations for A<3 are given in (17.31), for a=4 we have
a trivial multiplication of wave function by an arbitrary number. For A>4 we obtain
using (17.25), (17.27)

lIJ ( hes . hes)llJ
—(cosh—_-y,sinh_2),
5 Yt
¢ ¢
(TIN cosgw—iy4yzsin76$*, (17.37)

e7 : e7 *
(N 0057l|J +y4y2s1n71p ,

W ( % iysi e*)w
- (COS— -1y, S1In— .
2 Yi 2

The group of transformations (17.32), (17.37) includes the subgroup of Pauli-
Giirsey transformations [213] generated by D,, D,, D, and D,. The remaining
transformations (17.32), (17.37) are hyperbolic rotations which are not unitary in the
metric (2.39). The invariance of the massless Dirac equation under the transformations
(17.32), (17.37) was established by Danilov [72] and Ibragimov [226].

We note that the considered symmetry is a mere consequence of Lemma 1.1
and the obvious symmetry of the massless Dirac equation under the transformations
Wiy,

If we restrict ourselves to linear transformations then Lie symmetries of the
massless Dirac equation reduce to invariance under the algebra AC(1,3)[AT ; whose
basis elements are given in (2.22), (2.42). But symmetry of this equation in the class
M_,is described by a very extended algebra isomorphic to AC(1,3)IAGL(2C). A proof
of this statement is given in [148].

Let us summarize. Symmetries of the Dirac equation are very reach and
cannot be described if we restrict ourselves to the classical Lie approach. Besides
Poincaré invariance this equation admits hidden symmetries in classes of higher order
SOs and integro-differential SOs, which form Lie algebras but present non-Lie
symmetries. In the following we will demonstrate these SOs include subsets generating
hidden supersymmetry of the Dirac equation.

The maximal IAs of this equation in various classes of SOs are presented in
following table.
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value Classes of SOs
of m -
M, M, M, M,
mz0 | AP(1,3) AP(1,3)0 AP(1,3)0 AP(1,3)0
AGL(2,C) AO(1,3)0 AGL(2,c)O
T, AGL(2,C)

m=0 | AG(1,3)lF , | AC(1,3)0T,, | AC(1,3)0 | AC(1,3)0
AGL(2,C) | AGL(2,0)0
AGL(2,C)

18. THE COMPLETE SET OF SOs OF THE DIRAC EQUATION
18.1. Introduction and Definitions

Until now we consider only such SOs of the Dirac equation which form a
finite-dimension Lie algebra, i.e., satisfy relations (16.3). This restriction is completely
justified since in this way it is possible to find not only algebras but also groups of
nongeometric symmetry. However for great many of applications (e.g., for constructing
of constants of motion, for describing coordinate systems admitting separation of
variables etc.) it is not essential that SOs belong to a finite-dimensional Lie algebra. In
principle such operators can belong to infinite-dimensional Lie algebras or possess
other algebraic structures. Therefore it is of interest to investigate symmetries of the
Dirac equation in a more general approach without requiring that SOs satisfy (16.3).

Here we present the results of such an investigation. More precisely we
present a complete set of SOs of any finite order n for the Dirac equation. We will see
such SOs have very interesting algebraic structures forming bases of Lie superalgebras.

We recall a Lie superalgebra SA is a graded vector space closed under a binary
operation (Xg,Yy) — [Xg:Yg] 1oy Which generalize the Lie brackets. The simplest
gradation is so-called Z,-gradation when SA consists in elements of two kinds: even (E)
and odd (O). Besides SA is closed under the commutation and anticommutation
relations corresponding to the scheme

[E.EICE, [E,0]00, [0,0]CE. (18.1)

For more details see Appendix 1.

Let us return to SOs. A formal definition of SOs of order n for the Dirac
equation can be written in the form of (16.6), (16.7) where L is the Dirac operator
(17.1), h“*“0G, . In other words a SO of order n is a differential operator of order
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n with matrix coefficients, besides this operator transforms solutions of the Dirac
equation into solutions. To denote the class of such operators we use the symbol M,,.

In [382, 243] a complete set of the Dirac equation SOs belonging to the
classes M, and M, was obtained. The problem of finding of such operators reduces to
solving of a very complicated system of determining equations.

Following [329] we present a simple proof that all the SOs of the Dirac
equation of any order n belong to the enveloping algebra of the Poincaré algebra, and
find explicitly all linearly independent SOs. The main idea of this proof is to use the
fact that solutions of the Dirac equation have to satisfy the KGF equation and thus a SO
of the Dirac equation have to be a SO of the equation (1.1).

18.2. The General Form of SOs of Order n

Instead of the Dirac equation we consider the equivalent system (17.14).
Choosing the realization (2.4), (2.17) for the y-matrices we conclude that the function
' has two non-zero components only which satisfy the KGF equation (17.11a).

Our chief idea is to describe SOs of order n of the system (17.14) and then to
find the corresponding SOs of the Dirac equation. Indeed, we can establish the one-to
one correspondence between SOs Q' of the system (17.14) and SOs of the Dirac
equation with the following relation

0=V'QV, Q'=vVoV" (18.2)

where V is the operator (17.13a).

An operator Q' defined on the set of two-component functions Y'=y* can be
expanded in the complete set of four matrices
Q'=0"Q,, 0,=¢,S,, 00=%oaoa (18.3)
where S, are the spin matrices (2.23). An operator Q' is a SO of the system (17.14) iff
Q,/are the SOs of the KGF equation.

Let O, in (18.3) be SOs of order n of the KGF equation. Then, according to
(16.14) they are polynomials on the generators (1.6) or (which is the same) on the
operators P, J,-S,,, Where P, J ; are the generators (2.22), S ; are the matrices (2.23).
But it is not difficult to make sure the matrices S, also can be expressed via P, and J
on the set of solutions of the equation (17.14):

25 W=_Lpw -Pw+ic weP (18.4)
po el O

uopy

where W, is the Lubanski-Pauli vector (2.37). The equation (17.14) is Poincaré-

212



Chapter 4. Nongeometric Symmetries

invariant, moreover, the corresponding generators of the Poincaré group have the form
(2.22). Substituting (2.22) into the L.h.s. of (18.4) and using the equation (17.14) we
make sure that relation (18.4) is really satisfied.

It follows from the above the SOs Q,/as well as Q" of (18.3) are polynomials
on P, J,; (2.22). Inasmuch as the operator V of (17.13a) commutes with P, and J,; it
follows from (18.2) that Q'=0Q, and thus all the SOs of any finite order for the Dirac
equation are polynomials of the generators of the Poincaré group.

Thus, we have proved that any finite order SO of the Dirac equation belongs
to the enveloping algebra generated by the algebra AP(1,3). This means the problem
of description of a complete set of SOs reduces to going over all the independent linear
combinations of products of the generators (2.22).

18.3. Algebraic Properties of the First-Order SOs

By describing SOs of arbitrary order n the key role is played by the case n=1.
According to the above the corresponding complete set of SOs can be obtained by
going over polynomials on P, J,, besides as it will be shown in the following it is
sufficient to restrict ourselves to considering polynomials of order n<3. As a result we
obtain known [382] 26 linearly independent SOs including the Poincaré generators
(2.22), the identity operator I and the following fifteen operators

_ i
VV4“=W/u = 7y4(p“ - my“),

W =_i - )
w502 YoP) (18.5)

B=iy,(D —my,x ",

_i 1
Au - 7\/48 MVPGJ Y fyu

where D is the dilatation generator (2.42).

Higher order SOs can be expressed via products of the operators (2.22), (18.5)
so it is extremely useful to investigate the algebraic properties of this set. These
properties turn out to be very engaging so such an investigation is very interesting by
itself.

By direct verification we obtain the following commutation relations

[P W, |=[P W, ]=[J,.B]=0 (18.6a)
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[G\ ], 1=1(8,,G,-8,G). G,=A, or W,,,
Vs Wiod =18, Wor * 8 W5~ 8 Woo = 80 Wi)» (18.6b)
[P,BI=2iW, [P, A ]=ie, W,

uvpo
(W, Bl= 2P, imA,, (W, Bl=—(1P, A] P, AlL),

(W, A1=i(8,,B+1],, WA 1),

pA?

(W0 A 1=i(E 0, PP 7[(gMR,—zzw,ﬂ),B];[WWJM,L), (18.7)

P

+ _
[ kI’ nm] ( klmsrPn 8mnlsrPk sklnsr m 8mnksr 1)

War

[A,Bl=ie , JPA°, [A,A]=ile
where m,nk,s,r=0,1,...,4 and P,=m.

Other relations for P,, J,, and W, are given in (1.14), (4.3).

According to (18.7) the complete set of the first order SOs of the Dirac
equation does not form a basis of a Lie algebra in contrast to the SOs (2.22). But we
recognized that this set includes a subset forming a basis of the 18-dimensional Lie
algebra, see (17.4). Here we note that the operators (17.4) can be expressed via W,; on
the set of solutions of the Dirac equation:

Weo). (18.8)

wool POB - W P°) —J

Z —_(W 2 € upo
The essentially new point is that the operators (2.22), (18.5) include subsets

which have a structure of a superalgebra. To select these subsets we calculate the
anticommutation relations

1
[ kl’Wmn]-=§(gknplm+gImPkn_gkaIn_gInPkm) (1893)
W, .B] = L[] P ol Lo wes
[ 4u° ]+ 7[ uv? ] [ uv? ]_ m uv j wpo
(18.9b)
1

[AW]=( P,-

OuAp ™~ v cv)\p p)

P)J™» ~8Wit 8, W.

pc 4v°

__m —
(W,A,].= 7SWWJ"" w

n’

1 w. 10 N ~ , 3 1 (18.9¢)
[AH,AV];?EDVPJ P+§ng [0, ]EI, [4,B1.=0, B*=2-—J 7
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where g,,=diag(1,-1,-1,-1,1), P,,=p,p,, P,=M.

Using (18.6), (18.7), (18.9) it is possible to select various sets of SOs forming
superalgebras. The set including the algebra AP(1,3) and the maximal number of the
first order SOs is [160]

S, ={ Wy PudP=p,p 1} (18.10)
Here the odd operators stand to the left of semicolon, the remaining operators are even.
It follows from (1.14), (4.3), (18.6), (18.9) the commutation and anticommutation
relations for the set (18.10) correspond to the scheme (18.1), so these operators form
a basis of a 30-dimensional superalgebra which we denote by SA ;.

The superalgebra SA ;) has a very interesting subalgebraic structure. First it
includes the Lie algebra of the Poincaré group generated by P, and J,,, secondly it
contains two Clifford algebras whose elements are

Cr=Le, WrE2iW,), a-123.
m

In accordance with (18.9a) these operators satisfy the relations (compare with (2.3))
[Cat’ Cht] JIJ =26“bll.|

where U is a solution of the Dirac equation, for any of two possible (fixed) values of
the superscript.

But the most interesting algebraic structure included in the SA(30) is formed
by the following linear combinations [1°]

QaI =2 W4a e ath bl7’ Hs.v :Pnn +m 21'
For any fixed sign these operators satisfy the relations
[Qc??Qbi] + = 26ahHSS’ [Qai’ HSX] = 0

and so realize a representation of a superalgebra characterizing supersymmetric
quantum mechanics with three supercharges [417]. Following [417] we denote this
superalgebra by sqgm(3).

Thus the extended first order symmetries of the Dirac equation have a reach
algebraic structure. In particular they include the subsets realizing representations of
the superalgebra sgm(3) and in this sense the Witten supersymmetry is generated by the
SOs of the Dirac equation.

The commutation and anticommutation relations (18.7), (18.9) are used in the
following to calculate a complete set of SOs of arbitrary order n for the Dirac equation.
Besides we present some additional useful relations which are satisfied on the set of
solutions of the Dirac equation:
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W o=l w-PW), W, =W,
W ey TV T Ju 0

B:%SWMJ“"JW, (18.11a)
A=Le guwwe lp.
u m uvpo 2m u

P P¥=m? P W¥*=0, P A*=m, P W"=mW",

[J

pv’

W= 2IB.P,].. 14, W*.=mb,

(18.11b)

e J“VWP°=%m, £, oWPP=0, [J,A"] =0,

Hvpo Hvpo u

[J

uv?

Wl -l

pao’

£pp0)\P 7£opv)\Pp’

AN

VPOA " PUVA o

W];i(s P+e P
v 4

18.4. The Complete Set of SOs of Arbitrary Order

According to Subsection 18.2 describing of all the nonequivalent SOs of order
n for the Dirac equation reduces to going through the linearly independent
combinations of the kind

Q ck— nalar..a([a‘,lbl]“.[akbh]Pa Pa Pa ]a ] (1812)

b dab

where P, J, are the generators (2.22), N~ are arbitrary numbers. The index k can
take any integer value from the interval [0, n]. Moreover, a priori we cannot exclude
the possibilities k>n. It will be demonstrated in the following that it is sufficient to set

0<ksn+2, 0<czk. (18.13)

According to (1.14), (2.37), (18.11a) the tensors N~ have to satisfy the
conditions (1)-(3) formulated before Lemma 16.1 (see page 184) but do not have the
property (4). In other words these tensors are not basic; the reason of this is that the
corresponding Lubanski-Pauli vector (2.37), (2.22) is nonzero in contrast to the case
of the KGF equation.

To describe effectively linearly independent SOs of (18.12), it is convenient
to expand N in basic tensors. We present the first terms arising by this expansion

n

+e . bla_lal)\azay“a(,,l lad]la,,b)lla_bil..lab, ]
1

aa,..ala.b].lab, ] =Aa|a:'"aL[a(‘xhxl'"[akhmj a, b, aLbk—L}\alaz’"a(laL—lblj’"lak—zh

i k—z—LJ+

+g . hla“lal)\dlazar.,a(,[a( Wbl lab, ] "
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ba_ay da,a,.ala_.b,l. lab, ] ba_a, dia_.b,y da,..ala .b]..lab, ]
e oAy ld, Jdy g o 14303 o
‘ A g, €, A

+ +
€4

+sa \bia, th a_sb,a, 4174}\11 a,..ala_b..lab, LJ_‘_

a_ba_, b b,a, xa‘)\d‘a ~ala_b,l. lab, "]+ (]8]4)

d,

+e -

+8a(—wbwa( —zbzs bla(—Aaw}\azar"“(—|[dway][a4 NUAB AN +

d,

+g ba, ‘a‘S da, 2[728 dya, sz)\dza:“,x‘“a([ac bl lab, ]
d, d. d,

1 2

+o.

Here A are basic tensors, the dots in the last line denote products of three and
more then three completely antisymmetric tensors €, and symmetrization is imposed
over the indices a,, a,,...,a, and over the pairs of indices [a,,,;b;] (i=1,2,....k-C).
Calculating various convolutions N~ with €, we can convert formula (18.14),
i.e., express A vian".

Let us substitute (18.14) into (18.12) and go through all the values of k with
increasing order.

The first term in the r.h.s. of (18.14) corresponds to the SO of the kind

k

Qlkzz )\clz,ag.ua a.b] P P P J (1815)

a’a, b ab, .

where P, and J , are the Poincaré group generators of (2.22). The order of this operator
is equal to k, the general form of Q, coincides with (16.14) up to the change from J,,
(1.6) to the corresponding generators of (2.22). The number of such operators of order
n is equal to the number of SOs of the KGF equation and can be obtained from (16.15)
by setting j=n:

N"= (n+1)(n+2)(2n +3)(n2+3n+4). (18.16)

Using relations (2.37), (18.11) we obtain the following representation for the
SOs corresponding to the second, third, fourth and fifth-seventh terms in the r.h.s. of
(18.14)

0,TBO”, OTW,0”, 0, TW, 0", 0K 0" (18.17)

where Q,*" are the operators (18.14), B, W,, W,, and A, are the operators (18.15). It is
easy to see the order of Q, and Q" is equal to k-1, the order of Q,* and Q" is k-2. Thus
to obtain SOs of order n we have to set k=n+1 for Q,f, 0, and k=n+2 for 9.}, QJ", and
k=n+2 is the maximal needed value of k. This circumstance has already been noted in
the above.

The terms denoted by dots in (18.14) can be neglected without loss of
generality. The corresponding SOs include products of the operators (18.5) and so
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reduce to the form (18.15), (18.17) with a smaller value of k in accordance with
relations (18.7), (18.9).

We see that any finite order SO of the Dirac equation can be represented as
a product of a SO of (18.15) (where P, and J,,; are the Poincaré group generators
(2.22) corresponding to the Dirac equation) with one of the operators (18.5).

Using relations (18.11b) we represent the SOs of (18.17) in a more precise
form. For Q," we obtain easily, setting k=n+1 and omitting the top index

n-1

QZ:BE )\Z'az'"a‘la‘"b']'"la” tedp P J (18.18)

al ll( aL Ibl au Ibn el

where A,” are arbitrary basic tensors. The number of the linearly independent
operators of (18.17) is given by formula (16.15) for j=n-1, i.e.,

N;")=%n(n+l)(2n+1)(n2+n+2). (18.19)

Using (18.11b) we obtain for Q, k=n+1:

Q3 z:)\ala2 ala, bl.la, b, JWaPaﬂ...PaJ J (1820)

a b """a, b

171 n-1"n-1-¢
c=1

where A" are basic tensors satisfying the conditions
aa,.ala.b]l.la b, 1 N,

)\ ghlhzga< la< 2 - O’
a,a,.ala_b]l.la_b, ] _n.

)\3 ga a ga a., 0’

194, “%

alabllab,..la, bl

Aglestb-dently  _o

ab

Calculating the number of independent components of A;” we find the
number of linearly independent operators (18.20):

N :%n(n+l)(5n 2 30413)n. (18.21)

For Q, we have

n-2
Q=Y Nyt ldp p oW, T, (18.22)
c=0

a’ a, abab b
Ay Oy

where A, are basic tensors satisfying the conditions

aa,..ala,b].lab, ] _ f
)\4 galblgazbz"'gahbh - 0’ 627’

aa,..ala,bl.lab, ] _
}\4 ga(,,,a(,,z“'ga,,,a,gb,bz'"gb, b =0.

fe-17f-c

The number of linearly independent operators is
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NN R 9n+13) 5, 8~ 111, (18.23)

n

Eventually we obtain for the operator Q;
n-1

QS:ZAalaz ala,bl.la, b, A P P J J +

a“a. b a, b
n-1"n-c-1

c=1
{(n-1)2} n-3-2i

N Z Z }\aa wafa b ]l.la, , b, P PA P J

a’“a., a, b,

o, )+

p22Puaaie

(18.24)

n2-1

£y Nl Gbolg g P, (J o)+

a. b a b 3'2:bu—3—2r
i=0

{:A“ Ty oI WACP P P T T,

a,pvg a“a. b a b, """ a, b,

2-c

Here A, A,7 are arbitrary irreducible tensors, A" and A" are basic
tensors satisfying the conditions

a,a,..ala_b]. [ah J

)\ | gabga’b’-“ga b = 0’ Cs.ﬂ27 a:5;8’
and the corresponding number of linearly independent operators Qs is

N %n(n+1)(n+3)(n2+n+1). (18.25)

The general expression of a SO of order » for the Dirac equation is
(18.26)
Q"=0,+0,+Q,+0,+ 0,

where Q, are the operators given in (18.25), (18.18), (18.20), (18.22), (18.24). The
complete number of SOs of order n can be obtained by summing up of (18.16), (18.19),
(18.21), (18.23), (18.25):

5
N®=Y" N =5N,fl)—%(2n+1)(13n 2+19n+18) €. (18.27)
i=1

In particular

NO=1, N®=25 N®=154, NO=60]. (18.28)

Let us formulate the obtained results in the form of the following assertion.

THEOREM 18.1 [329]. The Dirac equation admits N* linearly independent
SOs of order n, moreover, N™ and the explicit form of the corresponding SOs is given
in (18.27), (18.26).
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18.5. Examples and Discussion

We have calculated the number and explicit form of all the linearly
independent SOs of arbitrary order n for the Dirac equation. These SOs are defined up
to arbitrary basic and irreducible tensors satisfying some additional restrictions.
Expanding basic tensors in irreducible ones we can obtain realizations of SOs
depending on indecomposable sets of parameters, compare with (16.14), (16.16).

We present linearly independent SOs of the second and third orders (SOs of
zero order reduce to the unit matrix, the first order SOs are given in (2.22), (18.15),
(18.5)).

n=2: A'PP,

beJacJ Ch’ )\{ll[b(l]Panc’ )\cll']ahP b’

[ab][cd]
)\ 1 Jachd’

M . NP B, N"'BJ,, (18.29)

ab albc] albc] ab ¢
)\3 PaWb’ )\3 WanL" )\4 PaWbL" )\4 Waz:] b’

[ab]cd] ab
Aty ] NP

ab’ a-b

albe] a b1 cd [ab] .
)\5 AaJhc’ }\SSab(‘dA J ’ )\6 PaAb’

n=3: A"PP.pP., N"PPJ , NPy J

bc* de’
[abl[cd]lef] ab ¢ yalbcl d
)\1 JachaJ ef’ )\1 PancP 4 )\1 JadP ch’

abc

}\7Pa‘,bc'] bc’ )\?b‘]ab‘,z:d] Cd’ X1 Pank] kL" BQ (2)’

AW PP, NW P

a b cd’

AN g T NSW T, P

a” b

abc k ablcd] albc][de]
x} WankJ & )\4 PaPhWL‘d’ )\4 PanL‘Wde

(18.30)
Nelledleyy g g Ny paw NP Wk

ab” ¢

ablcd]
4

AW T T X

ab” c

(ch‘l ak +chWak)] kb’ )\gbcp PA

a b

AP AT

cd’

NPA T Pe, NP A g

a” be d b ed
albc][de] abc k a be
)\5 Aa']bc‘]de’ )\ 5 AankJ c’ )\SA a']bL‘J ’

NA T, PN e T TVAT Ne P A
Here P, J, W, W,, B, A, are the operators (2.22), (18.5), the values of the Latin
indices run from 0 to 3, A" are arbitrary irreducible tensors, {Q®} is the set of the
second-order operators (18.29). It is not difficult to calculate the numbers of the
linearly independent operators (18.29) and (18.30) which coincide with given in
(18.28).

We note that the set of second-order SOs of (18.29) differs from found in
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[243] where a part of SOs is linearly dependent on the set of solutions of the Dirac
equation.

18.6. SOs of the Massless Dirac Equation

Here we present a complete sets of the first and second-order SOs of the
massless Dirac equation.

THEOREM 18.2. The massless Dirac equation has 52 linearly independent
SOs in the class M. A basis in the space of such SOs can be chosen in the form

PP, Jw’ K“, D, F=iy, Pu=iy4Pu, I,

(18.31)
T,=iy,J

pv? I€“=iy4K“, D~=iy4D;
=(D-iVV -V x© = -
A =D, VX P, 0=V, P, Y, Py

A VA, Q=K A-IK, Al

(18.32)

where P, J,;, K, and D are the conformal group generators of (2.22), (2.42).

The proof is given in [156]. B

We see the SOs QUM of the massless Dirac equation include the conformal
group generators, products of these generators (and the identity operator /) with F=iy,
and 20 additional operators (18.32). We emphasize the SOs (18.32) cannot be
expressed via generators of the group C(1,3) and the matrix iy, and are essentially new
in this sense. Thus the massless Dirac equation admits SOs which do not belong to the
enveloping algebra of the algebra AC(1,3) in contrast to the case of nonzero mass.

It is not difficult to make sure the operators (18.31), (18.32) do not form a Lie
algebra. However we can select such subsets of the first order SOs which have a
structure of a Lie algebra. The evident example of such a set is given by the conformal
group generators, a more extended set is formed by the operators (18.31) which define
a basis of the 32-dimensional Lie algebra. The structure constants of this algebra are
easily calculated using the commutativity iy, with P, J,;, K, D and the relation v =-1.

We present the set of SOs forming a superalgebra. This set includes the
following basis elements

{0, F=iy, FP; P ] .D.P,=pp,). (18.33)

hv?

Indeed, w,, satisfies the anticommutation relations (18.9a) and commutation relations
(18.6) with P, J .. Besides that

w Yo

[FP,F) =2P, [FP,FP] =2P , [w

w

Fl.=[w,.FP,] 0. (18.34)

The algebra (18.33) includes 36 elements nine of which, i.e., P,; belong to a
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more wide class than M, (we recall that P, g"%=m’D).

We present the subset of SOs forming a basis of a 42-dimensional Lie algebra.

This subset includes the operators (18.31) and the following ten operators

- A i i (18.35)
Fu =Au +Au’ qu - QH" B TSWPUQ *, G)uv =w“" B Esuvpcww
(only three of the operators qu are linearly independent, the same is true for &, ). The
operators (18.35) form a commutative ideal of this algebra.

In analogy with Section 16 it is possible to find complete sets of SOs of
arbitrary order n for the massless Dirac equation. We will not do it here restricting
ourselves to a remark that these sets are completely defined by two conformal Killing
tensors of valence n and by the generalized Killing tensor of valence R,+2R, where
R,=n-1, R=1 (see Appendix 2 for definitions). The number N" of linearly independent
SOs of order n is

N ”=%(n+1)(n £2)(2n+3)(n2+3n+1), (18.36)

besides N" of these operators do not belong to the enveloping algebra of the algebra
A[C(1,3)&H], where

N ":%n(nﬂ)(n 2)(n+3)(2n+3). (18.37)

Formulae (18.36), (18.37) do not include the number of independent SOs whose order
is less then n.

In conclusion we discuss briefly SOs of the Weyl equation. In fact we have
already described such SOs in the class M. Indeed, using the Majorana representation
(2.13) for y-matrices we conclude that the corresponding SOs (18.31), (18.32)
transform real solutions into real ones. On the other hand setting in the Weyl equation
(2.44)

b=, +i, (18.38)

where ), and {J, are real functions we come to the Dirac equation with y-matrices
realizing the Majorana representation, moreover, the corresponding wave function has
the form
g .0
g agese o (18.39)
O 50, .
.0 2Hie )5
The SOs (18.31), (18.32) are valid for arbitrary representation of y-matrices
and thus they are SOs for the Majorana equation (17.1), (2.13). These operators
generate linear transformations of Y or, which is the same, linear and antilinear
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transformations of ¢, being a solution of the Weyl equation.

So the Weyl equation has exactly 52 linearly independent SOs in the class
M,". These operators can be chosen in the form (18.31), (18.32), (2.13), their action on
solutions of the Weyl equation is easily calculated using (18.38), (18.39).

The SOs of the Weyl equation in the class M, are found in [326]. Here we
present the principal assertion of paper [326] only.

THEOREM 18.3. The Weyl equation has 84 SOs belonging to the class M,.
These SOs have the form
AP WPy AP oo )‘“JucP % )‘mv”pmjuv]po’ A% wo! o (18.40)
)\]“U] ", NKK, r]““"’]K“J oo NV, KC Z”"JHGD

where the Greek indices denote arbitrary irreducible tensors, P, Jyg
generators of the conformal group. ®

We see that all the SOs of the class M, for the Weyl equation belong to the
enveloping algebra of the algebra AC(1,3) in contrast to the massless Dirac equation.

Kw D are

19. SYMMETRIES OF EQUATIONS FOR ARBITRARY SPIN
PARTICLES

19.1. Symmetries of the KDP Equation

In this section we investigate symmetry properties of relativistic wave
equations for particles of higher spins, i.e., the equations of KDP, TCT, the Dirac-like
equations etc. It turns out that besides the Poincaré invariance these equations have
additional (hidden) symmetries which are more extensive then in the cases of the Dirac
or KGF equations.

We write the KDP equation for a particle of spin 1 in the form

LY=(B"p,-my=0 (19.1)

where ) is a ten-component wave function, 8" are 10x10 KDP matrices satisfying the
algebra (6.20).

As it was noted in Section 6 the KDP equation is invariant under the 10-
dimensional Lie algebra of the Poincaré group. Basis elements of this algebra can be
chosen in the covariant form (2.22) where S,,=[B,.B;]. It is possible to show the
Poincaré algebra is the maximal IA of the KDP equation in the class M,.

Here we demonstrate the KDP equation has a wide nongeometric symmetry.
The nature of this symmetry lies in special properties of B-matrices and is not
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connected with transformations of independent variables.

Let us show the equation (19.1), like the Dirac equation, is invariant under the
algebra Ay, defined over the field of real numbers. Basis elements of this IA belong to
the class M, and are given by the formulae [142, 154]

2= i@, ma,p). Tl 3 Be—atp, (19.2)
where
a“=S5“+iS4“, S, =ilB,. Bl S,=iB;: k1=0,1,2,34. (19.3)

Indeed, using the fact that B, satisfy the algebra (6.20) and §,,, belong to the algebra
AO(2,4) we obtain easily the following relations

By Ll fum5 (L 2mB,p,B,p,) (19.4)

[Z,. L]=0, a=0,1. (19.5)

The L.h.s. of (19.4) includes differential operators of order 2 meanwhile the
r.h.s. looks like a third order differential operator. But there is no contradiction
inasmuch as according to (6.20)

B p.(B, Py~ B, P, )BP,=0.

It follows from (19.4), (19.5) the operators (19.2) do are SOs of the KDP
equation. These operators satisfy the commutation relations (17.7) characterizing the
algebra A;. The last statement can be easily verified by making the transformation

S, VIV I=B.BL 5-VEV =L I -VIV -, (19.6)

where V=exp(ia, p"/m).

Thus the KDP equation possesses the same nongeometric symmetry in the
class M, as the Dirac equation, compare with Theorem 17.1. It is possible to show the
Lie algebra spanned on the basis (19.2) is the maximally extended IA of the KDP
equation in this class. But in contrast to the Dirac equation the KDP equation has a
wide symmetry in the class M, as it follows from the following assertion.

THEOREM 19.1. The KDP equation is invariant under the 18-dimensional
Lie algebra defined over the field of complex numbers. Basis elements of this algebra
belong to the class M, and are given by the following formulae

1 1
M=CCp Ry (D,C2CD). =1, A=2DC, (19.7)

where
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c-te 5 D=3, ab-123.

a P} abc™bc? a 0

PROOF. The fact that the operators (19.7) are SOs of the KDP equation
follows immediately from (19.4), (19.5). Besides that, these operators satisfy the
following commutation relations

[)\ah,)\cd]:*[xah,&d] labzd o ah,xcd] labldxk[,
A=A I=IAGA I=0, a=0.1,

(19.8)

where f*! are the structure constants of the algebra ASU(3) in the Okubo basis (see,
e.g., [374]). The validity of relations (19.8) is easily verified using the representation
(19.6). m

Thus besides the symmetry under the Poincaré algebra the KDP equation is
invariant in respect with the 18-dimensional Lie algebra spanned on the basis (19.7).
The algebra (19.7) includes A as a subalgebra besides basis elements of Ay are linear
combinations of the operators (19.7). For instance, X, =i(A,,-A ;).

Is it possible to unite the Poincaré algebra and the algebra (19.7)? Such an
unification is very natural because the commutators of the operators (19.7) with the
generators of the Poincaré group are expressed via linear combinations of these
operators:

[]a’)\bu] Oa xbc] l(eabd dL acd)\bd)’

abmn

’xbc] our A= l(eabdxzh Sacdxbd)’ (19.9)
[P,AI=[P, A = PeAI=1,, A 1=0
where J =¢ ,.J, /2.

The relation (1.14), (19.8), (19.9) define a 28-dimensional Lie algebra being
the IA of the KDP equation. Starting with this algebra it is not difficult to reconstruct
the corresponding symmetry group. The transformations generated by P, J,; have
already been considered in the above ( see (3.30)-(3.32)). As to the transformations
generated by the operators (19.7) they can be found explicitly using the formula

w8, Q0N A AL (19.10)
where 6, are real parameters. The corresponding exponentials are easily calculated:
exp(0,8)=1+0,0, Q0N X, azbl,

exp(A,,0,)=1+A, (exp6,-1); exp(AB)=expb,

exp(Q,0,)=1+Q(cosh6-1)+Q sinh®,, O,=\,, A,.

Using the identities a,a,a,=0 we can show that the general transformation
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including (19.10) and Lorentz transformations has the form

W) g5, 80 p T
x, ax ox,

where x' are related to x by Lorentz transformation, A, B, and D,; are numeric matrices
depending on transformation parameters.

Letusdiscuss briefly nongeometric symmetries of the Tamm-Sakata-Taketani
(TST) equation (7.1), (7.40c), which also describes a particle of spin 1 but has not
superfluous components. Inasmuch as solutions of the KDP and TST equations are
connected by the transformation (6.37) there is one-to-one correspondence between
symmetries of these equations. We give the explicit formulation of a symmetry
interesting from the physical point of view.

THEOREM 19.2. The TST equation is invariant under the algebra ASU(3)
whose basis elements have the form

)\ah:S‘\aS‘\b (191 1)
where
ad , O
S .
S=sH+ P QPP i5. b5,
D 2m2|] 2m m abc c

S, are matrices realizing the direct sum of two IRs D(1) of the algebra AO(3).
We do not present a proof but note that the operators (19.11) satisfy (19.8) and
commute with the TST Hamiltonian (7.40c), i.e., form an IA of the TST equation. ®
We note that the KDP and TST equations admit nongeometric IAs in the class
M., also. For the explicit form of the corresponding SOs see [345].

19.2. Arbitrary Order SOs of the KDP equation

Here we present a principle description of SOs for the KGF equation in
classes of differential operators of arbitrary order n (n<o) with matrix coefficients. A
formal definition of such operators can be written in the form (16.6), (16.7) where L
is the operator (19.1), 0, is a differential operator of order m (besides in general m#n),
h"" are matrices of dimension 10x10 depending on x.

THEOREM 19.3. Any SO of arbitrary order n of the KDP equation belongs
to the enveloping algebra of the algebra AP(1,3).

PROOF. As in the case of the Dirac equation (see Subsection 18.2) we
transform the KDP equation into such ane equivalent representation that the
transformed wave function has 2s+1 components only. Using the transformation
(17.12) where Y is a ten-component function, L is the operator (19.1),
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W=1-m 'BB'p,~m (B'p)iB, W '=1+m 'BiB'p,+m (B'p)iB,
V=l-m "' B'p, By +2m (B +iB)I2(B p,) - Py, (19.12)

Vl=lem Bp By +2m 2[2(Bp ) -p py(1-m B p IR, By,
we come from (19.1) to the equivalent equation of the form

L'y'=ELP (pp,-m)-P,mEy =0 (19.13)
on 0
where
1. 1.
P~ BB, P,m1- (B, (19.14)

The transformations (17.12), (19.12) enable us to establish one-to-one
correspondence between SOs of the KDP equation and the equation (19.13) (refer to
(18.2)). The last is much more adapted for investigating of symmetries than (19.1)
inasmuch as it includes only two (besides that commuting) matrices.

It is convenient to expand SOs of (19.13) in a complete set of numeric
matrices. Inasmuch as 8,’=-8, the matrices (19.14) are orthoprojectors. Choosing B, in
the diagonal form

B,=diag(1,1,1,-1,-1,-1,0,0,0,0)

we conclude that g’ of (19.13) has only three nonzero components and so there are
exactly eight linearly independent matrices defined on {{)'}. We choose the set of such
matrices in the form

S, =ilB,B,l, Z,=IS,.5,]. (19.15)

and represent SOs of (19.13) in the form
0'=5,0"+7.0". (19.16)

The operator Q' is a SO of the equation (19.13) iff O and O “” are SOs of the
KGF equation. Thus it is easy to show that Q' belongs to the enveloping algebra
generated by the generators of the Poincaré group of (2.22), (6.19). Indeed, according
to results present in Subsection 16.2 O and O are polynomials on P,and (J ;5 -S,0)-
But §,; (and therefore the matrices (19.15)) are expressed via P, and J,; according to
(18.4), and so Q' is a polynomial on P, and J,.

The operator V of (19.12) commutes with P, and J; so it follows from (13.2)
that Q'=0Q. Thus any SO of the KDP equation is a polynomial on P, and J ;. ®

So to calculate SOs of order n for the KDP equation it is sufficient to go
through linearly independent combinations of the kind (18.12). Let us present a
complete set of the first order SOs.
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For n=1 we obtain a set including the Poincaré group generators of (2.22),
(6.19) and the following 15 operators (compare with (18.5))

W4“=W“=iﬁ4p“—m54“, WMV=S4MPV_S4VpN’
B:iB4D*S4px”, (19.17)

2
A= 80l S, 2BIB,—(1+Bp,

where D:x“pp+2i, S4p=i[f54,l3p].

As was done for the Dirac equation (refer to Section 17) it is possible to show
that a SO of any order n>1 can be expressed via products of the SOs of the KGF
equation (18.15) and one or two operators from (19.17).

In contrast with the SOs of the Dirac equation the operators (19.17) cannot be
included into a superalgebra like (18.10). Indeed, anticommutators of the operators
(19.17) cannot be expressed via P, in contrast with (18.92). However, these operators
satisfy the following relations

W W,,1= _(Slnsj4 i Eans P Etagi L™ € L)W s (19.182)

anW W +Wstle mz[(Pmk gnl Pnl gmk_Pml gnk_ (1918b)
nk gm[)va (Pk.v glf [fgkv kfglv Plv gkf) mn’

(W, P1=0, [W,,J 1=i(g, W, +g,W,-8.W,~&W,) (19.18¢)

where P,,=p,p, ps=m, g,=diag(1,-1,-1,-1,1).

Relations (19.18b) enable us to include Wy, P,, and the generators P, J,; into
the 30-dimensional parasuperalgebra {W,,,W,; P,J,,} which we denote by PSA ;.
besides the odd terms stand to the left of semicolon. The remaining operators are even
(for definitions see Appendix 1). Indeed, relations (19.18b), (12.18c) are in accordance
with the scheme (A.1.3) defining a parasuperalgebra.

We note that the basis elements (18.5) of the superalgebra SA ;, satisfy
relations (19.18b) also, thus

SA,,, 0 PSA

(30) (30)*

and the parasuperalgebra PSA ;, includes the superalgebra SA ;, realizing on the set of
solutions of the Dirac equation; the converse is not true.

The parasuperalgebra PSA ;, includes very interesting subalgebras. Among
them are the Lie algebra of the Poincaré group AP(1,3)IP .J ., the KDP algebras
generated by O, of (19.2) and the parasuperalgebras which we denote by psgm, (3). The
last includes the following elements:
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+ 1
Qa =W4tliisabcwbc’ HPSSzpapa+m2

satisfying the relations
Q:[th’Qct] + + th[Qat’Qct] + + Qc::[Qat’th] o (6atht + 6aCth + 6}76ch1 )Hpss’
[H 55002 1=0.

(19.18%)

These relations characterize the A of parasupersymmetric quantum mechanics [372]
including three parasupercharges. Thus SOs of the KGF equation include the subset
realizing a representation of this IA. In this sense parasupersymmetry is generated by
symmetries of the KGF equation.

19.3. Symmetries of Dirac-Like Equations for Arbitrary Spin Particles

Here we consider nongeometric symmetries of equations of Dirac type for any
spin particles discussed in Section 8.

The equations (8.1), (8.11) have a symmetric form which does not become
more complicated by increasing of spin value. This circumstance makes it possible to
generalize the main results of Section 17 to the case of arbitrary spin.

The equations (8.1), (8.11) are manifestly invariant under the algebra AP(1,3).
It turns out they are invariant under the algebra A; also.

THEOREM 19.4. The system (8.1), (8.11) is invariant under the algebra A
defined over the field of real numbers. Basis elements of this algebra belong to the
class M, and have the form

j 1 .
szﬁi[rm’ M, p, T, p (1T,
(19.19)

1.
=l Il - —+T)p,.
m

The proof can be carried out in a complete analogy with the proof of Theorem
17.3. The commutators of the operators (19.19) with L, of (8.11) and L, of (8.1) are
equal to zero or given by relations (17.5) where Y, — I',. The operators (19.19) satisfy
(17.7) and thus form the algebra A;. ®

We see the Dirac-like equations for particles of arbitrary spin turn out to be
invariant under the algebra A, realized in the class M,. So this symmetry is not a
specific property of the Dirac and KDP equations but is admissible by equations for
arbitrary spin particles.

As in the case of the four-component Dirac equation (see Theorem 17.4) the
operators (19.19) form a closed algebra together with the Poincaré group generators.
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More precisely they satisfy the commutation relations (17.18). It means the system
(18.1), (18.11) is invariant under a 18-dimensional Lie algebra including the
subalgebras AP(1,3) and Ay.

It is easily seen that for s>1/2 the symmetry of (8.1), (8.11) in the class M, is
more extensive than described in Theorem 19.4. Indeed, products of the operators
(18.19) are SOs of the considered system and belong to the class M, also.

THEOREM 19.5. The system (8.1), (8.11) is invariant under the
[104+2(2s+1)*]-dimensional Lie algebra isomorphic to A[P(1,3)&®GL(2s+1,C)]. Basis
elements of this algebra belong to the class M, and are given by formulae (2.22) (where
S, are the matrices (8.6)) and (19.20):

A (1443,

n+kn 02)

1 .
:ialm[(zz,@7zoz)kP.vn+1(l7121)+PH1+1(223 2

(19.20)

)\nn k _akn[(ZZ'S Z )kP (1+izl)+Ps—n+l(z23+202)k(17izl)]’

s-n+1
xmn =ZlAmn

where 2, 2, are the operators (19.19),

o’

,=s=1+n’
P, H L n=12,..25+1; k=0,1,.25+1-n, (19.21)

n'#n n }’l
a,, are coefficients defined by the following recurrence relations

a,=1, a, =[n2s+1-n)]", a A=23,...25-n. (19.22)

On )\nza)\—lna)\—ln—)\—l’

PROOQF. The operators (19.20) evidently are SOs of the system (8.1), (8.11)
inasmuch as they are products of the SOs present in (19.19).

To prove these operators form a basis of the algebra AGL(2s+1,C) it is
sufficient to make sure that they are linearly independent and satisfy relations (17.9)
for a,b,c,d=1,2,...,2s+1. The simplest way to verify these statements is to transform
(19.20) into such a representation where they reduce to numeric matrices. Using the
transformation

S,-VIVI=S,, VIV, (19.23)

where V is the operator obtained from (17.13a) by the change y, - ', S, are the
matrices (8.6), we come to a matrix realization of the basis elements (19.20).
Simultaneously the equations (8.1), (8.11) reduce to the form

L/W=0, L/P=0 (19.24)
where Y'=V, L, has the form (17.13c) where y, — I, and

L) =W(L,-FL)V 1=1[S S -4s(s D),
S
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W is the operator obtained from (17.13b) by the change y, — I',, F'is the operator given
in (8.23).
An equivalent form of the equations (19.24) is

(p,p"=-mAHW' =0, (1-il )y’ =0, (19.25)
[SWS W_4s(s+1)]Y’ =0. (19.26)

According to (19.26) the function ' has exactly 2s+1 independent
components. The equations (19.25), (19.26) are manifestly invariant in respect with
arbitrary matrix transformations commuting with I', and §,,5*°.

There are exactly (2s+1)x(2s+1) linearly independent complex matrices or
twice more real matrices commuting with I', and S,,S"*°. To find a complete set of these
matrices we use the fact that §,; reduce to the basis elements of the IR D(s 0) of the
algebra AO(1,3) on the set {W'}. All the possible products of them includes
2(2s+1)(2s+1) matrices linearly independent over the field of real numbers. These
independent matrices can be chosen in the form of the set {\,, A/, } where the primed
matrices are obtained from (19.20) by the change (19.23). Indeed, using for S, ,[]
D(s 0) the realization (4.63) we make sure that nonzero matrix elements of A, and A!,,
are given by the following formulae

A =88, (A) =id 8, , ab=12,..2s+1.

am ~bn’ am ~bn’

These matrices are linearly independent over the field of real numbers and satisfy the
commutation relations (17.9).

To complete the proof it is sufficient to calculate commutation relations of the
operators (19.20) with generators of the Poincaré group. It can be easily shown that P,
J,o 0f (2.22), (8.6) satisfy relations (17.18) with the operators 2 o 24 0f (19.19). Thus
the linear combinations

P =iP, J =il +2 (19.27)

po?

satisfy the Poincaré algebra and commute with 2 ;,
(19.20)). Because ZW are linear combinations of A

1
2 = s+l-n)A , X =
12 ;( ) nn 23 2(1

2, (and therefore with the matrices
and A,,:

mn

(19.28)

=l n+1n)

+
nn+1 n+1n)’
1n 1n

A 4N ) T- 2‘1 A

(the remaining ZNCI are expressed via commutators of the operators (19.20)) it follows
from the above that the SOs {P,, J,,. Al A!,} form a Lie algebra isomorphic to
A[P(1,3)&GL(25+1,C)].

Thus, the Dirac-like equations for a particle of arbitrary spin s have a wide
symmetry in the class M, which increases if the spin value increases. The
corresponding basis of the IA is given in (2.22), (8.6), (19.20).
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Inasmuch as the operators (19.20) satisfy the conditions
Aimlp = 6771)1)\}171[lJ = _annw

(no sum over n) it follows from Theorem 19.5 the equations (8.1), (8.11) are invariant
under a [10+2(2s+1)*]-parametric Lie group including inhomogeneous Lorentz
transformations and the following transformations

0
{1+2,,8,,)0. m#n,

Lexp(A_6 =
W-expd,, 8,0 414\, (exp8,, - DI, m=n,

% 1 +Xnmemn) LI"? min,
Lp - exp(xmnémn)LIJ =

l
%xmmSingmm +1 +)\mm(COSémm -1 )] l‘lJ’ m=n

(no sum over repeated indices). It is easily verified that the general transformation
belonging to this group can be represented in the form (17.19) where A, B, are matrices
of dimension 8sx8s depending on transformation parameters.

19.4. Hidden Symmetries Admitted by Any Poincaré-Invariant Wave Equation

Nongeometric symmetry described in the above is inherent in any Poincaré-
invariant equation for a particle of arbitrary spin s>0. To prove this assertion is the
main goal of this subsection.

Let {{} be a set of solutions of a Poincaré-invariant equation for a particle of
spin s and mass m#0. We write such an equation in the symbolic form (16.1) and do
not impose any restriction on the explicit form of a linear operator L - it can be either
adifferential operator of arbitrary finite order or integro-differential operator. The only
requirement imposed is that the corresponding equation (16.1) be invariant under the
algebra AP(1,3), moreover, the representation of this algebra realized on {1} has to
belong to the class / (P, P*>0) and be irreducible in respect with spin and mass (refer
to Subsection 6.1). It means the equation (16.1) admits ten SOs P, J, satisfying the
commutation relations (1.14) besides eigenvalues of the corresponding Casimir
operators P,P" and W,;W"’ are fixed and given by formulae 6.1)".

Let us show the Poincaré-invariance of (16.1) implies an additional
(nongeometric) symmetry of this equation.

" It will be shown in the following that the condition the eigenvalue of P, P"to
be fixed is not essential and can be replaced by the weaker requirement P, P* Y=m*y,
e<m’<oo, £>0.
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THEOREM 19.6 [156]. Any Poincaré-invariant equation for a particle of spin
s and mass m>0 is additionally invariant under the algebra AGL(2s+1,C).

PROOF. A Poincaré-invariant equation by definition admits ten SOs
satisfying the algebra (1.14). Then the tensors
! [ie

B lie o WP O£ (P W, P, W) (19.29)

where W, is the Lubanski-Pauli vector (2.37), are the SOs of (16.1) also.
Using relations (4.3) we sure that the operators (19.29) satisfy the conditions

+ + 1
[zpv’ Z)\G] = (g“)\zvc + gvgzu}\ - g“gz\;)\ - gv)\z“g)mppp p’

[
Cﬁ:jzp)\z-m_
L sy 2Ly yp pi

m* !

1

m4

A n ’

C7 :Zspvpo

According to (19.30), (6.1) the operators ch satisfy relations (17.7)
characterizing the algebra AO(1,3) besides the eigenvalues of the corresponding
Casimir operators C,; and C, are

C6LU=iéC7LLI=S(s+1)L|J.

It follows from the above the operators 2 (Z,,) realize the representation
D(s 0) (D(0 s)) of the algebra AO(1,3).

But linearly independent products of the operators (19.29) form a basis of a
more wide Lie algebra than AO(1,3). Indeed, choosing such a basis in the form (19.20)
where %,=C,/2s(s+1) we come to (2s+1)* SOs satisfying the commutation relations
(17.9), i.e., realizing a representation of the algebra AGL(2s+1,C). The verification of
validity of these relations can be made by using a matrix realization of the operators
DIy

Thus any Poincaré-invariant equation for a particle of spin s>0 and mass m>0
is invariant under the algebra AGL(2s+1,C) whose basis elements belong to the
enveloping algebra of the algebra AP(1,3) and are given in (19.29), (19.20). =

The operators (19.29) satisfy relations (17.18) with the generators of the
Poincaré group. Hence it follows that the set {PH,JW,)\m”,an} forms a Lie algebra
isomorphic to A[P(1,3)&GL(2s+1,C)], see the end of the proof of Theorem 19.5.

In the above we did not make any supposition about the class of SOs of the
equation (16.1). If we assume the generators of the Poincaré group have the covariant
form of (2.22) (with the corresponding matrices S,,;) then the SOs of (19.29) belong to

233



Symmetries of Equations of Quantum Mechanics
the class M, and have the form

s . 1 .
zab:7lSa},7W[£ahf(p ch-pr-p'F)ilp()(Fapbehpa)]a

£ _ . 1 .
ZOH:*ZSOai 2[posathbpcilpap.FipZFa)]
m

where F =it .S, /2+S,,. The corresponding SOs of (19.20) are in general differential
operators of order 4s with matrix coefficients.

We note that the operators (19.29) where found and analyzed by Beckers [25]
(without connections with the algebra AGL(2s+1,C) and hidden symmetries).

19.5. Symmetries of the Levi-Leblond Equation

Here we discuss hidden symmetries of the Levi-Leblond equation, the
simplest Galilei-invariant equation for a particle of nonzero spin (refer to Section 13).
We rewrite this equation in the form (13.1) where

1 ) )
[30=§(1+,y4), B4=1_,y4, BfVa’ (19.31)

V.. Y, are the Dirac matrices.
The Levi-Leblond equation is invariant under the algebra AG(1,3). The basis
elements of this algebra belong to the class M, and are given in (12.18) where

M=m, S=£yxy, n =%(1 —iyY. (19.32)

The problem of description of SOs of higher orders for the Levi-Leblond
equation is formulated in complete analogy with the corresponding problem for the
Dirac equation, thus we use all the definitions and notations of Section 18.

To find a complete set of SOs of arbitrary order n we consider other equation
equivalent to (13.1), (19.31). Namely making the transformation ) — V{)=® where V
is the operator (13.15) we come to the equation (13.17). As in the case of the Dirac
equation there is one-to-one correspondence between the SOs Q' of the equation
(13.17) and the SOs of the Levi-Leblond equation. This correspondence is given by
relations (18.2) where V is the operator (13.15). That is why we will investigate
symmetries of the more simple equation (13.17) instead of the Levi-Leblond one.

The function @ satisfying (13.17) has two nonzero components only so it is
convenient to search for SOs of (13.17) in the form

0=5,0,+10, (19.33)

where S=¢,,.Y,Y/4 together with the unit matrix / form a complete set of linearly
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independent matrices defined on @, Q, and Q, are unknown operators commuting with
Y, The operator (19.33) is a SO of the equation (13.17) iff Q, and Q, are SOs of the
Schrodinger equation.

It was shown in Subsection 16.5 that all the finite order SOs of the
Schrodinger equation are polynomials of the generators of the Galilei group, see
(16.39). The same is true for the equation (13.17) since the corresponding generators
of the Galilei group have the form

P=P,J =xxp+S, G'=G (19.34)

where P, J and G are the operators (11.5). On the other hand

SO=L g’ -P/xG")® (19.35)
m

where @ is an arbitrary solution of (13.17). So representing O, and Q, in the form of
(16.39) and expressing P.J, G, S via Pp', J', G' in accordance with (19.34), (19.35) we
come to the conclusion the operators (19.33) are polynomials on the Galilei group
generators (19.34). Therefore according to (18.2) all the finite order SOs of the Levi-
Leblond equation are polynomials of the generators (12.18), (19.32) inasmuch as

VIP/V=P, VJ'V=], V'G'V-G
where ISP, J and G are the Galilei group generators of (12.18) realized on the set of
solutions of the Levi-Leblond equation.

It follows from the above that all the SOs of finite order n for the Levi-Leblond
equation belong to the enveloping algebra generated by the Galilei group generators.
Thus a description of a complete set of SOs of order n for this equation reduces to
going through linearly independent polynomials on the operators (12.18).

Let us present a complete set of the first order SOs. Besides the generators
(12.18), (19.32) this set includes the following 23 operators [423]

i 1 1 i
D=2tp0—x-p+7(3+B4), A=t’p 1D —7mx2+7x-r] —Zt[34,
W,=p-S, W=S—ipxr],

m

i . 1 . (19.36a)
U=p xS _76417 +2r1170’ V= ly4p()s _7(1 _ly4)y0p’

F=tW,-mS-x+nJ, F=tU-mxxS+x-np-(x-p-in,

NO:x-U+%m(% B, N=21V-m(xxU+xW,)+nxU+nW,,
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R=2xF +x*W +1>V-21S+txxU+4xxn +31B/2 (19.36b)

The operators (12.18), (19.36) do not form a Lie algebra but include subsets
forming basises of Lie algebras and superalgebras. We present some of them.

(1) The algebra AO(1,2) is formed by P,, A and D, refer to (11.12).

(2) The algebraAO(3) is formed by W=(W,,W,,W,). This algebra can be united
with AG,(1,3) to obtain the 15-dimensional IA including the following operators
A]SD{PP, J.G,D,A, W},

(3) The superalgebra SA,, is formed by the following set
SA,,OW, W, U; P.J.G, A, D'

Besides that the Levi-Leblond equation has a wide symmetry in the class M,.
The matter is that all the symmetries of the Schrodinger equation (refer to Section 16)
are valid for (13.1), (19.31). Moreover these symmetries can be extended. Indeed, the
operators (16.41a) and the generators P, J,, G, of (12.18), (19.32)) form a 27-
dimensional Lie algebra being an IA of the Levi-Leblond equation. This IA can be
extended to a 30-dimensional Lie algebra by including the SOs W of (19.36).

We see the simplest Galilei-invariant wave equation for a particle of spin 1/2
has extensive hidden symmetries in spite of the fact that all the finite-order SOs belong
to the enveloping algebra of the algebra AG(1,3).

19.6. Symmetries of Galilei-Invariant Equations for Arbitrary Spin Particles

Investigating of symmetries of Galilei-invariant equations for arbitrary spin
particles (refer to Sections 13, 14) can be carried out in analogy with the above. We do
not present the corresponding cumbersome calculations here but formulate and discuss
the main results of this investigating.

1. A principal description of SOs of the first-order Galilei-invariant wave
equations for particles of arbitrary spin is analogous to the description of SOs of the
Levi-Leblond equation. Namely all the finite order SOs of the equations considered in
Section 13 belong to the enveloping algebra of the Lie algebra of the Galilei group. To
prove this assertion it is sufficient to transform from the equations given in (13.1),
(13.11), (13.12) and Table 13.1 to the equivalent representation (13.17) where the
transformed wave function @' has 2s+1 independent components only, and to expand
a SO in the complete set of the matrices A, of (19.20) where

%,,=iS, Z,=¢, S (19.37)

0 abc™ ¢?

S, are the spin matrices expressed via the Galilei group generators according to (19.35).
In fact the almost evident hidden symmetry of the equations considered is
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formulated in the previous subsection, see assertions (1) and (2) there. Moreover this
symmetry is more extensive if s>1/2.

ASSERTION. Described in Section 13 Galilei-invariant wave equations for
particles of spin s are invariant under the [27+(2s+1)*]-dimensional Lie algebra whose
basis elements are

(P.G,.J.A.D,.GG,PG,+PG,\,] (19.38)

a’ a b b~ a’

»J.» A, D are the generators of the Schrédinger group, A
of (19.20), (19.37), (19.35).

The proof reduces to calculation of commutation relations of the operators
(19.38) (which evidently are the SOs of the equations considered) in order to make sure
they form a basis of a Lie algebra. ®

2.S0s of Galilei-invariant equations in the Hamiltonian form (refer to Section

are the operators

mn

where PG,

14) do not belong to the enveloping algebra of the algebra AG(/,3) in general. More
precisely such SOs can be represented in the form

0=0,+q,0,

where Q, and Q, are polynomials of the Galilei group generators, g, is the operator not
belonging to the enveloping algebra of the algebra AG(1,3):

2
ql=[02+3k03S-p+2_kz(i01702)(S-p)2]cos(amt)f
m m (19.39)

o,+2 (0, +i0, kS plsin(ams).
m

This assertion can be proved by transforming the Hamiltonian (14.9a) and the
corresponding generators (12.18), (14.3) into the equivalent representation (14.14),
(14.16) where B=0,am.

It is not difficult to verify the equations (11.1), (14.9a) for a particle of spin
sare invariant under the [27+(2s+1)*+3]-dimensional Lie algebra whose basis elements
are present in (19.38), (19.39) and (19.40):

2i 2
4,=0,+ Lo kSp+ —(0,+0,)(kS"p)’,
m m

(19.40)
q,=(0,+ 30'3](5 ‘p)cos(ami)+[0,+ 30'3](5 P+ iz(icl -0,)(kS -p)*]sin(amt).
. T om m m
The operators g, form the subalgebra of the IA, isomorphic to AO(3).

A more extensive IA of the equations considered is formed by the following
sets of SOs: {0,,q9,0,} where Q, are the operators (19.38), g, is any of the operators
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(19.39), (19.40). Dimension of these algebras is 2[27+(2s+1)*] so for s=1/2 we have
62-dimensional Lie algebras.

Just now we finish our brief discussion of hidden symmetries of Galilei-
invariant wave equations. Some of these symmetries are admitted by equations for
interacting particles, which sometimes have even more extended symmetries than free
particle equations, refer to Subsections 21-23.

20. NONGEOMETRIC SYMMETRIES OF MAXWELL’S
EQUATIONS

20.1. Invariance Under the Algebra AGL(2,C)

It was shown in Chapter 1 that the maximal symmetry of Maxwell’s equations
in the class M, is exhausted by the invariance under the Lie algebra of the conformal
group. The problem of interest is to investigate nongeometric symmetries of these
equations also because the electromagnetic field is a real and measurable physical
object whose hidden symmetries can to have consequences which can be verified.

In this subsection we consider the problem of finding of an IA of Maxwell’s
equations in the class M,,. These symmetries are rather nontrivial, and it is evident they
cannot be found in the classical Lie approach.

We proceed from the formulation of Maxwell’s equations givenin (3.4), (3.5).
Following the first step of the algorithm outlined in Subsection 16.1 we go to the
equations in the momentum representation. Writing E(x,,x) and H(x,,x) in the form

E(x,,x)=(2) **|d *pE(x,,p)exp(ip-x),

B (20.1)

H(x,,x)=210) ¥ |d°pH(x,p)exp(ip x),
we obtain the following system

L,0(xyp)=0 (20.2)
L2a¢ (XO,P) = 0’
where

O(xy,p)=column(E,, E,, E,, H , H,, H,), (20.3)
L, and L," are symbols of the operators (3.5):

L, =ii—ozs p=i A, L=(Z,+it,, S.)p, (20.4)

ox, ox, e

It is necessary to take into account the condition of reality of the vectors
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(20.1), which can be written in the form
¢ (xpp)=9(x, —P). (20.5)

SOs of Maxwell’s equations belonging to the class M,, are 6x6 matrices
depending on p. To find a complete set of these matrices we transform the equations
(20.2) to the representation where the Hamiltonian H has a diagonal form. Using for
this purpose the following transformation operator

W=U,U,U, (20.6)
where

+

U=P_+P QSp, P ,=%(1J_roz),

a a
0S,p,=S, p, pi+ps O
U,=exp [} arctan O
E \/P12+P22 Ps %

1 2 . 2
U,=—[S;-iS,S,+5,S)]+1-S;,
} \/5 e (20.7)

O=1+2(Spxn)’[1-(p-n)’]"', n’=1,
n is an arbitrary constant vector, we obtain by consequent calculations that

ULU/'=L, :ii—s-p, U, LU, =L i 0 -S,p,
ox, Ox,
(20.8)
UL/ UJ=L} 50 - P
xO
Here I is the diagonal matrix,
r,=-i(S,S,+S,5)S,=diag(1,-1,0,1,-1,0). (20.9)

According to (20.2), (20.9) the transformed function ¢'=W¢ satisfies the
following system of equations

0 0O

=0 = 20.10a

Ll d)/_%w rop%p _Oa ( )
0% O

L) ¢'=(1-THpe’ =0, (20.10b)

since Wp,L,"W'=(1-T ))p*.
In the representation (20.10) a SO Q,[M,, reduces to matrix depending on p
and satisfying the relations
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11

[0,.L 1=, 0,Jp=a,L" ,

[0,.Ly 1=[0,,1-Tglp>=B,Ly’

(20.11)

where 0, 3, are matrices depending on p. Using the explicit expression for ' given
in (20.9) we obtain the general expression of Q, in the following form

+FL;N ’ (20.12)

0000

|
7=, (=, S = O, | . O

where F is an arbitrary 6x6 matrix which can be chosen zero without loss of generality
(refer to (20.10b)), a, b, ..., h are arbitrary functions of p.

Sothere are exactly eight linearly independent matrices satisfying (20.11). We
choose these matrices in the form

S, O, Ty-te [ Zh. Zo=l. =il (20.13)

abe ™ ¢ D) abe

The matrices (20.13) satisfy the commutation relations (17.7) characterizing the algebra
A,. Using the transformation

ST sWILW, ST WIS W

(where W is the operator of (20.6)) we obtain the corresponding linearly independent
SOs for the equation (20.2):
Q1=223=O-3S.ﬁQ’ Q2=231=i02’
0,=2,=0,5pQ, 0,2,=-0,0,
0,=2,=8p, Q=2,,=-0,0,
0,=%=1, Q,-2,=i0,Sp
where Q is the matrix (20.7).

The fact that the operators (20.14) are SOs of the equation ((20.2) can be
easily verified by direct calculation also, bearing in mind the relations

[0.Sp] =[0,0,]=0, Q?*=1, LQ=-L, (20.15)

(20.14a)

(20.14b)

Thus we have obtained a basis of the IA of Maxwell’s equations in the class
M.,. Let us formulate this result in the form of the following assertion [153,157].
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THEOREM 20.1. Maxwell’s equations are invariant under the eight-
dimensional algebra Ay isomorphic to AGL(2,C). Basis elements of this algebra in the
momentum representation can be chosen in the form (20.14). =

We see that besides the conformal invariance, Maxwell’s equations have the
hidden symmetry described by Theorem 20.1. The SOs (20.14) are defined on the set
of functions ¢(x,, p) which are the Fourier transforms of solutions of Maxwell’s
equations in the realization (3.4), (3.5).

To each matrix Q, of (20.9) it is possible to assign the integral operator O,
defined in the space of the functions ¢(x,,x) of (3.4):

0,001, 0)=210*[d*pd Y0, 0(x, y)explip-(x-y)] (20.16)
The integral operators (20.16), (20.14) form an IA of Maxwell’s equations.

20.2. The Group of Nongeometric Symmetry of Maxwell’s Equations

The SOs (20.14) form a Lie algebra and satisfy the conditions
0:0(x,p)= - d(x,.p). A<3,A=8,
Q:0(x,p) =0 (x,.p), 4<A<T

where ¢(x,p) is an arbitrary solution of (20.2). Considering exponential mapping of
these SOs we come to the conclusion that Maxwell’s equations are invariant under the
eight-parameter group of transformations which are defined by the following relations

d)(xoap) - q)/(xo,P) =exp (QAGA)q)(xO,p) =
0
Le0s0, +Q,sin6,)0(x,p),  AS3, A=8, (20.17)

 [eosh®, +Q,sinh®, )9 (x,,p). 4<AST
where 0, are real parameters.

Substituting (20.3), (20.14) into (20.17) we obtain the transformation law for
the Fourier transforms of the vectors of the electric and magnetic field strengths in the
following explicit form

%;E _,Ecosel +i[pxE -2pxn(n -E))\]sine1 (20.18a)
% - Hcos®, -i[pxH -2pxn(n-H)\]sin6 ;

%«,E_.Ecosegﬁsinez, (20.18b)
%—)ﬁcosefﬁsinez;
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%LaEcosG}—i[ﬁxﬁ—Zﬁxn(n -H)A]sin6,, (20.19a)
% - ﬁ00593 ~i[pxE -2pxn(n -E~)7\]sin93;

% - Ecosh64+ {H+2[p@pn)-nl(n -ﬁ))\}sinh94,

% — Hcosh®,+{E+2[p(p-n)-n](n-E)\sinh8,;

%aﬁcoshesﬂﬁxﬁsinhes,

%iaﬁcoshegiﬁxﬁsinhes;

. . L (20.19b)
% —Ecosh+{E-2[p(n-p)-n)(n-E)Nisinh6,,
O

% — Hcosh®,~E-2[p(n-p)-n](n-H)\lsinh®,;

E - Eexpb,, H-Hexp,;

% - Ecosb, +ipxHsin6,,
[

% - ﬁcos@8 fiﬁxEsineg,

where A=[1-(p-n)*]", p=p/p, n is an arbitrary unit vector.

Formulae (20.18b) present the Heaviside-Larmor-Rainich transformations
(3.2). The remaining relations (20.19), (20.18a) define a set of one-parametric
transformations extending (3.2) to eight-parameter group. To any of these
transformations it is possible to assign the integral transformation of the vectors E(x,,x)
and H(x,,x) of (20.1).

Thus the Heaviside-Larmor transformations are nothing but a subgroup of the
eight-parameter group of hidden symmetry of Maxwell’s equations.

It is possible to make sure the SOs of (20.14) do not form a Lie algebra
together with the conformal group generators of (2.22), (3.56). It is possible to unite
the algebra (20.14) and the conformal algebra iff the basis elements of the latter are
realized in the class of integro-differential operators. The explicit form of the
corresponding basis elements of the algebra AC(1,3) is given in [148, 154].

Let us demonstrate that Maxwell’s equations are invariant under the specific
combinations of transformations including space-time reflections and realizing an IR
of the algebra AO(2,2). The existence of this symmetry is caused by the fact that
Maxwell’s equations can be represented as equations for the complex wave function
W=E-iH, admitting antilinear SOs satisfying conditions of Lemma 1.1, refer to
Subsection 1.7. We will not analyse this representation (see, e.g., the equation (9.1))
but present the explicit form of the corresponding symmetries.
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PROPOSITION 20.1. Maxwell’s equations (3.4), (3.5) are invariant under
the algebra AO(2,2) realized by the following operators

0,=T, Q,=ic,, 0,=io,T, Q, =PQ,

where P and T are space and time reflection operators:

PO(t,x)=0,0(t,-x); To(t.x)=-0,p(-1,x).

PROOF reduces to direct verification which can be made easily using
properties of O-matrices.

It follows from the above that Maxwell’s equations are invariant under the six-
parameter group of transformations, isomorphic to O(2,2) and including the Heaviside-
Larmor-Rainich transformations as a subgroup. Calculating exponential mappings of
the SOs mentioned in Proposition 20.1 it is not difficult to find these group
transformations explicitly. We present here as an example the transformation generated
by 0,

E(t,x) - E(t,x)cos0,-iH(t, -x)sinB,,
H(t,x) - H(t,x)cos8,-iE(t, —x)sinB,.

20.3. Symmetries of Maxwell’s Equations in the Class M,

We made sure ourselves that the symmetry of Maxwell’s equations is more
extensive than the familiar symmetry in respect to the conformal group. Indeed, if we
search for symmetries in the class M,, then it is possible to find a hidden symmetry of
these equations under the algebra A;. Moreover this symmetry is maximal in the class
considered.

A natural question arises: do Maxwell’s equations admit local (differential)
SOs which cannot be found in the classical Lie approach? To answer this question we
find complete sets of the first and second order SOs of these equations.

As before we use the formulation (3.4), (3.5) of Maxwell’s equations. The
corresponding SO of arbitrary finite order n can be represented in the form

Q:E+03
E=0,C+io,D, 0O=0A+0.B

(20.20)

where A, B, C and D are differential operators of order »n (with real matrix coefficients)
commuting with g,,.

We pick out the even (E) and odd (O) parts of SOs which are independent on
the set of solutions of Maxwell’s equations. Such a terminology is in accordance with
the fact that products EE and OO are even but EO is odd.

Without loss of generality we assume that Q includes operators of
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differentiating in respect with spatial variables only since d/0x, can be expressed via
0/0x, according to (3.5).
A linear differential operator Q of order n is a SO of Maxwell’s equations iff
a3 afa Foa ab b

[O.L]1=0uL,, [Q,L,1=B,L, (20.21)
where ag, and Bg” are differential operators of order n. Without loss of generality these
operators can be represented in the following form
Oy =0+00,
0,=0,0{+0,a;", AL=0,0,+0,05;

ab ab ab
BQ =B +Bo>

ab ab ab ab ab . ab
Bo =0'161 +G3ﬁs , Bg =0 ”02[32
where oy and Bﬁ” are differential operators of order n commuting with 0, and §,..

Substituting (20.22) into (20.21) and bearing in mind linear independence of
the Pauli matrices we obtain the two noncoupled systems of equations

(20.22)

[E,L]1=0iL’, [EL=ByL, (20.23)
and
[0.L)=0L,", [0.L1=ByL, . (20.24)

According to (20.23), (20.24) the problem of description of SOs of Maxwell’s
equations reduces to the two separate problems related to the even and odd SOs.

First we consider the first order SOs. It is possible to show the corresponding
system (20.24) has trivial solutions only so Maxwell’s equations do not admit odd SOs
in the class M,. The even SOs are described in the following assertion.

THEOREM 20.2. The complete set of SOs of Maxwell’s equations in the
class M, is represented by the operators

P.J, K, D, F=io, FP, FI . FK, FD, I (20.25)

uv’ uv?

where P, J,, K, and D are the conformal group generators of (2.22), (2.42) including
the following spin matrices

Sab = SahCSc’ S(]a = iozsa’ (2026)

where S, are the matrices (3.6).

For the proof see [360]. The operators (20.25) form a 32-dimensional Lie
algebra whose structure constants are easily calculated.

The following assertion gives a description of all the linearly independent odd
SOs in the class M,. Such SOs are essentially non-Lie inasmuch as they do not belong
to the enveloping algebra of the algebra A{C(1,3)&H] (H is the group of Heaviside-
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Larmor-Rainich transformations).
THEOREM 20.3. Maxwell’s equations admit 70 linearly independent odd
SOs in the class M,. These operators have the form

040, {[Sxp).(Sxp)']+p, p, 3, [p*-2S p)’]}.

a a 1 a
01=[04)-x,].. LT AR

a 1 c ac A @ ] a a
0= 51e1, 00 +2, 03, 26,0+ {[pxS).S " +1(pxS).5 ] Jo.

o 1 ~a 1 _ O,
Q(z):7Sahc[Q(]b)"xr]++x0Q(l)+70-1 %S [p,x,].~

[p,. ") +Hl(Sxp)".S "] +ilS .8 °1,~11 |, (20:27)

ai a 1 a A a
Q(z)h= —[x“x K, Q(O)b]- +§{[xa, O 1h)] Flx b, Q(l)]-} _2x0Q(1)h_
— %[éabxpx“*—x ax b’p 2_(S,p)2]_+%[s a’S b]+_

[Sp+Stp “,S'x];%[s 4§ Spl lo,,

05 =il00 K 1, Qg =104 1, K 1O 1,K ‘I, j=3,4

where K, J =¢ ,,.J,/2 are the generators (2.22), (2.42), (20.26).
The proof needs cumbersome calculations so we present its outline only. To
find all the linearly independent odd operators belonging to the class M, it is necessary

and sufficient to find a complete set of solutions of the equations (20.24). Let us denote
0=0 H+0 A, agz(aZ)H+(aZ)A (2028)
where the indices H and A denote the Hermitian and anti-Hermitian parts of the

corresponding operators. Equating the Hermitian and anti-Hermitian terms in the first
of the equations (20.24) we come to the following system

200 "L 1=[(a)", L, 1+[(ap)" L]
200 4, L1=1(0Q)", L,]_+[(@p)', L.
It is convenient to expand all the operators (20.29) in the complete set of the

(20.29)

matrices (3.6):
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A~ .0 A
lel—a S, P =€, PyS. 12, D,
X

0
0

(20.30)

g
OH lo_ ES acd C 7pd

a »
OH o |Z @ ahcd "p +D D+S
aDab ¢ d| 0
“D“ﬁ

+K, g}*—Z [ abcpclé]

(ag)’=o, g{Gi ”’”,p,,],pc

where D", By, D, B&“, F K, Ge™, H,' are unknown functions of x, and x,
summation is imposed over the repeated indices O, a=1,3.
Substituting (20.30) into (20.29) and using the relations

[S 4 Sb] = isachC’ [Sa’ Sb] s 25ab B Zab’

(2, S1=i(e (Zyi e 0y Z s
[ ab® S ],, = 26(1[7S(7 - 6{1ch - 6bCSa

(ZD a . ai
*HJT (ao)A=zoa[Na”,pr

(20.31)

and equating the coefficients of linearly independent matrices and differential operators
we come to the following relations for coefficients of a SO of Maxwell’s equations

Dlab’cdeth’ DSHIJ,Cdzésak(ch)Oi’ B;’lezG;,Cdzo’ Kla __an dza ne ’
3., ab_ T 700 n 20.32
37 ga Kan ’ Bl _Weabl:a Kcn ’ B3 - __a Kbn ( ’ )

D" 1_106 0K 0K -8 0K

where the dots denote derivatives in respect with r=x,, K" is a generalized Killing
tensor, i.e., an irreducible tensor which is antisymmetric in respect with permutations
M =V or p = 0 and symmetric under permutations of the pairs [u,V] = [p,0]. Moreover,
this tensor satisfies the equations

a“K\ff)—%(a”g O K9 g MK M =0 (20.33)
where symmetrization is imposed over the indices in brackets.

According to (20.32) all the coefficients of the SOs can be expressed via
solutions of the equation (20.33). These solutions depend on 70 parameters and are
given in (A.2.20)-(A.2.23). Substituting these solutions into (20.30) we obtain a linear
combination of the SOs of (20.27), which satisfy the second condition (20.24). ®

Thus we have found a complete set of the odd SOs of Maxwell’s equations
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in the class M,. It is evident these SOs do not belong to the enveloping algebra of the
algebra A[C(1,3)&H] since this enveloping algebra includes even operators only.

Finally we present the even SOs of Maxwell’s equations in the class M,. A
complete set of these operators can be calculated in analogy with the above and
includes 170 terms present below:

0, 0,0, ic, I (20.34)

where Q, are the operators (18.40) (where P, K, D, J,; are operators given in (2.22),
(2.42), (20.26)). All the operators (20.34) belong to the enveloping algebra of the
algebra A[C(1,3)®H].

In an analogous way we can consider SOs of Maxwell’s equations, belonging
to the classes of third-, fourth-, ... etc. differential operators. Moreover it is not too
difficult to find a complete set of SOs of arbitrary fixed order n. We will not do it here
restricting ourselves to formulating of the following assertions.

1. The SOs of order n>2 for Maxwell’s equations are polynomials of the group
C(1,3)69H generators (refer to (2.22), (2.42), (3.20), (3.23)) and the second order SOs
(20.27).

The number of linearly independent SOs of order 7 is equal to
N, =(2n+3)[2n(n-1)(n+3)(n+4)+(n+1)*(n+2)*1/12, n>2,
besides there are N” even and N° odd operators among them where
NE=(n+1)*(n+2)*(2n+3)/12,
NO=n(n-1)(n+3)(n+4)(2n+3)/6.
To calculate these numbers we use formula (A.2.16) and take into account that the odd
SOs of order n are completely determined by the generalized Killing tensor of order 1
and valence R+2R,, R,=n-2, R,=2, and the even SOs are determined by two
generalized Killing tensors of order s=1 and valence R,+2R,, R,=n, R,=0. These facts
can be proved in analogy with (20.28)-(20.32).
20.4. Superalgebras of SOs of Maxwell’s Equations

Here we discuss algebraic properties of the most interesting SOs of Maxwell’s
equations, i.e., the odd SOs which do not belong to the enveloping algebra of

A[C(1,3)8H].
The operators (20.27) do not form a Lie algebra. But there exist such subsets
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of these operators which can be extended to superalgebras. A superalgebra including
the maximal numbers of the operators (20.27) is formed by the following set

ab 5 ab, = 20.35
{Q(O)’Q(O)a PP’ Jpc’ D9 n“VpU_[pppvpppg]TL} ( )

where Q) and Q¢ are the SOs of (20.27), P,, J,,, D are generators of the conformal

w Yo
group and the symbol [...]"" denotes the traceless part of the corresponding tensor.

Indeed, it is not difficult to make sure the operators Q¢; and Q‘(’S) commute with P,
N,wpo and satisfy the following relations (we denote Q' =0,", Q(g)b= 0,

[0.".D]=-2iQ,", a=1,2,

ab . o kb ka
[QU ’ JOL'] = l( 71) (8 L'ade +S(‘thG’ )’ a/¢ a,
[Qaab’ ch] — i(aadQubc + éthuad _ 6aEQc(bd7 thc(az:)’
(0" Qa1 = 2 N, 10,051 =fii "

where

fk;lnij:dz(a 6 B 6ak651)(6bd6nm_ 6c1n6bm) B (6ab6k1_ 6{¢k6bm)(6 6 B 6 6 )+

ac ki dc " nm cn - dm

+(8,8,-8,8,)3.8 -8 3 ),

be "kl ad “nm am - n

(20.36)

Ji klarf7 = 9,0, 9,,0,)€,,(5,0,-8,8,)+

* SlJrk(éa] 6,1,1_ 6ad61n) + Shdk(5 0 -0 0 ).

al ~cn acIn

adk(

The commutation relations for n,,, with P,, D and J,; are evident. We
emphasize that anticommutation relations (20.36) are satisfied on the set of solutions
of Maxwell’s equations.

We see the commutation and anticommutation relations for the operators
(20.35) are in accordance with the scheme (18.1) characterizing a superalgebra. Thus
the set (20.35) forms a basis of the 36-dimensional superalgebra which is an IA of
Maxwell’s equations and includes the subalgebra AP(1,3). This superalgebra has
infinitely many extensions in the classes of higher order SOs. For example, we can add
to (20.35) the odd operators i0,, i0,P,, i0,P, P, and the even operators P, P;, P PP
In this way we come to the 81-dimensional invariance superalgebra in the class M,,.

We see the SOs of Maxwell’s equations in the class M, include nontrivial
algebraic structures. It is possible to show the set of the odd SOs (20.27) is closed
under the commutation with the conformal group generators. Moreover all these SOs
can be represented as successive commutators of Q, with the generators (22.22),
(22.42), (20.26).
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20.5. Symmetries of Equations for the Vector-Potential

To conclude this section we discuss briefly symmetries of the equations for
the vector-potential of the electromagnetic field, given in (3.14), (3.15).

We note that the equations (3.14), (3.15) are not invariant under the conformal
algebra, i.e., symmetry of these equations is less extensive than symmetry of Maxwell’s
equations [101]. At first glance, the situation seems to be rather strange since each of
equations (3.14), (3.15) is conformal invariant. The thing is that different
representations of the algebra AC(1,3) are realized on the set of solutions of these
equations. In both cases, the basis elements of this algebra have the form (2.22), (2.42)
where S,,=1(j,-0,/2), S,,=¢,,.(j.+0/2), j, and O, are the matrices of (20.19). But the
corresponding values of K in (2.42) are different: K=2 for (3.14) and K=3 for (3.15).

There are two ways to overcome possible difficulties connecting with the
conformal noninvariance of the equations for the vector-potential in the Lorentz gauge:
to use another gauge (linear but including higher derivatives [25,101] or even nonlinear
[101]) or to consider realizations of the algebra AC(1,3) in a more extended class of
SOs [154, 157]. We do not discuss these possibilities here but consider symmetries of
the equation (3.15) with the Coulomb gauge (3.14), (3.16). For convenience we present
these equations again setting j,=0:

LA=p*pA=0, (20.37a)

L'A=(Z,,+ie, S )p,A=0 (20.37b)

where S, and Z,, are matrices (3.6), A=column(A,.A,,A;).

The Lie symmetry of the system (20.37) is very restricted and reduces to the
following 7-dimensional IA:
p=0 . p=ip=29

ox, Ox, (20.38)

J=ixxp+iS, D=ix p".
To "extend" this symmetry we can investigate invariance properties of (20.37a)
considering (20.37b) as an additional condition which in general is not invariant under
the symmetry transformations of the main equation (20.37a). Such an approach is
natural enough since it is the equation (20.37a) which describes evolution of A in time
and so the SOs of this equation corresponds to constants of motion. As to (20.37b) it
can be considered as an additional condition extending the symmetry of the evolution
equation (20.37a).

Such a method of investigation of symmetries of the equation (20.37a) is an
example of using of the concept of the conditional symmetry [124] in analysis of partial
differential equations. This concept enables to find a wide classes of exact solutions of
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nonlinear equations of mathematical physics, refer to Chapter 6.

First we consider symmetries of the equation (20.37a) without an additional
condition. In a complete analogy with Subsection 1.3 it is possible to prove the
following assertion.

THEOREM 20.4. The maximal IA of the equation (20.37a) in the class M,
is the 24-dimensional Lie algebra whose basis elements are

{ip,i1,.iD,iKk,i8,2,} (20.39)
W nv [ a’ “a

where P, J,;, K, and D are the generators of the conformal group of (1.6), (1.16). =
The concept of the conditional invariance in application to the system (20.37)

reduces to searching symmetries of the first equation on the subset of solutions

satisfying the condition (20.37b). In this way we prove the following assertion.
THEOREM 20.5. The equation (20.37) is conditionally invariant under the

27-dimensional Lie algebra whose basis elements are given in ((20.39), (20.40):

na:(ZabJr isahcsAc )xb' (2040)

This algebra is the maximal conditional IA in the class M.

The proof is analogous to the proof given in Subsection 20.3. =

We see the conditional symmetry of the equation (20.37a) is more extensive
than its ordinary symmetry and essentially more extensive than the symmetry of the
system (20.37). Moreover we should like to emphasize that the conditional symmetry
has a clear physical sense since this is the symmetry which corresponds to constants
of motion. Indeed, we can assign the following conserved quantity to any of the
operators Q of (20.39), (20.40):

I- J d*x(A "OA-A TQA), =0 (20.41)
where

- 0A

A2 AT=(A A A).

0

We see the concept of conditional invariance arises naturally by studying the
conservation laws for systems of partial differential equations. This is the conditional
symmetry (but not the ordinary symmetry of (20.37a) or of the system (20.37)) which
generates conservation laws for the vector-potential. The general problems connected
with conservation laws are considered in Section 23.

In conclusion we note that the symmetries of Maxwell’s equations considered
in the above in fact are conditional also. It happens the conditional and ordinary
symmetries of the equations (3.4), (3.5) coincide.
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21. SYMMETRIES OF THE SCHRODINGER EQUATION
WITH A POTENTIAL

21.1. Symmetries of the One-Dimension Schrodinger Equation

Let us consider the one-dimension Schrodinger equation with an arbitrary
potential V(x)
Ly=0,- Lo vapHu=0, p=i 2. QL)

0 2 0 Ox

An investigation of symmetries of this equation includes the problems which
can be subdivided into two types:

1) the potential is given, symmetries are searched;

2) to find potentials admitting the given (or any) symmetry.

We consider both types of problems.

Let us search for SOs of (21.1), having the following structure

Q,=(hyp)y*+(h,"p), (21.2)

if first order operators only are considered or
Q,=(hy p)y+(h-p),+(hyp), (21.3)

if the second order is required. We use the notation
(h,p),El(h,p), .p1., (hyp)y=h, (21.4)

where #, (n=0,1,2,...) are arbitrary functions of x and ¢.

Substituting (21.1), (21.2) into the invariance condition (16.7) ( where a,=0
without loss of generality) and equating coefficients of linearly independent differential
operators we come to the following system of determining equations

h/ =0, 2h+hy=0, h~V'h=0 (21.5)

where the dot and prime denote derivatives in respect with ¢ and x respectively.

The equations (21.5) can be used to find all the nontrivial symmetries
corresponding to the given V. But it happens that it is possible to find the general form
of V admitting any symmetry and to calculate these symmetries explicitly. Using the
condition /2,70 we come to the following differential consequences of (21.5):

hO// :O, V/// :0, (216)

from which we obtain
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V=V, +Vx+ V2, (21.7)

Vi, V, and V, are arbitrary constants.

We see the requirement that the equation (21.1) admits a first-order SO is very
restrictive and leads to the potentials (21.7) only. Substituting (21.7) into (21.5) itis not
difficult to find the corresponding SOs explicitly.

Now let us assume the equation (21.1) admits the second-order SO of (21.3)
(we note that such an operator reduces to the first order one if we take into account the
equation (21.1)). In analogy with the above it is not difficult to recover the old results
[7,51] and find the most general potential

14
V)= _+V +Vx+V,x2 (21.8)
(cyrcx)

Let us extend these developments to arbitrary n-th-order symmetries with
0,=Y (hp), (21.9)
k=0

and search for the corresponding classes of potentials admitting such n-th-order SOs.
For any order k, we note the following operator identity containing k
anticommutators
k

. k1260 e
hp)=(-DY = __(0.h)0, (21.10)
(hp)=( ); (k—l)!l!( o)
where 0,=0/0x. This relation will be very useful in the following in order to obtain the
determining equations for the coefficients of Q,.
For each k-term in the operators (21.9) we can evolute the following

commutators
[lar’ (hkp)k]zl(hkp)k (2111)
and
1 .
[P ()] =é(h,! P (21.12)

Using these relations we immediately get for the free case (V=0) the set of
commutators

(L, (h,p))=i(h,p),+ _;(hk/ Pl (21.13)
where
L0:=i6r—%p2=i6r+%0f. (21.14)
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For considering Q,-problem with arbitrary potential we need the additional
commutators [V,(h,p),], k=0,1,...,n. Consider separately even and odd k’s. By using
(21.10) we obtain for k=1

[V (h . ) ]:,ikii (,1)"1-k 2(2k)' (/’l aZkumfIV' ) (2115)
P 2k 2m-DI@m+ 1)1 %~ P>
and for k=0
k
. ks 2(2k+1)! 2%-2m= 1y,
[V,(thﬂ-p)ZkAl]——lZ(—1) k1(2k—zm_1)'(2m)v(h2k*‘a" Vop), . (21.16)

By superposing the results (21.9)-(21.16) it is easy to evolve the invariance
condition (16.7) (where 0 ,=0 without loss of generality) and equate the coefficients of
linearly independent differential operators. As a result, we come to the following
system of determining equations

h'=0,
{(n-1)2!
. e 2(2k+1)! 2%-2m-1
2h, +h, — 1yt V=0,
o an 1+ ];n O i 21.17)
n/2}
: . 2(2k)! 2%-21+1
2h,,  +hy+ ~ 1) V=0.
. k;.( ) Qk—2-D1Q2I+1)! **

where m=0,1,...,{n/2}, I=0,1,....{(n-1)/2}, h ,=0.
21.2. The Potentials Admissing Third-Order Symmetries

The equations (21.17) define all the possible potentials V admitting nontrivial
symmetries of arbitrary order n. Let us consider in more detail the first new nontrivial
context, i.e., the third-order SO. We are asking for symmetries of the Schrodinger
equation (21.1) of the form

3
Q.= (hp)=(hyp)y+(hy '), + (hyp),+ (i), (21.18)
k=0
The corresponding determining equations (21.17) are
hy=0; 2h,+h, =0, 2h,+h]-6hV’'=0, (21.192)
2h,+hy ~4h,V' =0, h~hV'+hV" =0. (21.19b)

Itis not difficult to find the general solution of the system (21.19a), which has
the following form
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h,=a, h,=b-2ax, h =g +6aV, g, =26ix2-2bx+c (21.20)
where a, b and c are arbitrary functions of ¢. Excluding A, from (21.19b) and using
(21.20) we come to the following nonlinear ordinary differential equation for V
F(a,b,c;V,x)=aV"" - (2ix>+6aV+c-2bx)V" -

~6(2ix+aV' -b)V' -12iaV-2(2(8a)x >~2(8 b)x+&)=0.
Integrating this equation twice in respect with x and denoting V=U" we obtain

(21.20")

a(u/// _3(U/)2)_(glw/=%(afa)x4_§(a;’b)x3+C'x2+dx+e (2121)

where g, is given in (21.20), d and e are arbitrary functions of z.

The function U depends on x only while a, b, ¢, d, e are functions of ¢. This
circumstance enables us to separate variablesin (21.21). Dividing the 1.h.s and the r.h.s.
of (21.21) by a and differentiating them in respect with # we conclude that there exist
the two possibilities.

1. This equation reduces to one of the following forms

V7 -3V2-2w V-c, (21.22a)
V' -3V =g, (21.22b)
(V" =3V?) -2a,(xV’ +2V)=0, (21.22¢)
U -3(U)-20,(xr2U) :%wfxﬁooS (21.22d)

where W, ..., Wsare arbitrary constants.

Formulae (21.22) define classes of equivalent equations connected by
transformations V- V+C,, U-U+C,+Cyx, x->x+C,, C, are arbitrary constants.
Moreover the functions a, b, ..., e included in (21.21) have to satisfy the following
conditions

d=wa, b:mza, c=wa, k=wa, e=w.a (21.23)
besides that all the w, absent in (21.22) (say, W, , W,, W;, W, for the equation (21.22a))

are equal to zero.
2. The second possibility is that the solution of (21.21) has the form

$=Cx3+Cx*+Cx+C, (21.24)

and the conditions (21.23) are not necessary valid. This possibility is not too interesting
inasmuch as the function (21.24) is a linear combination of particular solutions of the
equations (21.22).
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Let us consider consequently any of the equations (21.22) and describe the
corresponding classes of potentials.

Formula (21.22a) defines the Weierstrasse equation whose solutions are
expressed via elliptic integrals. Multiplying both parts of (21.22a) by V’ and integrating
we obtain the first integral of this equation

%(V/)szL(oonfu)SV:C (21.25)

where C is the integration constant. Then changing the roles of dependent and
independent variables it is possible to integrate (21.25) and to find V as implicit
functions of x. Here we present a particular solution of (21.25) only:

V=2vtanh%(vx)- 1. (21.26)

The relation (21.22b) defines the first Painlevé transcendent. Its solutions are
meromorphyc on all the complex plane but can not be expressed via elementary or
special functions.

The equation (21.22c) also can be reduced to the Painlevé form using the
Miura [24"] ansatz. Indeed, as a result of the substitution

YA '
VN e T e IS BN 21.27)
W36 60,

this equation takes the following form

P +FF’—%xF’—%F=0 (21.28)

(where F'=0F/0x), and the ansatz [24"]

F=w'-Llw2 (21.29)
6

reduces (21.28) to the following form

1 1 1 1
O -—_WYW" —_WW'-_yW'-_W)=0.
O, WW"" - W W)
Equating the expression in the second brackets to zero and integrating it we

come to the second Painlevé transcendent:
w=_Lwi Lywek (21.30)
18 3
where K is an arbitrary constant.
Thus any solution of the second Painlevé transcendent corresponds to the
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potential V (21.27), (21.29) moreover the related Schrodinger equation admits a third-
order SO. Of course the ansatz (21.29) does not make it possible to find all the
solutions of (21.28), in particular the solutions (21.24) are missed.

The last of the equations considered, i.e. the equation (21.22d), with the help
of the change U=2f-w,/3 reduces to the form

F" +2fF ' ~4f ' F=2w,+1/2

where
F=f'-f*-x*4.

Choosing w,=-1/4 we conclude that any solution of the Riccati equation
f/:f2+x2/4 (2131)

corresponds to the solution of the equation (21.22d).

The equation (21.31) is much simpler than (21.22d) nevertheless it cannot be
integrated in radicals. Particular solutions of the equation (21.22d) have the following
form

We note that with the help of twice differentiation and the consequent change
of variables

S

(V]
U'=- _]G—Ecolxz, x=_7

3
3 4w,

the equation (21.22d) reduces to the form

3'G+G" G+G’Gh% (8G+x2G" +7xG')=0. (21.32)

The last equation had being met in literature and is nothing but the reduced Boussinesq
equation, see, e.g., [157, 257] (refer to Subsection 31.7 also). The procedure outlined
above admits to reduce it to the Riccati equation.

Thus the third-order SO are admitted by a very extended class of potentials
described above. It is necessary to emphasize that all these potentials (excepting
(21.24), (21.26)) correspond to the Schrodinger equation which does not possess any
non-trivial (distinct from time displacements) Lie symmetry.
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21.3. Time-Dependent Potentials

In this subsection we exploit the following observation: all the equations
(21.22) are equivalent to reduced versions of the Boussinesq equation

Viv/v/ivv//Jrv//// :O (2133)

Indeed, the equations (21.22a) and (21.32) (the last is equivalent to (21.22d) appear
from similarity reducing of the equation (21.33) [26"], and the equations (21.22b),
(21.28) (the last is equivalent to (21.22¢)) appear as a result of the reduction of (21.33)
using its conditional symmetry, refer to Subsection 31.7.

Thus there exists a deep connection between solutions of the Boussinesq
equation and the Schrodinger equation admitting third-order symmetries. This
connection became more straightforward in the case of time-dependent potentials
V=V(x,?). Indeed, the determining equations (21.19) are valid in this case also, but the
compatibility condition for the system (21.19), in contrast with (21.20), takes the form

Fa,b,cx, V)+ 12aV-4(b-2dx)V' =0 (21.34)

where F(a,b,c;x,V) is the expression defined in (21.20").

The equation (21.34) is more complicated then (21.20°) due to time
dependence of V, which makes it impossible to separate variables. That is why we
restrict ourselves to analysing of sufficient conditions of its integrability.

Let a=const, b=0 then (21.34) reduces to the form

12‘/_6(‘/‘/// +V/v/)+v//// —2CV// =0. (2135)

With the help of the change V- V/6, t - t/(2V3) the equation (21.35) reduces to the
Boussinesq equation.

Thus if the potential satisfies the Boussinesq equation then the corresponding
Schrodinger equation admits a non-trivial SO of third order. For more on the
Boussinesq equation see Subsection 31.7.

21.4. Algebraic Properties of SOs

Thus we have described a class of potentials admitting SOs of third order. A
natural question arises about possible applications of these hidden symmetries.

In the following we will demonstrate that SOs of third order possess a very
important information about the energy spectrum of a system described by the equation
(21.1) and can be used to generate solutions of this equation and even of the nonlinear
Schrodinger and wave equations.

Let us investigate algebraic properties of SOs which do not depend on the
exact form of the potential. Moreover these properties are completely defined by the
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type of equation satisfied by the potential.

Let the potential satisfies the equation (21.22a). It means that in (21.23)
0, =w,=w;=0),=0. Then we conclude from (21.18), (21.20) that the corresponding third
order SO reduces to a linear combination of the Hamiltonian (21.1) and the following
operator

O=p 3+%[3V’p]+52pH+%Vp+TiV/, (21.36)

i.e., in fact we have the only non-obvious SO (21.36). This SO commutes with the
Hamiltonian,

[0, H]=0, (21.37)

i.e. Q is a constant of motion. In Subsection 31.8 we will use the property (21.37) to
integrate the equations of motion.

If the potential satisfies the equation (21.22b) then w,=w,==w,=0, k=k,+at,
and the corresponding SO has the form

Q:p3+%[v,p]jrt. (21.38)

Just two more SOs are represented by the Hamiltonian and the unit operator 7,
moreover, they form the Heisenberg algebra together with Q, satisfying the following
relations:

[Q’H]:7i1’ [Qsl]:[HaI]:O- (2139)

It is well-known that up to unitary equivalence all irreducible sets of self-
adjoint operators satisfying (21.39) are exhausted by p, -id/0p and 1, from which it
follows that for any potential satisfying the first Painleve transcendent (21.22b) the
spectrum of the corresponding Hamiltonian is continuous.

In the case when the potential satisfies (21.22c) the corresponding SO of third
order has the form

Q=P3+%[V,p]+%tH (21.40)

and generated the following algebra together with the Hamiltonian H

[Q,H]=—i%ﬂ. (21.41)

It follows from (21.41) the spectrum of the Hamiltonian H is continuous.
Indeed, let H W_=F W, then the function W'=exp(iAQ)W  (Where A is a real parameter)
also is an eigenvector of the Hamiltonian with the eigenvalue AE. In other words if H
has at least one non-zero eigenvalue then using the third-order SO it is possible to
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construct eigenfunctions corresponding to any real eigenvalue.
In the case when the potential is defined by the equation (3.2d) there exist two
SOs of third order, Q, and Q,

Qt:L[p3¢£w[[x,p]+,p]A—[ufx2 30"l *
V2 (21.42)

) /fﬁx‘“ri exp(xieY), w=\/-w, .
i (¢ +2x¢ 3 : )] exp(iwr), w=y/-w,
which satisfy the following relations

[H,0.]=5wQ,, [Q0.0 ]-wH (21.43)

If w,<0 then Q, play a role of increasing and decreasing operators for the
Hamiltonian eigenvalues, i.e if HY,=AW, then H(Q.¥,)=(A+w)W¥,, and so H has a
discrete spectrum.

We see that the third-order SOs enable to make very general predictions about
the Hamiltonian spectra for a very wide class of potentials. Of course these predictions
have a formal level inasmuch we ignore considering of domains of the operators
discussed.

For application of the third-order SOs to construction of exact solutions and
generation of solutions of the linear and non-linear Schrédinger equation refer to
Subsection 31.8.

21.5. Complete Sets of SOs for One- and Three-Dimensional Schrodinger equation
Consider some problems of the type 1) (see Subsection 21.1) where the

potential is treated as a known function. We restrict ourselves to analysis of the
following cases:

V=V, (21.44a)
V=V,x, (21.44b)
V=V3x2 (21.44¢)

where V, are arbitrary constants, and find all the nonequivalent SOs of arbitrary order
n for the corresponding Schrédinger equations.

For the case (21.44a) the problem reduces to description of SOs of the free
Schrodinger equation. The equations (21.17) take the form
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h,=0, h./=0, 2h-2h/ =0, O<k<n. (21.45)
By the consequent differentiation of (21.44) we obtain the relations
af+lhk=0, afé—kuhk:O (21.46)
from which it follows that
n-k k
h,= clixrr! (21.47)
p=0 [=0

where C?' are constant coefficients whose number is equal to (k+1)(n-k+1). From
(21.24) we obtain the only restriction for these constants

A+ 1P+ (p+1)C =0, k=1,2,...n; (21.48)

therefore the total number of independent parameters in (21.45) is

N"=Y (k+ D)(n-k+1)- Y k(n-k+ 1)=%(n+ D(n+2). (21.49)
k=0 k=1

The corresponding SOs of order n (whose number is evidently equal to N") are defined
by relations (21.9), (21.47), (21.48) (the latter can be interpreted as a recurrence
formulae). It is not difficult to see that all these SOs are nothing but polynomials of
order 7 in the first order SOs P=p and G=tp-max.

For the potentials (21.44b) and (21.44c) the equations (21.17) reduces to the
following forms

h!=0, h,-2V,h,=0, 2h +h =0,

: ! (21.50)
2h,+h, | ~2(k+1)V,h,_ =0, O<k<n;

and

h,=0, 2h +h, =0, h,~2Vxh =0, 21.51)

2h,+hy - 4k+ 1)Vxh, =0, O<k<n.

The equations (21.50) can be solved in complete analogy with (21.45). We
again come to the differential consequences (21.46) and the representation (21.47) but
instead of (21.48) we obtain the following relations

2m(I+ DYCP" "+ (p+ DCL M -4k+ DV,CP'=0,  k=1,...on. (21.52)

Thus the equation (21.1), (21.44b) admits N" SOs of order n. The explicit
form of these operators is given by formulae (21.9), (21.47), (21.52), N" is given in
(21.49). All these SOs are polynomials in the first order SOs P=p+Vt and G=tP-mx.

For the equations (21.51) we have only the latter of the consequences (21.46)
which allows to represent /, in the form
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n-

- (21.53)

k.1

k
h.=
1=0

where a,, are arbitrary functions of 7. Substituting (21.53) into (21.51) and equating
coefficients of the same powers of x we obtain N” ordinary differential equations for
N" unknowns a, ;. The general solution of such a system depends on N" arbitrary
parameters and the corresponding SOs can be represented in the following form [2°]

n k
0"=Y" ¥ C, (p-iow)(p+ica) “expli(2a-k)ox] (21.54)
k=0 a=0

where w=(V,)""?, C, , are arbitrary parameters whose number is equal to N” of (21.47).

We see that all the SOs of the Schrodinger equation with the potential of
harmonic oscillator reduce to polynomials on the first order SOs P,=(p+itx)exp(+iw).
In the case n=2 this conclusion reduces to the well-known results [7,51].

Searching of higher symmetries of the three-dimension Schrédinger equation,

=2 - Lipveo)h-o, 21.55)
0ot 2 0

can be carried out in analogy with the scheme used above. The essential complication
of the problem, connected with the necessity to consider partial derivatives in respect
with spatial variables is overcame by using the generalized Killing tensors.

As in Subsection 16.5 we search for SOs of arbitrary order n in the form
(16.8), (16.9a) where indices values run from 1 to 3, K are unknown functions of x
and ¢. Substituting these expressions and L of (21.55) into the invariance condition
(16.7) and equating coefficients of linearly independent differential operators we come
to the following system of determining equations (compare with (21.17))

a(anwK a,a,...a,) - 0’

{(n-1)12)
s aa,.. 1 a aa,.a, ik 2(2k+1)' a4y,
2K 4 22'”‘*’_6( a4 2,,,,)+ 1 m+k+1 U ,
2m kz b Ck—2m+D12m)! (21.56)
{n/2}
QR 1 0 | i) Z (-1)! 2(2k)! Wkalaz"'azM
20 = k21D D!

where
m=0,1,,{n/2t, 1=0,1,...{(n-1)/2},

A\dyeetly, oty bbby . Ab Ab D, o
Uk ! 2 :Kalaz Qo102 Ori o |a 16 2...6 2%k-2m |V’
Wkalazu.ag,,, :K“l“z"‘”zl'1b1b2'“b2A—2/—lablab2 aszHV
.

and symmetrization is imposed over the indices in brackets.
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The equations (21.56) define potentials V admitting nontrivial symmetries of
order n and the coefficients K™ of the corresponding SOs. In Subsection 16.5 we obtain
the general solution of these equations for the case V=0. It is not difficult to solve these
equations for the case of the harmonic oscillator potential [2"]. Searching of potentials
admitting nontrivial symmetries also can be carried out using the equations (21.56).

21.6. SOs of the Supersymmetric Oscillator

The equation for the supersymmetric oscillator has the form [417]

=02 - Lp2 e owfp=0 (21.57)
0ot 2 0

where ) is a two-component function, 0, is the Pauli matrix, wis a real parameter.
The equation (21.57) has a specific symmetry in the class M, which is defined
by the superalgebra sgm(2) [417]. This algebra is formed by the operators

1 1 1
Ql=ﬁ(01p+02(wc), QZ:E(Ozp—Olwx), 0 (pPrwrtrow  (2158)

which satisfy the following commutation and anticommutation relations
[0,0,1 =0, 0/=0,=0, [0,.0,]=[0,,0,]=0. (21.59)

Invariance under the algebra (21.59) is the main property of equations of
supersymmetric quantum mechanics [417].

Investigating of all the nonequivalent SOs of arbitrary order for the equation
(21.57) reduces to investigation of symmetries of the Schrodinger equation (21.1).
Making the transformation

P - ' =exp(-iwro,/2), L-L’'=exp(-iwx0,/2)Lexp(ioxa,/2) (21.83)

we come to the equation L'()'=0, where L'=id/0t-(p*+u)/2 is nothing but a direct sum
of two operators (21.1), (21.22¢). The corresponding SOs can be represented in the
form Q"=0"Q} where Q} are the SOs of the equation (21.1), (21.22¢c) present in
(21.54) (where C, , — C%). Returning with the help of the inverse transformation to the
starting equation (21.57) we obtain a complete set of SOs of this equation in the form

0 "=6'0,",
where

wr . wr wr . wr
6,=0,, 0,=0,, 0,=0cos—~+0,sin—, 0,=0,c0s— -0 sin—.
S 2 2 2 2

The number of linearly independent SOs of order n is equal to 4N", N" is given in
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(21.49).
In a complete analogy with the above we can investigate symmetries of three-
dimensional Schrodinger equation with potential of supersymmetric oscillator

V(x)=wx >+ wa,.

The number of linearly independent SOs of order n is equal to 4N, where N, is the
number given in (16.37).

The approach used above can be extended in order to investigate symmetries
of super- and parasupersymmetric Schrodinger equation with arbitrary potential, refer
to [3",4",5°]. It can be used to search for infinite order symmetries, in this case the
determining equations also are given by relations (21.8) or (21.54) where the first lines
have to be omitted and summing up is changed by infinite series (i.e., the top
summation limit tends to infinity).

22. NONGEOMETRIC SYMMETRIES OF EQUATIONS
FOR INTERACTING FIELDS

22.1. The Dirac Equation for a Particle in an External Field

The symmetry of an equation describing a charged particle in an external field
as arule is less extended than the symmetry of the corresponding equation describing
a free particle. For instance if the external field is the electric field directed along the
fixed axis then the corresponding equation admits the cylindrical symmetry but not the
spherical one etc. However for some classes of external fields the above described
nongeometric symmetry is preserved and even extended.

Here we consider some examples of external fields corresponding to nontrivial
symmetries of the Dirac equation. The assertions present in the following can be
verified by direct calculations (for details see [146, 154, 157]).

a) Consider the Dirac equation for a particle in the constant and homogeneous
electromagnetic field:

LY=(y*' 1t -mW=0, T =p -cA, 22.D
where

A=Lp v, (22.2)
H 2 4

Here F,, are constants determining the tensor of the electromagnetic field strengths.
The equation (22.1), (22.2) has not the symmetry in respect with the algebra
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Ay described by Theorem 17.1. But there exist two constants of motion closely
connected with this symmetry:

S L SETI (22.3)

uvpo

where 2 ; are the operators obtained from (17.6) by the change p, - Ti;:

. _1 i
2107 7 VYol - 5 (L)Y, (224)

The operators (22.3) commute and satisfy the relations
1 or
A A2

[F, L1~ e

2m "0

(Y- TE)F L,

so they are SOs of the equation (22.1), (22.2).

b) In the case of the selfdual external electromagnetic field the nongeometric
symmetry of the equation (22.1) is just more extensive. Indeed, using the selfduality
condition for the vectors of the electric and magnetic field strengths

H-iE=0

it is not difficult to make sure the operators (22.4) are the SOs of the corresponding
equation (22.1). These operators satisfy the invariance condition

PP | R
[ZW,L] :%(yprg—yvn“)L (22.5)

and the commutation relations (17.7) characterizing the algebra AO(1,3).
¢) Now we consider the Dirac equation with the Pauli-type interaction

Ly= E{T{“—m+_i(1—iy4)yva“VE|w:O (22.6)
) 2m 0

where F*'=-i[T¥, '], A, is an arbitrary vector-potential.

The equation (22.6) is manifestly invariant under the Poincaré group such as
the Dirac equation for a free particle. It turns out the nongeometric symmetry of (22.6)
in the class M, coincides with the corresponding symmetry of the free Dirac equation.
Indeed, the operators (22.4) (and 2, %, of (17.6) where p, — T,) are the SOs of the
equation (22.6), satisfying the invariance condition (22.5).

d) The following example is the Dirac equation for a particle in the constant
magnetic field depending on two spatial variables. We choose the corresponding
vector-potential in the form

A=A=0, A=A (x,x), A=A (x,x,) (22.7)
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which corresponds to the magnetic field directed along the third coordinate axis.
The equation (22.1), (22.7) is invariant under the following operators

2=, (Ymrpy), 2 =YY YT

$,5i5,%,, Z,.=tHe 3 . 0=1,2

237310 0a 7 abc™bc?

(where H=yy, T, +Yym) which form a superalgebra together with (Z,,)* and iH(Z,,)* ,
satisfying the following commutation and anticommutation relations

[, Zro] =208 5806 808 Zaw HTE i AT (1-8,0) +Z56(1 -8 )(1-8, )],
(2, Dol = (2, iHZ, ] = [Zy, D3] = [2,,, iHE,,]=0.

The considered equation is invariant under the algebra A, also, besides this
algebra is realized in the class of integro-differential operators [146,157]. The
analogous symmetry is admitted by the Dirac equation for a particle in the electric field
depending on x, and x, [146].

e) In conclusion, we discuss symmetries of the Dirac equation for a charged
particle interacting with the Coulomb field. The corresponding potential has the form
_ _e’ _[2. 2. 2 2.
A=0, A, — X XX X (22.8)

It was Dirac who showed the SOs of the equation (22.1), (22.8) for the first
time [81]. In addition to the evident symmetry under the spatial rotations group whose
generators are

J=xxp+S, (S:%'vxvx (22.9)

this equation admits the following SO

Q1=(25-J—%)V0 (22.10)

which is called the Dirac constant of motion. This SO plays an important role while
solving the equation (22.1), (22.8) [81]. It can be easily shown the operator (22.10)
coincides with A, of (18.5).
In addition to (22.9), (22.10) there exists one more SO of the Dirac equation
with the Coulomb potential. This SO belongs to the class M, and has the form [237]
S5, 1o Bspriv,fH (22.11)
O X[

X me?

0,

The operators (22.9)-(22.11) together with the following operators
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O O

ST | 2 ; , e?  me’[

Or=J*+—, 0,=1+ +—-Y, 0
4 2,3 2

me* ] x X 0

form a basis of a seven-dimensional superalgebra, satisfying the following relations
[]a’ Jb] = ieclbc"’z:’ [Ja’ QO(] = []a’ Quz] = 0’
[0,0,1=28,0s, o=12, (22.12)

[H’Qg]z[H’Ja]z()? H=V0VaT[a+y0m+£.
X

Using the identity
28-J=J*-L*+S? L=xxp

it is not difficult to show that in the space of square integrable functions the spectrum
of the operator (22.10) is discrete and can be defined by the following formula [81]

O U=aP=eG+12)p, e=+-1, j=1/2,3/2,... . (22.13)

The existence of the SOs satisfying (22.12) is the cause of the degeneracy of
the energy spectrum of an electron in the Coulomb field. Indeed, an energy level E can
be expressed via the eigenvalues @ of the operator O, commuting with the Dirac
Hamiltonian, so E(@)=E(-e) in accordance with anticommutativity Q, with Q,, and
there is a degeneracy in respect with the change & — -.

It is not difficult to verify that the operator Q, satisfies the relations

[0,.5P] =[Q,,8x] =[Q,.yx]=[Q,.Y,]=0

from which it follows that the operator Q, is a constant of motion of the Dirac equation
in the case of a more complicated potentials also. In particular the following assertion
is valid [161]:

THEOREM 22.1. The general form of a spherically symmetric potential
V=V(x), such that the equation

; 0 w 22.14
=Y, P, Y- VEW=0 (22.14a)
0" O

admits the SO Q, of (22.10), is given by the following formula

V=V VYt Ve Vyyex (22.14b)

where V, are arbitrary functions of x. B

In the case V,=qe’/x, V,=e’qu/x’, V,=V,=0 relation (22.14b) defines the
potential of the anomalous Pauli interaction with the field of a point charge and for
V,=V,, V;=V,=0this relation defines the general form of the confinement potential used
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in the quark models based on the one-particle Dirac equation [392].

We see the Dirac constant of motion serves as a SO for a wide class of
equations presented in (22.14).

There are other types of external fields generating nontrivial symmetries of
the corresponding Dirac equation. Some exotic examples of such fields are collected
in [9] where exact solutions of the corresponding equations are present.

22.2. The SO of Dirac Type for Vector Particles

Letus demonstrate that the additional SO exists for vector particles interacting
with the field of a point charge [334].

Consider the KDP equation with anomalous interaction for a particle of spin
1 in the Coulomb field:

LLIJE(B“IT“—m—ekS“"FW)lJJ=O (22.15)
where
T[“:Pl,—eA,ﬁ F“\,=i[T[“, Tl Sw=i[B“, B,1.

B, are the 10x10 KDP matrices satisfying the algebra (6.20), A, is the vector-potential
of (22.8).
The equation (22.15) can be represented in the Hamiltonian form (6.35) where

0
2 ] 2 Baxa k 2 a'xa
H:[BO’Ba]pa+BOm+e_+i(k—1+Bg) - y 82 835—3 ,B,,Pb%
x m x®  m” gx g (22.16)
1 ke ® Xa
P=1-Bi+—B,p,B- B B, —~.
m m X

The evident SOs of the equation (6.35), (22.16) are the generators of the
rotation group, i.e., the components of the vector J=xxp commuting with the
Hamiltonian A of (22.16). But it is not all. Using the relations (6.20) it is not difficult
to verify that the following operator [334]

0=(1-2B)[2(S-J)*-2S-J-J*] (22.17)

is a SO of the equations (22.15) and (6.35), (22.16). Indeed, this operator commutes
with L of (22.15) as well as with H and P of (22.16). This assertion is valid for k=0
also, i.e., if anomalous interaction is absent.

Like the Dirac SO, the operator (22.17) has a discrete spectrum

oY=gjj+ DY, e=+-1, j=0,1,2,... (22.18)

inasmuch as Q*=(J*)*.
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An additional SO exists for the Stueckelberg equation [398] also. In presence
of the anomalous interaction with the Coulomb field this equation can be written in the
form (22.15) where B, are the 11x11 matrices given in Subsection 8.5, §,; are matrices
realising the representation D(1/2 1/2)@D(1 0)@D(0 1) D(00) of the algebraAO(1,3).
The corresponding SO is given by formula (22.17) where S =¢,,.S,/2, S,. and ,are

the corresponding matrices of dimension 11x11.

abc’

In paper [318] nongeometric symmetries of the KDP equation with anomalous
Pauli-type interaction (22.15) were described for constant electric and magnetic fields.
The corresponding IA is the algebra A[SU(2)&SU(2)&A,] where A, is a four-
dimensional commutative subalgebra. We do not present the explicit form of
cumbersome basis elements of this IA here.

22.3. The Dirac-Type SOs for Particles of Any Spin

The results given above can be generalized to the case of Poincaré- and
Galilei-invariant equations for particles of arbitrary spin [334].

Consider an arbitrary Poincaré-invariant equation of the form (22.15) where
S, are generators of a direct sum

D=)'@D(j 1) (22.19)

of IRs of the Lorentz group, A, is the vector-potential (22.8), B, are matrices satisfying
(6.7). We assume the equation in question be invariant under the transformation of
space inversion of (2.55) where the matrix r, by definition satisfies the following
relations

rlB(J:BOrl’ rlBaz _Barl’

" =Sl T150,= ~Sodl1-

(22.20)

In analogy with (22.10), (22.17) we search for SOs of the considered equation
in the form

Q=rd, d=dx.p.S,). (22.21)

Requiring Q commutes with L (22.15) and using relations (6.7), (22.20) we obtain the
following conditions for d

[x,d]=[B,. d1=0, (22.22a)

[S,,%,.dl_=[S,,p,d].=O0. (22.22b)

0a™"a’

It follows from (22.22a) that d depends on S, a,b#0, and L=x xp. The explicit
form of d=d(S,,.L) can be obtained solving the equations (22.22b), moreover it is
sufficient to solve these equations for S, belonging to an IR D(j T)D.
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To find a solution of (22.21b) it is convenient to use the spherical spinor basis
in which the operators S,,x,/x and xS,,p, reduce to the numeric matrices (refer to
Appendix 3). A transition into this basis is one of realisations of the algorithm
described in Subsection 16.1. In accordance with this algorithm we reduce a problem
of description of SOs to a purely matrix problem.

Omitting cumbersome calculations (for details see [334]) we present the
explicit form of d satisfying(22.22) for an arbitrary IR D(j T).

J+T1is integer:

Jj+T K

d=cF Y. Y (1B, A=0,1,2,... . (22.23)

s=j-1| A=0

J+T is half integer:

J+T s
d=cF ¥ ¥ (-1y72A (22.24)

s=[j-t| v=12
where c is an arbitrary constant,

0

%ﬁr)ﬂ |
O[] @P+1-0), jetzl,
o=t 2

F=0

al jor-

D 2 7’
Bj, A; are operators satisfying the relations
Y BS=1 V=V, VL Vyr2 e V[T (- DR, (22.25)
u=v, 2
BVSBVf:BVS’ BVSAVf: 6V\J AVS’ (2226)
AJA;=0, (AP+1)B,, A,=0,
Y (VA -v?B))=P (2S8-J-SY)=G.. (22.27)
v=y,

Here P, is the projector
_ S*-s'(s'+1)

= |m-n|<s,s'<m+n,
vizs S(s+D)-s'(s’+1)

S is a vector whose components are S,=¢ . DG 1).
For any given value of s the operators B; and A, can be expressed via G,. For
this purpose it is sufficient to raise the Lh.s. and r.h.s. of (22.27) in powers n=1,2,...,2s

S,/2, 5,

bc

and then to solve obtained system of 2s+1 linear algebraic equations for 2s+1
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unknowns B; and A;. Moreover according to (22.26) the equations whose number is
n=2k and n=2k+1 have the form

s 4 k-1 O
Gszkzz % CZk vZ(kAm)(4J2+])kﬂnvi _Z Czi”*lv2(nAk)*l(4JZ+l)kfnflAvS% kSS,
vy, b0 =0 O (22.28)
s O k-1 O
Gsqu :Z %: szl(li?]VZ(k-171)-l(4J2+l)k*mAvsiz szknv-]lvz<n+k)(4jz+ 1)/(7,13\;% k<s.
v=v, [n=0 n=0 0

where C} is the number of combinations from b elements by a. The equation with the
number n=2s+1 is given in (22.25).

Let s=(m+n),,, be the maximal value of the quantum number s appearing by
reduction of the representation (22.19) by the group O(3). We present solutions of the
equations (22.23)-(22.25), (22.28) for d=d,, s<2:

1
d1/2=ZS'J—7

d,=2(S-Jy*-28-J-J%,

dm:%[gs_g 2 (1] +8%)g +(4S82-6)J*] + 3, g=2S'J—%; (22.29)

d2=%[(S-J)Z—ZS-J—MZ](S-J— D(S-J-3)-F(-2)+

+%(52—2)[(4—3JZ)(S D+ (1P-HS 'J—4Jz+%52(4J2+ D]

Formulae (22.21), (22.29) give SOs for any Poincaré- and P-invariant
equation describing a particle of spin s<2. Among them are the Rarita-Schwinger and
Dirac-Fierz-Pauli equations for a particle of spin 3/2 (refer to Section 6), and the
Bhabha equations [35]. Moreover these formulae define SOs for the LHG equations
being invariant under the Galilei group, see Sections 13, 15. The corresponding
matrices r, have the form r,=8,-2.

In conclusion we note that the spectrum of the operators (22.29) is given by
formulae (22.13), (22.18) (where Q, - d,, and Q - d,) and (22.30):

dy,W=e2j- D+ D)2+, =1, j=1/2,3/2,..,
dW=¢G- DjG+DHG+2W, j=0,1,... .

(22.30)
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22.4. Other Symmetries of Equations for Arbitrary Spin Particles

Here we consider other examples of external fields preserving nongeometric
symmetries of equations for particles of arbitrary spin.

We start from the Dirac-type equations (10.10) corresponding to the vector-
potential (22.2). In the case F,,=0 these equations are invariant under the algebra
AGL(2s+1,C) realized in the class M,. In the case F,#0 the symmetry of these
equations is less extensive and reduces to the invariance under a 2(2s+1)-dimensional
commutative algebra defined over the field of real numbers. Basis elements of this
algebra have the form

0, =C ™), 0y 1,70, 2ot ™%, n=1,2,...2 (22.31)

n-1"pvpo

where 2“\, are operators obtained from (19.19) by the change p,—T,. Since the
following conditions are satisfied

[$,,F".L,] =%(F“T(} -TTOFYL,  [5,F™,L,]=0

where L, and L, are the operators of (10.10), the operators (22.31) are SOs of the
system (10.10), (22.2).

Using the deep analogy of (10.10) with the Dirac equation it is possible to
reformulate all the results a)-d) of the previous subsection to the case of arbitrary spin.
Such a reformulation is almost trivial and reduces to the change y, — I, in the
corresponding formulae. Moreover the symmetry of the system (10.10) is more
extensive because the squares of the corresponding SOs do not reduce to the unit
matrix in contrast to the case of the Dirac equation. For example in the case of the self-
dual electromagnetic field we find a 2(2s+1)*-dimensional invariance algebra of the
system (10.10) formed by the SOs of (19.20) where ZW are again the SOs obtained
from (19.19) by the substitution p, — TI..

Let us consider also the Poincaré-invariant equations without superfluous
components for a particle of arbitrary spin in an external field described by the specific
potential

(H/ '+ V)wziilp (22.32)
Ox,

where H/ is the Hamiltonian of a free particle of arbitrary spin given in (7.27),
V=(1+0 )9 (x). (22.33)

In the case s=1/2 formula (22.32) presents a well-known equation used for
description of quarks in the field with an effective potential being the sum of the scalar
and vector components [392]. We will not work out details of the explicit form of {(x)
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which is not essential for our aims.

The equation (22.32) has a wide nongeometric symmetry described in the
following assertion.

THEOREM 22.2. The equation (22.32) is invariant under the algebra
AGL(2s+1,R) whose basis elements A, are given by formulae (19.20) where

s, =-ie, 5 =-ie, S, =i (22.342)

abc“0c ™ abc™ ¢?

mn

$,=0,5,+(1-0))p,Spp 2. (22.34b)

PROOF. The equation (22.32) and the operators (22.34) can be reduced to the
form for which the statements of the theorem become obvious. Using the
transformation operator

1
U=U ‘=7 1+01+(1—01)Z(—1)“/\v}

where A, are the projectors (7.15), we obtain

U, + V)UT=01m+03p+%(1 £0)0), (22.35)

UsU'=s,. (22.36)

Matrices (22.36) commute with the Hamiltonian (22.35) and satisfy the
relations (4.25), (4.30), (4.31). So we can construct a basis of the algebra AGL(2s+1,R)
by formulae (19.20). m

We note that the analogous symmetries are admitted by the equations

.9
V)¢7la—%¢

ar

(H,

where Vis the potential (22.33), H,” is one of the Hamiltonians (7.40). A basis of the
corresponding IA is given by formulae (19.20), (22.34). Thus the TST equation with
the specific potential (22.33), describing a particle of spin 1, is invariant under the
algebra AGL(3,R).

22.5. Symmetries of Galilei Particle of Arbitrary Spin in the Constant
Electromagnetic Field

Here we study symmetries of Galilei-invariant wave equations describing a
particle in the field corresponding to the vector-potential (22.2). Namely we consider
the LHG equations, refer to (15.1), (13.11), (13.12), Column R, in the Table 13.1.

THEOREM 22.3. The LHG equation for a particle of spin s interacting with
the constant electromagnetic field is invariant under the algebra AGL(2s+1,R) whose
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basis elements are given in (19.20), (22.34a) where

S= % mElpos X D* %xH r]xp)xH[I eH (E[,

B od m 5 0 (22.37)
H=(H;+H, +H;)'",
S and n are the corresponding generators of the homogeneous Galilei group.

The proof reduces to direct verification of validity of the following assertions:

a) the operators (22.37) satisfy the condition LS=$'L where L is the operator
of (15.1);

b) the operators (22.37) satisfy the commutation relations (12.20a) moreover
S*=s(s+ 1) for any  satisfying (15.1).

These assertions are easily verified using relations (13.9), (13.10).

We see nongeometric symmetries of the LHG equations are very extensive.
All the SOs (19.20), (22.37) belong to the class M, since the matrices N, corresponding
to the LHG equations satisfy the relation nn,=0.

Another Galilei-invariant equations considered in Chapter 3 do not admit the
symmetry formulated in Theorem 21.3. But for the constant and homogeneous
magnetic field we can find a class of equations being invariant under the algebra
AGL(2s+1,R). There are the equations (15.26), (15.28) for k,=1. The corresponding
SOs are given in (19.20), (22.34) where

00 NN
S,=VS,V. V=exp B teS-Hpxp [f %J(TLAO)—E - “s-HH
mn O 0o 2m m M

This symmetry makes it possible to obtain the exact solutions of the corresponding
equations (see Chapter 6).

22.6. Symmetries of Maxwell’s Equations with Currents and Charges

Here we show that Maxwell’s equations with currents and charges also have
an additional symmetry extending well-known Poincaré and conformal invariance.
Using the covariant formulation (3.9), (3.10) of these equations we formulate and prove
the following assertion.

THEOREM 224. There exist twenty SOs of Maxwell’s equations with
currents and charges in the class of second order differential operators with matrix
coefficients. These SOs do not belong to the enveloping algebra of the algebra AC(1,3)
and have the following form

Q Wlipol— (| +2Bi)[zupp VpOLZVOpk pP_ZuopVpP_Z Yy k9] (22.38)

where
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ZpV:g}NtiBpiﬁva' (2239)

Proof reduces to direct verification (using relations (6.20)) the fact that Q""/[P®
commutes with L, and L, of (3.10). m

The operator (22.38) is antisymmetric under permutations of indices inside of
square brackets and symmetric under the permutation of the pairs of indices included
in the first and second square brackets. In other words, it is a basic tensor having 20
independent components (refer to Subsection 16.2 for definitions).

We note that Maxwell’s equations with currents and charges have a wide
additional symmetry. The operators (22.38) do not belong to the enveloping algebra of
the algebra AC(1,3) and thus are essentially new in comparison with the SOs which can
be obtained in the classical Lie approach.

Calculating commutators of the operators (22.38) with the generators of the
conformal group given in (2.22), (2.42), (3.20) it is possible to find a more wide class
of the second-order SOs which in general depend on x,. An example of such a SO is
the operator (22.17) which is admitted by Maxwell’s equations with currents and
charges.

It is not difficult to make sure the SOs (22.38) do not form a basis of a Lie
algebra. But they include a subset of operators which can be extended to a
superalgebra. Denoting

1 =
0 vo _ 0 [pVJ[pO’Jg“p_ Eg an l}l)\lean“pgm=

22.40
=(1+2B)(Z P, -2, p°-Z%p,p" - (22.40)

~2(1+Bp °p °+ 8 I2(1+Bp, M+ Zp, p, )
we select ten SOs satisfying the following anticommutation relations [327]
(0,071 =fapp’ N +gar “N (22.41)
where
N =p*pPpp?, n=pp’p p"-B,r"’,

VoV’ o’

1
fu[})\p = ﬁ(g

(W

8ap=8a'8p )€ 8,"8% 8%
(22.42)

(vo

1 o
578 8up=8"08°)(8"°8\,=8" 28 %)

vov'o’ _

8 —l(g
oA ﬁ

(W’ (vo , v'a’

/ 1 F oy
8%8°178"78 %8 " 578" 878" g
and symmetrization is imposed over the top indices in the r.h.s. of (22.42).

In accordance with (22.42) the following set of SOs of Maxwell’s equations
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{Quﬁ; PG’ n HUO‘P}

(where P, J , are generators of the Poincaré group given in (2.20), (3.20)) form a basis
of a superalgebra. Moreover Q,, are the odd and the remaining operators are even
elements of this superalgebra.

Using the explicit expressions (6.22), (6.23) for the B-matrices it is not
difficult to find the action of the SOs (22.38) to components of the wave function (3.9),
i.e., to find the corresponding symmetry transformations of the strengths E, H and
current j. In this way, it is possible to verify directly the validity of Theorem 21.4.

In conclusion of this subsection we consider Maxwell’s equations in a
conducting medium:

ia_E= -ipxH+ioE, p-E=0;
0x,

i _ k. p-H=0
Ox,

(22.43)

where O is the coefficient of conductivity. We will show that, just as equations for the
electromagnetic field in vacuum, the equations (22.43) are invariant under the algebra
AGL(2,C).

Using the notations (3.6), (20.1), (20.3) we write (22.43) in the momentum
representation

L,6(x,,p)=0, leiaif GZS'eré(l +0,)0, (22.442)
X,

0
L ¢(x,.p)=0, L,"=p,-SpS,. (22.44b)

The equations (22.44) are invariant under an eight-dimension Lie algebra
isomorphic to AGL(2,C). The basis elements of this IA have the form

i oA i _
Zz3=§h\h| 'SP, Z3l=§h\h| 103Q,

s -lospo, = -lgp 5 -1
12_70-3 PO, 01_7 P, oz_jo-sQ’
i - . . -
2= hlh 'O SPO. T =ikl Z=l

where Q is the matrix given in (20.7),
h=0,S-p-i0,0/2, p=plp,
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L0, 1,0 .y 2i R
h| = @2-—0’g (SpP-L[1-(S-p)I.
o 4 0 o

For the proof see [154].
22.7. Super- and Parasupersymmetries

Here we search for relativistic wave equations for charged particles in external
fields, which admit exact super- or parasupersymmetries.

An attractive feature of Witten’s supersymmetric quantum mechanics is that
it is supported by a realistic physical model. We say about the problem of interaction
of spin 1/2 particle with magnetic field. Indeed, as the Pauli as the Dirac equation
predict supersymmetric energy spectra for such a particle interacting with the magnetic
field depending on two space variables only [417,7°]. Moreover there exist the
corresponding symmetries (supercharges) causing the specific degeneration of this
spectra.

We demonstrate here that parasupersymmetric quantum mechanics [372] also
is supported by a wide class of wave equations for particles interacting with external
fields. In contrast with the sypersymmetric case these equations have to include
anomalous (Pauli) interactions.

First we return to the Dirac equation (22.1) including the external magnetic
field described by the vector-potential (22.7). Setting for simplicity p,=0 we
immediately find that the following operators

0, =iY,(Y,TL-Y,T0),  Q,=i(Y,Y;TL +Y,Y,TL), (22.45)
H=TC+To-iey,Y,H (H=i[T},T,])

are SOs of the equation considered. Besides that these SOs satisfy relations (18.10") for
a,b=1,2 and so realize a representation of the superalgebra sgm(2).

Inasmuch as the operator H coincides with (p,)*-m* on the set of solutions
of the Dirac equation, it generates the spectrum of squared energies of a spin 1/2
particle in the field considered. The specific degeneration of this spectra (any line
except the one corresponding to the ground state is twice degenerated) is caused by the
symmetries (22.45).

Itis necessary to emphasize that the above symmetry exists for p,70 also. The
corresponding supercharges have the form

Ql :y()Ql _y()(l _iy4)(p3Q2_HSS)/ma Q2:Q2_(1 _iy4)P3Q1/m-

Consider the KDP equation with anomalous interaction

@”“;m- [k Bk} S, F “@H (22.46)
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where B, are 10x10 KDP matrices, k, and k, are arbitrary real parameters.

The last term in the Lh.s. of (22.46) represents the most general form of
anomalous (Pauli) interaction preserving Poincaré and P, C, T invariance of the
equation considered.

We restrict ourselves to the case of the constant and homogeneous magnetic
field directed along the third coordinate axis and again set p,=0. The corresponding
strengths and potentials have the form F,=F},,=F,,=0, F,=H, A;=A,=A,=0, A,=-iHx,.

PROPOSITION. Let U satisfies the equation (22.46) with the above
potentials, where

k=k,=1. (22.47)
Then
o= (m>+ T+ TE-2S,eH)W,  S,=i[B,.B,] (22.48)

PROOF. Using the representation (6.22) of the B-matrices and expressing
"nonphysical" components (1-B,)U via 3,2 we come to the generalized TST equation

. 0 / — I
— Y =HY,
oV A

(22.49)
A O eH.O . (S-m? 1%
H=o - S.[io +(0,+0,)—.
2D SO0 (0 O
The Hamiltonian H satisfies the relation
H’=m 2+T8-2eS,H=m>+H (22.48)

from which it follows that (22.48) does is valid. ®

We see the squared energy operator generated by the considered equation has
a typical parasupersymmetric structure discovered in [372]. Let us demonstrated that
this structure is caused by existence of the SOs of the equation considered which form
a parasuperalgebra.

To find the corresponding parasupercharges it is convenient to transform
(22.49) to an equivalent representation including the minimal number of matrices.
Using the transformation operator

W=V, V,=1-S;-io,S, V,'=1-5/+i0,s,,

273
. . ) (22.49)
V=1-ic, 5T (1-0) S v oy (-
2m?
we obtain
pOLIJ/ =H/'.IJ/, lIJ/ - WlIJ, (2250)
where
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A'=WHAW '=0,m+(0,+i0,)(TE-2eS,H)/2m. (22.51)

In contrast with (22.49) the Hamiltonian (22.51) includes the only spin matrix
S;. This circumstance simplifies finding the corresponding SOs which are
parasupercharges. Choosing

QI/:S|T[1Jr ,10, QZ/ =5, T,-8,T, (22.52)

it is not difficult to make sure that these operators are the SOs of the equation (22.50)
and satisfy the relations (19.18') together with H g of (22.49).

Thus we found a symmetry parasuperalgebra of the equation (22.49). Using
the transformation inverse to (22.51) it is not difficult to find the corresponding
parasupercharges for the starting TCT equation (22.49) and than to reconstruct these
symmetries for the KDP equation (22.46). We do not present the corresponding
cumbersome formulae here.

We note that the choice (22.47) of the coupling constants correspond to the
causal KDP equation with an anomalous interaction, while for k,#k, we come to a non-
causal equation [27"]. Thus, only the casual equation for spin-one particles generates
parasupersymmetries.

It is well-known that a parasupersimmetric Hamiltonian has as positive, as
negative eigenvalues [372]. In our case this "Hamiltonian" coinsides with Pﬁ, thus the
equation (22.46), (22.47) generates complex energy values. To overcome this
difficulties it is sufficient to take into account the anomalous interaction bilinear in
respect with F,,, refer to Subsection 10.9.

It is possible to show that analogous parasupersymmetries exist for any spin-
one equation considered in Sections 2, 3, if anomalous Pauli-type interaction is taken
into account [28"].

22.8. Symmetries in Elasticity
Let us study symmetries of the main equation of elasticity [271]

ﬂ:_lp2U+ Ap
or* P Po

pp-U). (22.53)

Here U=(U",U*,UP) is the displacement vector, A>0, u+A>0 and p,>0 are the Lame
coefficients.

The equation (22.53) is not Poincaré-invariant but its differential
consequences have this invariance [271]. Inasmuch as symmetries of this equation can
have important and physically measurable consequences we decided to investigate
them besides symmetries of the basic equations of quantum mechanics.
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Let us rewrite (22.53) in the matrix form

LUEZab[(poz—plpz)?w+ Au

0 0

p,p,1U=0 (22.54)

where U is a column with components U', U?, U, Z,, are the matrices (3.6).
The maximal IA of (22.54) in the classical Lie approach was found in [66].
The basis elements of this algebra have the form

0 0
P=—_, P=_,

a “ ox (22.55)
Jazeabc'xb pc+iSa’ thPO_'xa pa

where S, are the matrices (3.6).

It is natural to investigate symmetries of the equation (22.54) in the class M,,
i.e., in the class which includes the operator L. The corresponding SOs can be useful
for description of systems of coordinates in which solutions in separated variables exist
[365], and for finding new conservation laws in elasticity.

We will search for SOs for the equation (22.54) using a complete set of the
matrices Z* and S

Q=Z,b +iSc* (22.56)

where b’ and C*“ are differential operators of the second order with real coefficients
depending on x. By definition the operator (22.56) is a SO of (22.54) if it satisfies the
condition (16.7) where L is the operator of (22.54), O, is an operator which belongs to
the class M, and so can be represented in the form given in the r.h.s. of (22.56).

Substituting L of (22.54) and Q of (22.56) into (16.7) and calculating the
necessary commutators and anticommutators with the help of relations (20.31) we
obtain a system of determining equations for coefficients of the operator (22.56). We
will not rewrite this cumbersome system, but instead present a consequence of its
solution (see [158] for the detail).

THEOREM 22.5. The basic equation of elasticity (22.54) admits 61 linearly
independent SOs in the class M,. Among them are the operators (22.55), products of
these operators and the following 9 operators which do not belong to the enveloping
algebra generated by the algebra (22.55):

279



Symmetries of Equations of Quantum Mechanics

0,=28-J(S-J-1)-J?

1 1
Qa = [8 achb pz?’ S .J_ 7] + +§ £ abz,‘[Jb’ Pc] +2 (2257)
- 1 bo) 9
Qad - Qad_ ? ad Q)m
where

QAad:Zadp2+papd7pachp c7deacp C+6ad(chp Cp dipz)' (2258)

So the equation (22.54) has 9 essentially non-Lie SOs in the class M,. We note
that Q, of (22.57) is nothing but a Dirac-type SO, compare with (22.17).
The operators (22.57) do not form a Lie algebra. But the set of the SOs

{Qah’ ‘IP:SP’ PO’ Pa’ Ja’ D’ rlah’ nabcd}
where

r]ab=Pan [P 2_(S.P)2]’ nabcdzpanPcPd

and the other operators given in (22.55), (22.58), form a basis of the superalgebra.
Moreover S -P anticommutes with Q. ,, the anticommutation relations for Q_, have the
form (22.41) where V- a, 0 - b, g, —-3".

In conclusion we consider conditional symmetries in elasticity. Imposing on
U the condition of transversality divU=0 we come from (22.53) to the following system

i _
— U+_p°U=0; p-U=0. (22.59)
o P,

With the help of the change t=¢(Mp)"” this system reduces to the form (20.37). Thus
all the results connecting with the conditional symmetry of the equations (20.37) (refer
to Theorems 20.4, 20.5) are valid for the equations (22.49) describing the transverse
elastic waves.

Consider also symmetries of the equation (22.53) supplemented by the
subsidiary condition pxU=0, or
S-pU=L,U=0. (22.60)

In this case we come from (22.53) to the following equation (describing longitudinal
waves)
2

Lu-0, =9 +Hp2 (22.61)
o> p,

Investigations of symmetries of the system (22.60), (22.61) can be carried out
in a complete analogy with Subsection 20.5, that is why we restrict ourselves to
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formulating the final results.

ASSERTION 1. The maximal IA of the system (22.60), (22.61) in the class
M, is the eight-dimensional Lie algebra whose basis elements are given in (22.55)
where £ - '=t(p,/w)"".

ASSERTION 2. The maximal IA of the equation (22.61) without subsidiary
condition (22.60) is the 24-dimensional Lie algebra whose basis elements are given in
(20.39) where t - '=t(p/w)"*

ASSERTION 3. If relation (22.60) is satisfied then the equation (22.61) is
invariant under the 25-dimensional Lie algebra whose basis elements are given in
(21.50), (22.62):

n=5x, (22.62)

We see the conditional symmetry of the Lame equation is rather extensive. In
any case it is considerably more extensive than the usual Lie symmetry, compare with
(22.55). We recall this is the conditional symmetry which generates conservation laws
and thus has a clear physical sense.

The conserved quantities corresponding to non-Lie and conditional
symmetries of the equation (22.53) are discussed in the following section, refer to
Subsection 23.8.

The non-Lie symmetries of (22.53) were found in [122]. The explicit form of
the integro-differential SOs of this equation is given in [138]. Symmetries of the
stationary equations of elasticity in the class M, were studied in details by Olver, refer
to [351].

23. CONSERVATION LAWS AND CONSTANTS OF MOTION
23.1 Introduction

In connection with the above the following questions arise: what are physical
consequences of nongeometric symmetries and is it possible to use these symmetries
while solving concrete physical problems?

The very existence a nongeometric symmetry of a motion equation is a
fundamental fact which reflects that there is an internal degree of freedom of the object
described or can give other nontrivial information. Some consequences of that
symmetry can be used for different purposes: to find constants of motion, to construct
the density matrix, to expand solutions in a complete set of eigenfunctions of a SO and
so on. In Subsection 31.8 we use nongeometric symmetries in order to construct exact
solutions and generate new solutions starting from known ones. A discussion of some
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applications of nongeometric symmetries presents the main contents of this section.

One of the most important consequences of symmetries of equations of
motion is existence of constants of motion, i.e., some combinations (as a rule bilinear)
of solutions which are conserved in time. The well-known examples of constants of
motion are energy, momentum and angular momentum.

But what type of constants of motion corresponds to the nongeometric
symmetries described above? In the traditional approach to searching constants of
motion, we investigate symmetries of the Lagrangian of the described system and then
find the corresponding conservation laws using the Noether theorem (see, e.g.,
[41,42]). The advantage of this approach is that so defined conservation laws as a rule
have meaningful physical interpretations. But this approach has evident limitations
since not every equation of mathematical physics admits the Lagrangian formulation
and moreover Noether’s theorem does not allow all the constants of motion even for
those equations which can be obtained using the variational principle.

According to the above, in describing the conservation laws corresponding to
nongeometrical symmetries, it is preferable to use another more universal approach
whose essence is the direct calculation of bilinear combinations of solutions for the
motion equation, which are conserved in time by virtue of symmetries of these
equations. Moreover in this way it is possible to find conserved quantities which do not
correspond to any SO. Examples of such quantities are given in Subsections 22.7,22.8.

Let us consider an arbitrary evolution equation of the form

.0 _.0
L PEi_y= 23.1
taxollJ i Y=HPW 23.

where H(p) is a differential operator with matrix coefficients, Y=y (x,=t,x) is a real (or
complex) multicomponent function belonging to the space Ly(R,).

Let Q be a linear operator defined on a set everywhere dense in the space of
vector-functions PUL,(R,). To each solution of (23.1) we assign a bilinear combination
of the form

_ " 232
I,- dequ ou (23.2)
where ' is a transposed and conjugated function.

Differentiating (23.2) in respect with x, and using (23.1) we obtain the
following sufficient condition of conserving I, in time

N P 0 0 3 Wl
% _HT(I,)EQ_Q %_—H(p)%IJ:O. (23.3)
I:IDOXO 0 Daxo T

If the operator H(p) is Hermitian then (23.3) reduces to the form
But the condition (23.4) is nothing but a definition of a SO of the equation
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0, 0
©2 -H,0Hp-0. (23.4)
0

0x,
(2D3.1), compare with (1.5). In other words if the evolution operator (Hamiltonian) is
Hermitian then we can assign the conserved quantity to any SO of the equation (23.1).

We emphasize the relation (23.3) is not a necessary condition of conservation
of (23.2) in the case when | satisfies some additional conditions besides (23.1).
Maxwell’s equations are a good example of a system of equations including the
subsystem of the sort (23.1). But besides that Maxwell’s equations include additional
conditions not containing time derivatives, and this is why these equations generate
such constants of motion of the form (23.2) that the equations (23.3), (23.4) are not
satisfied.

Conserved quantities can be calculated also using a more traditional approach
based on the concept of currents satisfying the continuity equation. Let us formulate
the corresponding definitions valid for an arbitrary system of partial differential
equation of the form

FAx,UU',.)=0, A=1,2,...N. (23.5)

Here x=(x,x,,...,x,) are independent variables, U=(U",l?,...,U™) is a vector-function
depending on x, U’ denotes derivatives in respect with x, i.e., the set of the following
quantities

k
U= a;)fc, J=0,1,.m; k=1,2,...,m,

j
the dots denote derivatives of higher order which can be included into the system
(23.5).
Following [228] we say that there exists a conservation law for the system
(23.5)if it is possible to assign (n+1)-dimensional vector j, (x,U,U',...,) (u=0,1....,n) for
any solution of (23.5) moreover
pY,=0. (23.6)
According to the Ostrogradskii-Gauss theorem, it follows from (23.6) that the
quantity
<Gp>= J d"™j(x,U,U’,..)

does not depend on x,. Here R, is a domain of integration, which we assume to coincide
with the n-dimensional manifold {x}.

Until now there is no a constructive algorithm of describing of all the possible
conservation laws admitted by an arbitrary system of partial differential equations. Our
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approach is to find all the conserved bilinear quantities of the kind (23.2) being
conserved in time. Then starting from the found j, we can calculate the remaining
components of the conserved current using the symmetry group of the equation of
interest. Such an approach enables us to formulate the natural definition of currents
equivalence: we say two currents j, and j,' are equivalent if

Jd "ij=Jd il (23.7)
a current is called trivial if <j,>=0.
23.2. Conservation Laws for the Dirac Field

Let O be a SO of the Dirac equation. We define the corresponding conserved
current as follows

1= WY, TBY) (238)

where {I=U" and Y belong to the set of solutions of the Dirac equation. Inasmuch as by
definition Q satisfies (16.2), (17.1) then jg (23.8) satisfies the continuity equation
(23.6).

We note that the correspondence "SO - conservation law" given above is
isomorphism in the sense that to any SO of the Dirac equation we can assign the
conserved quantity (23.8). On the other hand any bilinear conserved quantity
corresponds to a SO; to find a complete set of such quantities is to find the general
solution of the equation (23.4) defining SOs of the Dirac equation. So there is one-to-
one correspondence between SOs and zero components of conserved currents, the other
components are easily found using Lorentz transformations.

We present the explicit form of the currents corresponding to the SOs of the
class M,. Starting from generators of the Poincaré group we obtain from (2.22), (23.8)
the well-known expressions for the tensors of energy-momentum and angular
momentum

@v g

O'

D (23.9)

Mp)\ci ='x;JT)\G _'x)\TpG + 7qj[y0’ S;J)\] + LIJ

which satisfy the continuity equation in respect with the index O.
The trivial identity SO generates the current of probability density

J =Py (23.10)
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For the remaining SOs of (18.5) we obtain the following expressions:
a) the operators W, and W, corresponds to the tensors of valences 2 and 3

-1 %'_'VM N _u

0
5 oY D mpy, S,

(23.11)
g
i DGIII OljJ op oJyP 0.1 .
('op)\p7 Z FSAH[IJ tljS}\p tljS}\p a o ax S LIJEJr quj[su)\s Vp] + l-le
b) the operators B and A, correspond to the vector J, and tensor Z,,
S=2x0, , Z,=2x0W 0 (23.12)

We can make sure that all the quantities (23.11), (23.12) satisfy the continuity
equation in respect to the index A. Using the Ostrogradskii-Gauss theorem it is possible
to find the related constants of motion in the following form

_[43 _[.43 G LN 23.13
<P >= J d’xT,, <J“U>—Id Mgy <Jp>= J d iy, ( )
<W >:Jd3xm p <W >= Jd X0, s <B>=Jd3xJ0, <A >:Jd3xZ . (23.14)

u i iy o u i

So we present the explicit form of the conserved currents and constants of
motion corresponding to the SOs of the Dirac equation in the class M,. Besides the
well-known constants of motion (23.13) we show the "new" conserved quantities
(23.14) corresponding to the SOs (18.5).

Formulae (23.13), (23.14) give a complete set of the conserved quantities
depending bilinearly on s and 0y/0x,,.

23.3. Conservation Laws for the Massless Spinor Field

Here we present conservation laws corresponding to symmetries of the
massless Dirac equation.

The SOs from the class M, admitted by the Dirac equation with m=0 are given
by formulae (18.31), (18.32). They correspond to the conserved currents (23.8).

As in the case of nonzero mass we obtain the tensors of energy-momentum
and angular momentum (23.9) and the probability density current (23.10) which
correspond to the SOs P, J ; and 1.

w Yuo

For the operators D and K, we obtain from (2.42), (23.8)
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D_ Ko D 23.15
JP=x°T, . 1, =x"M, +x ), (23.15)

n

where T, and M, are the tensors (23.9). Bearing in mind that for the case m=0 the
tensor T, is traceless, it is not difficult to make sure the currents (23.15) satisfy the
continuity equation.

In analogous way we find the currents corresponding to the SOs of (18.31),
(18.32):

@va e R L

o ——VY.Y, UJD

v

o PP o
I =x Iy = x 0 +Zewpctli[ypS" LW, (23.16)

Y, 5 wi P
L=y, 1 =xV,"

g oy ~
w_ ATV D
Jy =X vy

W _)\ l \J
] "=0 J, =z . J =73wpcx o

HVA?

(23.17)
0, 5 s 1
Jy =)cpZVA _vapr’—z x x°0

Here &, and Zp\, are the tensors (23.11), (23.12) with m=0.

So we obtain the conserved currents corresponding to symmetries of the
massless Dirac equation in the class M,. The currents (23.17) are essentially new (in
comparison with obtained by the classical methods) inasmuch as they correspond to the
SOs which do not belong to the enveloping algebra of the algebra A/C(1,3)&H].

Formulae (23.9), (23.10), (23.15)-(23.17) give a complete set of conserved
currents depending bilinearly on ) and 0y)/0x, for the massless Dirac equation.

23.4. The Problem of Definition of Constants of Motion for the Electromagnetic
Field

Studying constants of motion of Maxwell’s equations is of particular interest
since these constants are expressed via the physically measurable quantities, i.e.,
strengths of the electric and magnetic fields.

The description of constants of motion for Maxwell’s equations can be
considered as a separate problem inasmuch as there exist such conserved quantities
which do not correspond to any symmetry. On the other hand there exist conserved
currents which correspond to trivial (zero) constants of motion. That is why our
strategy is to give the complete description of some class of constants of motion and
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then reconstruct the corresponding conserved currents. More precisely we find all the
conserved quantities of the form

0 0
I- J a*xr o1, 95 01 LD (23.18)
0 ox, Ox, 0

where F denotes a bilinear combination of the vectors E, H and their derivatives
besides in general F depends on x and x,. Without loss of generality we can represent
F in the form

where ¢ is the vector-function (3.4), Q is a second-order differential operator with
matrix coefficients moreover all the matrices are of dimension 6x6. Without loss of
generality we suppose Q is Hermitian (symmetric) operator inasmuch as skew-
symmetric operators correspond to zero quantities of (23.18), (23.19).

The problem of describing the conserved quantities defined above is closely
related to the problem of describing the second-order SOs of Maxwell’s equations,
refer to Section 20, but has a lot of distinguishing features. Indeed, substituting (20.19)
into (20.18) and differentiating the latter in respect with x, we obtain using (3.5)

i J d*xWi(0-i[0,0,5 pI. (23.20)

Equating this quantity to zero, using (3.5) and taking into account Hermiticity of the
operator in paratheses we obtain the following equation for Q

0-i[Q,0,8p1=ic " [ayL," + (4L,")'] (23.21)
where 13‘2’ is the operator (3.5), a,* are unknown second-order differential operators
(commuting with @"*) which have to be determined, 0'*=0*, u#2; 0"’=ig”.

Further on we follow the proof of Theorem 20.3. Representing Q in the form

(20.20) we come again to the noncoupled equations for the even and odd parts of the
operator Q=E+0O

[E.L]=0; L, (0 L)', (23.222)
[0,L)=06 L, "+(af L))" (23.22b)
Here E, O, a ¢, a ; are unknown second order differential operators of the form (20.20)
(20.22), ﬁ; and I:l are the operators (20.26).

Thus the problem of describing the conserved quantities of the form (23.18)
reduces to solving the operator equations (23.22) There are two essentially new points

in comparison with the equations (20.23), (20.24) for a SO:
1) there are no commutation relations of SOs with the operator i‘; in (23.22),
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i.e., the second equations of (20.23), (20.24) are absent;

2) the anti-Hermitian terms of (20.23),(20.24) are absent in (23.22).

In other words the conditions imposed on the operator Q of the conserved
bilinear form (23.18), (23.19) are weaker than the corresponding equations (20.23),
(20.24) for the SOs of Maxwell’s equations. That is why the number of conservation
laws is larger than the number of SOs in the class considered.

23.5. Classical Conservation Laws for the Electromagnetic Field

First we restrict ourselves to considering such bilinear conserved quantities
which depend on strengths of the electric and magnetic fields but do not include
derivatives of these strengths. We will call them conserved quantities of zero order.

THEOREM 23.1 [159]. There exist exactly 15 linearly independent constants
of motion of the form

I= J d*xF(E,H, x,,x) (23.23)

where F(E,H,x,x) is a bilinear combination of the vectors E, H satisfying Maxwell’s
equations. The general form of F corresponding to /=0 is given by the formula

F(E,H,xO,X)=%KO(E2+H2)+K~E><H (23.24)

where K=(K°,K) is a conformal Killing vector, i.e., an arbitrary solution of the
equations (1.17).

PROOF. Let us represent a bilinear combination of E and H in the form
(23.19) where ¢ is the vector-function (3.4), Q is a symmetric real matrix of dimension
6x6 (skew-symmetric matrices make zero contribution into the integral (23.18) since
¢ is a real function). Substituting (23.19) into (23.18) and differentiating the latter in
respect with x, we come to the equation (23.21) where a“, are unknown functions of x,,
x have to be determined. Expanding Q in the complete set of matrices (3.6), (5.30) in
accordance with (20.20) where

A=Z,a®, B=Z,b" C=Z,®, D=iSK" (23.25)

a®, b, ¢** and f* are unknown functions of x,, x, and equating coefficients of linearly
independent matrices and differential operators we come to the relations

aab:b ab:0 CtzbzaabKO
b b

moreover, K° has to satisfy the equations (1.17) together with K* from (23.25).
The corresponding matrix Q has the form
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0=0,K°-0,5 K“. (23.26)

Substituting (23.26), (3.4), (3.6) into (23.21) we come to formula (23.24). =

The general solution of (1.17) depends on 15 arbitrary parameters and is given
by formula (1.18) To obtain the corresponding constants of motion we substitute (1.18)
into (23.20) and choose consequently only one of parameters be nonzero. As a result
we come to the formulae

E=% J d(E*+H?¥= J d*xP, P= jd YExH= [d WP,

L= }d Sxxx(ExH), N= Jd x[x,ExH-x(E 2 HY), (23.27)
D=|d 3xx“ P K,= d3x(2x“x "ﬁv -x’x, Isp).

Relations (23.27) give the well-known classical constants of motion of the
electromagnetic field in vacuum, i.e., the energy E, momentum P, angular momentum
L etc. These constants of motion can be obtained using the Lagrangian formalism and
Noether’s theorem [32].

According to Theorem 23.1 there are no other constants of motion bilinearly
depending on E and H for Maxwell’s equations.

It is not difficult to establish the correspondence between the constants of
motion described in the theorem and the conserved currents. These currents have the
form

jp:TwKV (23.28)
where K is a Killing vector, 7, is the energy-momentum tensor:

1
Toozf(EzJ“Hz)’ r,=T,=¢,E,H,

(23.29)
1
Tab =" EaEb B HaHb * 7 6ab(E z +H 2)'
Using the well-known properties of T,
a“TW:O’ Tpvg =0 (2330)

itis not difficult to make sure that the four-vector j, satisfies the continuity equation iff
K" is a Killing vector satisfying (1.17). This is the zero component of the current
(23.28) which is given in (23.24).

According to Theorem 23.1 all the nonequivalent conserved currents
depending bilinearly on E and H have the form (23.28) and so are completely
determined by the Killing vector.
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23.6. The First Order Constants of Motion for the Electromagnetic Field

‘We now consider constants of motion of the more general form (23.18) which
depend on the electromagnetic field strength and its derivatives.

The obvious set of conserved quantities of this kind can be obtained by
choosing Q in the form of products of the conformal group generators and the matrices
(23.26). Conservation of such quantities in time is caused by relativistic and conformal
invariance of Maxwell’s equations. Conservation laws of such a kind were found by
Lipkin [282] for the first time (see [248, 109, 303] also).

The SOs found in Subsection 20.4 do not belong to the enveloping algebra of
the algebra A/C(1,3)&H] and so are not caused by conformal invariance of Maxwell’s
equations. Substituting these SOs into (23.18), (23.19) instead of Q we obtain the
motion constants which are new in principle and have nothing to do with the relativistic
and conformal invariance of Maxwell’s equations.

However there exist more exotic conserved quantities for the electromagnetic
field which cannot be assigned by any SO. Examples of such constants of motion are
considered in the following.

First we consider the conserved quantities which are bilinear combinations of
the form (F,; 0,F,,) where F, is the tensor of the electromagnetic field. More precisely
we search for conserved in time bilinear forms

I= Jd3x¢*Q¢=jd3ij (23.31)

where ¢ is the vector-function (3.4), Q is a first-order differential operator with matrix
coefficients. We will call such conserved quantities first order constants of motion. In
particular this class of conserved quantities includes Lipkin’s "zilch" but is only a
subclass of more general constants of motion of the type (23.18).

THEOREM 23.2. There exist exactly 84 first order constants of motion for
Maxwell’s equations. The corresponding function j, of (23.31) is the zero component
of the four-vector

J=K%Z,, +2e, (@KMTC (23.32)

where T°; is the energy-momentum tensor (23.29), K% is a conformal Killing tensor
of valence 2, satisfying the equations

a(qu)zéa)\K)\(pg cv),
K»=K", K", =0,

Zsy, 1s Lipkin’s zilch tensor:
The proof reduces to finding the general solution of the equations (23.22) for
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Zy —EaH -H 0,E ;

AN a?

Z =Z (E"0,H °+H, 0,E °), (23.34)

Oa,\ a0, \ ahc

3 ,(E0,H -HJ,E)+H,E"-E“Q,H".

ab)\

first-order differential operators E, O, o, a“, of the form (20.20), (20.22). We do not
present the corresponding calculations (which are analogous to the ones given in
Subsection 20.3) but note that the odd part of Q (i.e., the operator O) reduces to zero
and the even part (E) has the following general form

Q=E=0,Fp +$,Fp e, (0,0K"™S,+ %6”1{ wz ) (23.35)

where S, Z , are the matrices (3.6), K* is a function satisfying the equations (23.33)
and depending on 84 arbitrary parameters, see Appendix 2, formulae (A.2.9), (A.2.17).
Substituting (3.4), (23.35) into (23.31) we obtain j, coinciding with the zero component
of the vector (23.32). =

Using the identities

Z,,8"=0, Z,,8"=0, 987, =0,

v, Taw Y NT
Zv)\,"l * Zp)\,v = ap(e pv)\cT He pp}\oTGV)
and the relations (23.33) it is not difficult to make sure that the four-vector (23.32)
satisfies the continuity equation. Substituting the general expression for K*° (refer to
(A.2.24)) into (23.32) we come to a linear combination of the conserved currents
exhausting all the nonequivalent currents of the first order. Some of them are well-
known including Lipkin’s zilch and its generalizations (see [282,248,109]). Formula
(23.32) includes the "new" currents also which are polynomials of x, of orders 3 and
4 and correspond to the conformal Killing tensors represented by G,*, G, in (A.2.24),
(A.2.25). Theorem 23.2 gives a complete list of the first order conserved currents.

We note that the operator (23.35) is nothing but the Hermitian part of the

product of the matrix 10,0 (where Q is the matrix (23.26)) and a linear combination of
the generators of the conformal group. Thus we say the first order constants of motion
for Maxwell’s equations correspond to products of the usual conformal symmetries.

23.7. The Second Order Constants of Motion for the Electromagnetic Field

We now consider constants of motion being bilinear combinations of the first
derivatives of the electric and magnetic field strengths. In other words we study the
quantities of the sort (23.18) which are conserved in time. The corresponding functions
F can be represented in the form (23.19) where Q is a second-order differential
operator with matrix coefficients.We call such conserved quantities the second order
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constants of motion.

The problem of description of second-order constants of motion reduces to
solving the equations (23.22) for a second-order differential operator of the form
(20.20), (20.22). It is possible to show that even operators Q=F satisfying (23.22a)
reduces to polynomials of the conformal group generators and the matrix (23.26) and
thus are not of great interest. We will not represent the corresponding calculations but
note that a complete set of such operators is determined by a conformal Killing tensor
of valence 3. The number of these operators (and the corresponding constants of
motion) is equal to 300.

Here we consider odd operators only which do not belong to the enveloping
algebra of the algebra A/ C(1,3)C9H . In other words we investigate conserved quantities
of the following form

I- J d*xhT00= jd3xF (23.36)

where O is an odd operator belonging to the class M,, ¢ is the function (3.4). The
general expression for O is given in (20.28), (20.30) where without loss of generality
0"'=0 inasmuch as anti-Hermitian operators make zero contribution into the integral
(23.36). Substituting (20.32a), (20.32c) into (23.22b) and calculating the necessary
commutators and anticommutators using (20.31), we can equate the coefficients of
linearly independent matrices and differential operators. Then we come to the follo-
wing system of equations for coefficients of the operator of conserved bilinear form:

abyed _ 1 0(cd) . 2 x¢ 7 0d0,
Dy =K +§5L<aKh) ;

2

ab,cd _ n0a_p 8 b 00m b 00m
Dy =-Ky, € )L')n+§6a e Ky, _gsmn()éa)((;Kd)n : (23.37a)

mn(c

ab 4 k- m@ab) jn .
B"=__0K, e ;
27

a 8 abk
B"= > 9K,
o "
Dl“h = iaab 6’"6”1(,22%&6”6(“[(0’200 +EanK()(ghn);
> i ! (23.27b)
Omn 2

where K" is a generalized Killing tensor, i.e., an irreducible tensor which is
antisymmetric under the permutations pu=v or P=0 and symmetric under the
permutations (u,V)=(p0). Besides this tensor satisfies the equations

a(qu}ng) _ %ap %B((;gﬁ\g a)v) +%g (a)\Kvng)B +K(5f7}1)0g u)\)%o (23.38)

0°(0c

D ab:iéab acads 'I{Omn_*_ab8 'KOmn) _laka(ahSk)”
3 10 mn(c )0 mn(c +a)0 7 no m

We recall that symmetrization is imposed over the indices in the paratheses.
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We see that the odd constants of motion of the second order for Maxwell’s
equations are completely determined by a generalized Killing tensor in accordance with
(23.36), (20.32a), (22.37). The general expression for this tensor is given in Appendix
2, see (A.2.24). In other words formulae (23.36), (20.32a), (23.37) (A.2.24) define a
complete set of odd constants of motion of the second order for Maxwell’s equations.
The number of these constants of motion is large enough and is equal to the number of
independent components of the corresponding generalized Killing tensor, i.e., 378.

We see that there exist significantly more constants of motion in the class
considered than the corresponding SOs, compare with Theorem 20.3. More precisely
any generalized conformal Killing tensor K“°* with A0 generates a constant of motion
which does not correspond to any SO in the class M,.

Let us represent some of the found constants of motion in the explicit form.
Restricting ourselves to those which are polynomials on x, of order 0,1 and 2, we
obtain the following set of independent operators F for (23.36):

Fl%ah - E (aH b) +(akE (a))akH b)’
FY"-EE"+(E 0.E"-H H"-©@H“dH",
Fi*=H“@H-E"“QE®, (23.392)
Fy=E“0"HO+H “0E°,
1

pbe _ 0nf(b g MO, so-1 pbe
Fl = —78 "MOF g0 %, +20 % x F g s
ub _ g ubv sl « ub
Fal _Fao X, (] _g;JO)C(C()’
= ab 0(be Co- b
Futi C: _ aé Lx a)Jrl o leFuaoc, (2339b)

M _ pub WWakil
Fo=Fgx,-g" C(u)v

Here
Ch=E°E'-H°H’ C§'=E“H”, a=1,3, a'=1,3, ao'za, k=123,

and the dots denote time derivatives.

The traces of the tensors (23.39a) make zero contributions into the integrals
(23.36). Time independence of the integrals (23.36), (23.39) can be verified directly
using Maxwell’s equations.

Formulae (23.36), (23.39) present the complete set of odd constants of motion
of second order, depending on x, as polynomials of orders 0, 1 and 2. Using relations
(23.36), (20.32a) (23.37), (A.2.24) itis not difficult to rewrite the explicit form of other
odd constants of motion which in general are polynomials on x of order 6. We do not
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Oa Oab a+l Oa
Foy=Fqy x,+i %" x F,

0" o'l
ab 1 XMy Oab 1. a-1 ab Oab
Fop=- Fao t—1 xo(FuliFul)7
2 3
Fa“zb:%F;”‘ i N F2F X, -4C Y,
Fa();hz _x“x uFaOgb _lFaOI(ax b) +i aAleFgOa]h’ (23390)

abc

ahc_3F0(ab C)+la l.x |:6(abFE) +F abc+ﬁ

abc (ab (flb c )k

=3x x"Fgy 3F 1 x9-3C 4 x 9+ 68C,)

+i°HXO ;715[’6” (F“b‘ ”’b‘)D
g

present the corresponding cumbersome formulae here.

We emphasize that the constants of motion found in this subsection have
nothing to do with the conformal or Lorentz invariance of Maxwell’s equations in
contrast to the classical and first-order constants of motion. The constants of motion
given in (23.36), (23.39) either are generated by the odd SOs not belonging to the
enveloping algebra of the algebra A/C(1,3)&H] or do not correspond to any SO in the
class considered.

We note that the constants of motion found above admit a covariant
formulation. Let us denote as usual by F,; the tensor of the electromagnetic field,

%smepA, Fo=_0 Fw,

X\

Then the following tensors
G)\[gv][pa] - F)\vaapG+ FGPOF)\W + F(;lVF)\pG+ }\poF,:v _ gm (FpvayDU + prcFpr)g By (23 40)

satisfy the continuity equation in respect with the indices o and A [248].

It is not difficult to verify that formulae (23.39a) define the complete set of
independent components of G{}""**!if we exclude terms making zero contributions into
the integral

sz G[uv lpol

As to the other quantities present in (23.39b)-(23.39d) they are expressed via
convolutions of G}"1**! with x, and the tensors Cg), C(:f .

In conclusion we note that it is not too difficult to formulate and solve the
problem of description of constants of motion of arbitrary finite order n for Maxwell’s
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equations. We will not do it here but note that the even constants of motion are
determined by the conformal Killing tensor of valence n, the corresponding number of
independent motion constants is given in (A.2.9), where m=4, s=1, j=n+1. The odd
constants of motion are defined by the generalized conformal Killing tensor of valence
R,+2R,, where R ,=n-1, R,=2. The number of these constants is defined by formula
(A.2.16).

22.8. Constants of Motion for the Vector-Potential

The constants of motion discussed above can be represented in terms of the
vector-potential A,. However, there exist additional conserved quantities depending
bilinearly on A, which extend the sets of constants of motion described in Subsections
22.4-22.7. That is why we discuss the constants of motion for the vector-potential as
a separate problem.

Consider the vector-potential A, in the Coulomb gauge, then by definition A,
satisfies the equations (20.35). We search for the constants of motion in the form

where A=column(A,A,,A;), Q is a differential operator whose coefficients are 3x3
matrices, see (22.56).

An evident set of constant of motion of (23.41) can be obtained choosing Q
be a SO of the equations (20.35). Such SOs (including operators satisfying the
requirement of conditional invariance) are discussed in Subsection 20.5.

It happens the class of constants of motion of the type (22.41) is more
extensive inasmuch as the corresponding operators Q are not in general SOs of the
equations for the vector-potential. Restricting ourselves to the case when QUM, and
denoting the corresponding class of constants of motion by m, we can prove the
following assertion.

THEOREM 23.3. There exist 53 constants of motion in the class m, for the
equation (20.32), including 50 conserved quantities of the sort (23.41) where QUIM, are
the operators of conditional symmetry of the system (20.35), and the three additional
constants:

: 94
1= J A X380 2 ) (23.42)
'xl

The proof is analogous to the proofs of Theorems 23.1, 23.2. Time
independence of /, can be verified directly using the equations (3.14)-(3.16) for j=0.m
Considering the vector-potential in the Lorentz gauge (see (3.14), (3.15) for
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J,=0) we find the following six constants of motion:

O PA 9A O O
_ ( 23.43
I,= Jd XA x %O E,ax_oxv— Oxcx“%x“Av_va“% ( )
O 0w v [ O

We emphasize that the constants of motion (23.42) cannot be represented in
the form (22.41) where Q is an operator of the conditional symmetry of the equation
(20.37). In other words it is not possible to assign to these constants any symmetry of
the equation (20.37), either usual or conditional. The same is true for (23.43).

The constants of motion (23.42), (23.43) extend the class of conserved
quantities of the electromagnetic field, described in Subsections 23.4-23.7. We note
these "new" constants of motion cannot be expressed via the electric and magnetic field
strengths so their physical interpretation seems to be problematic.

A natural question arises if there exist such constants of motion for the vector-
potential which do not correspond to any SO but can be expressed via the vectors of
the electric and magnetic fields strengths. This question admits a positive answer
because such constants of motion are included in the set described in Subsection 23.7.
We rewrite three of them

Zoo 0 OF 0 o ] (23.44)
b y b .
Ia: Jd x FXb %ak{ F) Xt £athk|:]_chcxh %ak! ] Xt SathkD]j
o o % 0 o % [

Formula (23.44) defines the second order constant of motion for E, H which
is a third order constant of motion for the vector-potential. It is possible to show that
one cannot represent (23.44) either in the form (23.31) (where Q is a second-order SO)
or in the form (21.41) where Q is a SO for the vector-potential.

In conclusion we note that the Lame equation (22.53) also admits constants
of motion which do not correspond to any SO. Thus Theorem 23.3 can be reformulated
for the Lame equation if we impose the transversity condition divU=0. Indeed, in this
case the Lame equation reduces to the form (22.59) which coincides with (20.37) up
to the change =¢(A/p)">. As to the equations (22.60), (22.61) describing longitudinal
waves they admit the following constants of motion

. d ou, H
Ia = jd 3'ch(6(;bx ? _'xbe') %akl a ’ * SakakE
0 X 0

which is not generated by any SO. Besides the Lame equation admits a number of
conserved quantities generated by SOs:

1, Id%c(U "ou-uToU)
where U'=column(U,,U,,Us), Q is a product of SOs (22.55) and (22.57) [158].
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5. GENERALIZED POINCARE GROUPS

In this chapter we present the basic information about the generalized Poincaré
groups P(1,n) which are determined as sets of transformations preserving the value of
interval in (14n) -dimensional Minkowsky space. We describe IRs of the Lie algebras
corresponding to such groups and make the reduction of IRs of these algebras by the
Poincaré and Galilei algebras. We also consider the connection of P(/,n)-invariant
equations with Poincaré- and Galilei-invariant equations for a particle of variable mass
and spin.

24. THE GROUP P(1,4)
24.1. Introduction

As was shown in Chapter 1 the maximal (in the Lie sense) invariance group
of the Dirac and KGF equations is the ten parameter Poincaré group P(1,3). Here we
consider a natural generalization of this group to the case of a space with more
dimensions. The generalized Poincaré group P(1,n) can be defined as a semidirect
product of the groups SO(I,n) and T where T is the additive group of (n+1)-
dimensional vectors p,, py, ..., p, and SO(1,n) is a connected component of unity in the
group of all linear transformations of T into T preserving the quadratic form p}-p’-...-p>.

The groups P(1,n), n>3 can be used to describe physical systems with variable
masses and spins, e.g., the systems of two coupling relativistic particles. Thus in
Chapter 7 we use P(1,6)-invariant wave equations to describe coupled states of two
particles of arbitrary spin. Besides the generalized Poincaré groups have direct
connection to the problem of the extension of S-matrix over the mass shell [82, 240]
and to description of particles with internal structure [61, 136]. These groups are also
closely connected with the modern multidimensional models appearing in the string
theory.

The group P(1,n), n>3 includes important (from the physical viewpoint)
subgroups, such as the Poincaré group P(/,3) and Galilei group G(/,3). Inasmuch as
IRs of the group P(I,n) are reducible in respect to P(1,3) and G(1,3) it is natural to
consider the problem of reduction of these representations by IRs of the Poincaré and
Galilei group. Such a reduction makes it possible to answer the question what kind of
relativistic (and nonrelativistic) particles is described by the equation invariant under
the group P(1,n) and to find the energy spectrum and the spin states of such particles.
These and related questions are considered in Sections 25-27. The present section is
devoted to the description of IRs of the group P(1,4).
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24.2. The Algebra AP(1,n)

The Lie algebra of the group P(1,n) is defined by the following commutation
relations

(P, P1=0, [P, J 1=ig,,P.8,.P)

[ Ll (€Y AR A R S R0
where m, n, m', n'=0,1,..., n, g,, is a metric tensor for (1+n)-dimensional Minkowsky
space: g,=diag(1,-1,-1,...,-1).

The problem of construction of local representations of the group P(1,n)
reduces to the description of nonequivalent representations of the Lie algebra (24.1)
in terms of selfadjoint operators. We restrict ourselves to investigation of IRs of this
algebra. To classify IRs it is necessary to find independent Casimir operators of the
algebra (24.1) and to determine their spectra.

Finding the Casimir operators of the algebra AP(1,n) cannot be considered as

(24.1)

a trivial generalization of the corresponding procedure for the algebra AP(1,3). In
particular for n#3 there is not an (n+1)-dimensional analog of the Lubanski-Pauli
vector instead of which we have to consider tensors of an appropriate rank.

In this section we find all the independent Casimir operators of the algebra
AP(1,4).

We define the fundamental antisymmetric tensor of rank 3

Vyoo=Pad ot Pody o+ P (24.2)

Apo

It is a tensor V*P° which is a natural generalization of the Lubanski-Pauli
vector to the case of the generalized Poincaré groups. In the case when J,,, P, belong
to the algebra AP(1,3) we can assign to (24.2) the vector W =g,V **?/6 (compare with
(4.2)). For the algebra AP(1,4) the tensor (24.2) is equivalent to the tensor of rank 2:

le yeozly pojor (24.3)

vazg MVPOA b} HVPON

Here €, is the unit antisymmetrical tensor, €y, = 1.

Besides W, we consider the vector I';=J,, P*. It follows from(24.1)-(24.3)
that the operator W, satisfies the relations

P W"=0, [P,W,,]=0,
[va’ J)\c] =i(g|,10 Jv)\+gv)\ JpU_gp)\ Jvc_gvo Jp)\)’ (24.4)
[Wpa’WVB]:i(gpvsuﬁpc)\+gaB€pvp0)\_ng£avpc)\_guvspoa)\)WpGP)\'

As to the vector [ it satisfies the relations (4.4) with an appropriate possible values of
subindices.
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It follows from the above that the scalar operators

C,=P,P", (24.52)
c,-Ltw ww=Lp puy propep g s (24.5b)
5w 7k v vVuo
C :71 W“V:*ls JHVJPGP)\ (2450)
3 4 ny 8 HVPON

commute with any basis element of the algebra AP(1,4). Moreover using (24.4) and
relations analogous to (4.4) it is not difficult to show that formulae (24.5) give all the
independent Casimir operators belonging to the enveloping algebra of the algebra
AP(1,4). The operators C, and C, are nothing but generalization of the corresponding
Casimir operators (4.2) and (4.6) of the Poincaré algebra, but the operator C; has not
any analog in the algebra AP(1,3).

We note that besides the operators (24.5) there exist additional Casimir
operators for different classes of IRs. These Casimir operators do not belong to the
enveloping algebra of the algebra AP(1,4), as in the case of the representations of the
algebra AP(1,3).

24.3. Nonequivalent Realizations of the Tensor W,

As was done by the description of IRs of the Poincaré algebra (see Section 4)
we find all the possible (up to equivalence) realizations of the tensor W,, and then
determine the explicit form of the corresponding operators P, and J,,.

We will seek for representations of the tensor W,, in the basis of
eigenfunctions |p,A0of the commuting operators P,:

PPN =p, BN, B=PePsPpPsPy)s (24.6)

where the symbol A denotes eigenvalues of commuting operators forming a complete
set together with P,. In the basis |p,ACthe commutation relations for W, take the form

[Wpa’ WvB] :i(gpv € Bapho +ga[3 € VUPAC _ng£ VOpAC _gvu € Bpp)\o) w %, U’ (247)

[W,.p,1=0, W, p*=0, (24.8)

where p, are arbitrary real numbers.

Relations (24.7) define a Lie algebra A, whose structure constants depend on
p. Besides it will be demonstrated that for all p, satisfying one of the following
conditions

p,p*>0, (24.9)
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p,p"=0, (24.10)

p,p"<0, (24.11)

the algebras A, turn out to be isomorphic.

To describe constructively the representations of the algebra A; we transform
the commutation relations (24.7) to such a form that the structure constants will depend
on the single parameter ¢,=p, p*. For this purpose we will use the linear transformation

p,=Pi=R,p". W, Wy=R,R W (24.12)
where

Ry=1, R,=R,=0, k=1,2,3,4,

R, =5, 2k Ouabre (24.13)

20 2pQp+p, PPy R,
6,.=p,p. P= (pi+ps+ps+p)"™
This transformation is invertible, moreover

-1
R, =Rw(—6kc) (24.14)
and it is nothing but the rotation of a reference frame, corresponding to the transition
to the basis in which

po/ =Py pl/ :pz/ :p3/ :P4/ =p/2. (24.15)

Using (24.7), (24.12) and (24.15) it is not difficult to find the commutation
relations for W' . These relations can be simplified essentially by passing to the new
variables W', — (N, A,). Using the fact that only six out of ten components of W', are
linearly independent (see (24.8)), it is convenient to set

Hl 0 1
Wo/a:_P%rl +r|aEL W0/4: 717”’

/

1 1
War=e & 2PN, NL &= (A-D), (24.16)
1
W4/a= j[saby()\b _)\(;) _p()(n _na)]9

where
N=N,+N,+Ny A=A +A+A, a,b=1,2,3. (24.17)

Substituting (24.12), (24.15) and (24.16) into (24.7) we come to the following
algebra of the operators N, and A ;:
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[na’nh] :igahcnc’ [na’)\h] :isabc)\c’ [)\a’)\h] :iclgahcnc' (2418)

The relations (24.16) define the isomorphism of the Lie algebra formed by the
components of W, to the algebra of the operators A, ), which are characterized by the
commutation relations (24.18). The structure constants of the algebra (24.18) depend
on a single parameter ¢, (i.e., on the eigenvalue of the Casimir operator C,). In the
space of an IR of the algebra AP(1,4) this eigenvalue is fixed and relations (24.18)
determine the Lie algebra.

If we choose a representation of the operators N, and A, then formulae (24.16)
and (24.12) determine the corresponding representation of the tensor W, in the frame
of reference where components p, have the form (24.15). To obtain this tensor in an
arbitrary frame of reference we use the transformation
Wy~ W, =UR R W, U’ (24.19)

n T hov

where U is the unitary operator

. d
%rlkpk p d
U=exp z——arctan ——___5 k=1,234, n,=n,
N4 P1+P2+P3+P4g ) (24.20)

12

p=l(p-p)*+(ps-p)+(p,-p)*+(p,~p)*+(p,~p)*+(p,~p)"1",
and R;\l, are given in (24.13) and (24.14). We obtain

1
Wom 2P Wu=PoZy* — PP Wo P Wo ) =P, PP AP, (24.21)
p
where
Zabz Sabcnc’ Z4U=na’ )\abz Sabc)\c’ )\411= )\a' (2422)

Formulae (24.21) and (24.22) give a representation of the tensor W, in terms
of the operators A, and n, satisfying the algebra (24.18). To find nonequivalent
realizations of W, it is sufficient to describe nonequivalent representations of this
algebra which turn out to be equivalent to the well-known Lie algebras of the group of
orthogonal 4x4 matrices O(4), Lorentz group O(1,3) and Euclidean group E(3),
depending on the value of the parameter c,.

THEOREM 24.1. The Lie algebra (24.18) is isomorphic to the algebra AO(4)
if ¢,>0, AE(3) if ¢,=0 and AO(1,3) if ¢,<0.

PROOF. The formulated isomorphism can be established explicitly by the
relations

n,=%, A\=mZ, if ¢=m>>0; (24.232)

301



Symmetries of Equations of Quantum Mechanics

na:za’ )\a:Ta’ l~f Cl:0;

(24.23b)
n,=%, A =k&, if c,=-k><0,

where {¥,%},{Z,, T,} and {Z, &, } are basis elements of the algebras AO(4), AE(3)

and AO(1,3), which satisfy the commutation relations
{Z 2 }zis >

abc ¢’
{ a’ ] abc /C’ {z/a’zlh] = isabc Zc’
|i } 7T ]: 07
[za’a } lgabc c [Ea’a } ab(‘ c*
It is not difficult to make sure that the relations (24.24) follow from (24.18), (24.23),
and vice versa (24.18) is a consequence of (24.23) and (24.24). m
We restrict ourselves by IRs of the algebras AO(4), AE(3) and AO(1,3) which

have been well studied and described (see, e.g., [20], [197]). The necessary information
about these IRs is given in Sections 4 and 12.

(24.24)

i€

abc L"

24.4. The Basis of an IR.

To describe constructively the nonequivalent tensors W, and the
corresponding basis elements of the algebra AP(1,3) it is necessary to define a basis in
a space of the IR. It is convenient to choose such a basis in a form of eigenfunctions
of a complete set of commuting operators.

We choose the following set of commuting operators

p, P, P, P, P, S, SS, C, (24.25)
where
Sazeabz:PbWOz: _P4W()a +P(,Wo4’ (2426)

and C denotes all the Casimir operators existing in the representation considered, i.e.,
C,, C,, C; (24.5) and additional invariant operators for the different classes of IRs.
It follows from (24.21) that the operators (24.26) are expressed via 2, and p:

S =p?%. (24.27)

We will denote the common eigenfunctions of the commuting operators
(24.25) by the symbol |c,p,l,mCwhere c=(c,,¢,,c;,...) are eigenvalues of the Casimir
operators, p=(pg.p,.P2:P3P4) are eigenvalues of the operators P, [ and m characterize
eigenvalues of the operators S, and S,S, so that
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C |eplm=c |cplm), a=12,..,
P |c.plm=p |c.p,lm),
leptm=p,lep (24.28)
S S le.plm=p Il+1)|c,p,lm),

S,|e.plm)=m|c.p.lm)

were [ are positive integers or half integers, m=-1,-I+1,...,l.

In a space of an IR of the algebra AP(1,4) c, are fixed and possible values of
p, are restricted by the relation p, p*=c,.

We impose here the following normalization conditions for ¢,#0

leplimlep' 1’ m")=2p,8(p,~p Yo (p-p")8,.8 (24.29)
where p,=\p*+c, . If ¢;<0 then it is convenient to require
le.pom|cp' 1 m")=2p,8(p,~p)&p-p")8,3,, (24.30)

where p,= 1702—172—c1 .
The orthonormalized basis defined by the relations (24.28) -(24.30) will be
used below to determine an explicit form of the basis elements of the algebra AP(1,4).

24.5. The Explicit Form of the Basis Elements of the Algebra AP(1,4)

Let us determine a general form of the operators P, J,, corresponding to the
tensors W,, described above. It is not difficult to make sure that without loss of
generality we can set
Puzpu’ Jklzxkpl_xlpk+zk1’

(24.31)

1
]Ok:xopk_xkp0+ F()\klpl_pozklpl)’

where p, are independent variables satisfying the relation p, p"=c,, x,==i9/0p", A, and
2, are the matrices realizing an IR of the algebra (24.18), (24.22). The operators
(24.31) satisfy the commutation relations (24.1) and therefore form a representation of
the algebra AP(1,4). On the other hand we obtain the representation (24.21) for the
tensor W, after the substitution (24.31) into (24.3). Finally substituting (24.21) and
(24.31) into (24.5) we come to the following expressions for the Casimir operators

Ci=p,p"=c, C,==(cnN,*A\), C;=nA. (24.32)
According to (24.23) these operators reduce to one of the following forms:

C,=m>>0, C,=-m*(Z+3), C,=m%-%, (24.332)
C,=0, C,=-T* C;=T3, (24.33b)

303



Symmetries of Equations of Quantum Mechanics

C,=k*<0, C,=k*32-8), C,=k3E. (24.33¢)

We can see that the basic Casimir operators of the algebra AP(1,4) in the
realization (24.31) reduce to the invariant operators of the groups O(4), E(3) and O(1,3)
which are the little groups of the group P(1,4) [135]. Thus any possible set of the
eigenvalues of the operators C,, C, and C, can be assigned to the representation of the
algebra AP(1,4) given by the operators (24.31).

The basis elements of the algebra AP(1,4) for any class of IRs can be
represented in the form (24.31). The matrices A,, and %, (included into (24.31)) satisfy
the algebra (24.18), (24.22) which is isomorphic to the algebras AO(4), AE(3) or
AO(1,3) for timelike, lightlike and spacelike vectors Dy

The realization (24.31) is distinguished by the simple form which is common
for all the classes of the IRs. So this realization differs favorable from another known
realizations of the algebra AP(1,4).

24.6. Connection with Other Realizations

Let us consider IRs of the generalized Poincaré algebras in more detail and
discuss connections of the realization (24.31) with other representations of this algebra.

a) P,P'=c =m*>0. In this case the algebra of the matrices %,, and A, is
isomorphic to the algebra AO(4). The IRs of the last are finite dimensional and can be
realized by the square matrices of dimension (2j+1)(2T+1)x(2j+1)(21+1), where j and
T are positive integers or half of integers, which are connected with the eigenvalues of
the Casimir operators C, and C; as follows:

¢y =-m*(lg 17 =1)=-2m[j(j+ D) +T(T+1)],

c,=2ml ! =2m[j(j+1))-T(T+1)].
The explicit form of the matrices Z,;, A, in the basis |c,p,/,ms given by the relations

(24.34)

S leps,w=e T leps,w=S  |c.p.s,Ww,
ab‘ p p‘ abc 4(" p p‘ ahl p “ (2435)

S,.|c.p.s.w,
where §,, are the matrices realizing the representation D([,, ;) of the algebra AO(1,3)
and acting on the vector |c,p,/,mCaccording to (4.64).

The considered representations have the additional (energy sign) Casimir

)\,11; | C,ﬁ,S,H>=eabC7\4c R RXNESE

abc’

operator:
P

o =20 pyE=iptem? (24.36)
0 0

In the space of an IR C,=e=+1 and p,=¢E.
Using (24.23), (24.36) one can represent the operators (24.31) in the following
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form:

P,=¢E, Pi=p,, J,=xpx,P+%,

1 (24.37)
Jor=Xo P~ X g E+ — (m}‘klpfSE 2P
p

where A, %, are the matrices (24.35), (4.64).
The operators (24.37) are Hermitian with respect to the scalar product

d'p .,
(quaLlJz) :Z Jz—quJl(p’p4al’m)LP2(p’p4’ lvm)v (2438)
Im

where I=lp,l+1,..., |1, |-1, m=-1-1+1,....I.
Using the unitary transformation P, — PHK=UPHU T,Jw . JWK=UJWU ", where

i 2 0
U=exp %p e,,(Z, €A )p arctan ‘f’ |pj E (24.39)
0 Ps—P"

the generators (24.37) reduce to the form found in [135,136]:

POC:SE, P,C:plc, Jk,C:xkpl—xlpk+Sk],

(24.40)
SuP

C— — —
Jor=x,p,~eEx,—¢ o

where S,=2 , and S, =A,, are basis elements of the algebra AO(4). The representation
(24.40) is a natural generalization of the canonical Shirokov-Foldy representation
(4.50) and we will call it therefore canonical for the sake of brevity.

b) P,P'=c,=0. Such representations also have the additional Casimir operator
(24.36) (with m=0). Thus an explicit realization of P,, J,, can be chosen in the form
(see (24.23), (24.25), (24.28)):
Py=¢E, P.=p, J,=x.p~XDp+2y

(24.41)
Joi=% P~ eEx,+(T,,p,~epZ, p)Ip?,

where 2 ,=¢,2, 2,=2,,T,=¢,.T.,T,=T,%, and T, are the matrices satisfying the
algebra (24.24).

The algebra (24.24) for %, T, is isomorphic to the Lie algebra of Euclidean
group E(3) and has two Casimir operators given in (24.33b). The eigenvalues of these

operators that corresponding to unitary representations of the group E(3) are equal to
=220, el 1=0, 11,3 (24.42)
2 2
Representations of the algebra AE(3) qualitatively differ for the cases =0 and
*>0. If =0 then T,=0, T,,=0 and the algebra AE(3) reduces to AO(3). The last algebra
generates the additional Casimir operator
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C=22, (24.43)

5

whose eigenvalues equal s(s+1), s are positive integers or half integers. The
corresponding representations are of finite dimensions and realized by the
(25+1)x(2s+1) matrices given in (4.31) (where S,=Z ). Besides this the basis elements
of the algebra AP(1,4) have the form (24.41) where T,,=0 [135,136]. These operators
are Hermitian with respect to the scalar product

d*p
(LIJPLPQ) =Z Jz—ppwl(P7P4,H)w2(P7P4,H)’ (2444)
u

where p=-s,-s+1,...,s are the eigenvalues of the matrix ¥, s is an integer or a half
integer which determines an eigenvalue of the Casimir operator (24.43).

If -c,=r*>0 then unitary representations of the group E(3) are of infinite
dimensions. The IRs are characterized by the numbers r, [, satisfying the conditions
(24.42) and are denoted below by D(1,, r). The corresponding matrices 2, and 7, have
the following form:

=S, T=n, (24.45)

where S, and n, are given in (12.38).

Thus the basis elements of the IRs of the algebra AP(1,4) which corresponds
to ¢,=0, ¢,#0 can be chosen in the form (24.41) where T, and Z, are the operators
(24.45). In contrast with the case c,=0 such representations are infinite dimensional in
respect with the index [ since the unitary IRs of the group E(3) are infinite dimensional.

c) P“P“=c1=—k2<0. In this case the matrices A, and X, from (24.31) form a
Lie algebra isomorphic to AO(1,3). The Hermitian IRs of this algebra are infinite
dimensional.

Using the isomorphism (24.23) we obtain from (24.31) the following explicit
expressions of the basis elements of the algebra AP(1,4):
P=p, Ju=x, PP, (24.46)
‘IOk:xopk_xkpo+(kEk1pl_po zklpl)/p ?
where € ,=¢ ,.S00 €4=S0w Zat=Sapr 24 =€ apSp!2> S, and S, are the basis elements of
the algebra AO(1,3), satisfying relations (2.18b). The explicit form of the matrices S,
and S,, which belonging to the IR D(1,1,) is given by formulae (4.64)-(4.66). Besides
that for the Hermitian infinite-dimensional representations the parameter /, in (4.63)
which defines the Casimir operators eigenvalues (4.61) is purely imaginary.
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25. REPRESENTATIONS OF THE ALGEBRA AP(1,4)
IN THE POINCARE-BASIS

25.1. Subgroup Structure of the Group P(1,4)

Investigation of a subgroup structure of the basic symmetry groups is one of
the main problems of a group-theoretic analysis of equations of quantum mechanics.
This problem is of great interest both for the group theory and for many applications,
e.g., for finding the exact solutions of linear and nonlinear equations.

The subgroup structure of the basic groups E(1,3), P(1,3), O(1,3) has been
described in papers [415,396]. The subgroups of the group P(1,4) were studied in
[92,93]. It turns out that this group includes more than 400 connected subgroups, the
main ones of which are:

a) the Euclidean group E(4) in the four-dimensional space;

b) the Poincaré group P(1,3);

c) the Galilei group G(1,3).

In other words it is the group P(1,4) which unites naturally the groups of
motions of the relativistic and nonrelativistic quantum mechanics and the symmetry
group of the Euclidean field theory.

Generally speaking IRs of the group P(1,4) are reducible with respect to its
subgroups. So the problem of reduction of a representation of the generalized Poincaré
group by its subgroups evokes a great interest.

We mean that the reduction of the group P(1,4) by its subgroups is a
transformation of the group generators (basis elements of the algebra AP(1,4)) to such
a basis where the Casimir operators of the corresponding subgroups (subalgebras) are
diagonal. Transition to such a basis allows to answer the questions what sort of
representations of a subalgebra are included into given IR of the algebra AP(1,4) and
what is the multiplicity of these representations and also allows to find an explicit form
of the basis elements of the algebra AP(1,4) in such a realization where the Casimir
operators of the considered subalgebras are diagonal.

25.2. Poincaré-Basis

The operators P, Jy (1,v=0,1,2,3) form a subalgebra of the algebra AP(1,4).
This subalgebra is isomorphic to the Lie algebra of the Poincaré group, i.e., to the
algebra AP(1,3). If P, and J,, belong to an IR of the algebra AP(1,4) then the
representation of the subalgebra AP(1,3) is reducible because the Casimir operators
(4.6)
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C/=Py-P =c +P;, C/=WW'=w, w* 25.0)

are not multiples of the unit operator. Here W, is the Lubanski-Pauli vector (4.2);
according to (24.3) W =W,,,.

Since the subalgebra AP(1,3) evokes the greatest interest in the algebra
AP(1,4) it is desirable to find such realizations of this algebra that representations of
the subalgebra AP(1,3) reduce to direct sums of the IRs. The basis of the IRs having
the above-mentioned property will be called the Poincaré-basis (or P(1,3)-basis).

Let us give the more exact definitions.

DEFINITION 25.1. We say that an IR of the algebra AP(1,4) is defined in
the Poincaré-basis if

1) the Casimir operators of the subalgebra AP(1,4) are diagonal;

2) the space of an IR of the algebra AP(1,4) is decomposed into a direct sum
of Hilbert spaces invariant under IRs of the algebra AP(1,3).

In the following subsections we define constructively the Poincaré-basis and
find the explicit form of the corresponding operators P,, J,, for all the classes of IRs.

w v

25.3. Reduction P(1,4) — P(1,3) of IRs of Class I

Consider IRs of the algebra AP(1,4) corresponding to positive values of the
Casimir operator C: P“P“:K2>O. We start from the canonical realizations of such
representations given by formulae (24.40).

The operators (24.40) are defined in the basis |K,/,l,,&; p,p,,s,A> formed by
the eigenvectors of the Casimir operators (24.33a), (24.36) and the commuting
operators P, P,, P;, P,, £* and Z,. We refer to that basis as the canonical one.

Evidently there exist many other bases for IRs of the algebra AP(1,4). Among
them is the Poincaré basis which is very useful for physical applications. It can be
defined as a set of eigenfunctions of the operators P,, P,, P;, Casimir operators (25.1)

and the operator S,
W PW, P

S=_ B -2t e M=\ k3P, a=123. (25.2)
M M(E+M)

To denote these eigenfunctions we use the symbol |K,,/,,&:p,m,s,s;> where four first
numbers define eigenvalues of the Casimir operators (10.5), (10.36); the others
characterize the eigenvalues of P,, C'|, C', of (25.1) and S, of (25.2).

We normalize the basis vectors according to
(KLl 85 poms,s, K1 e; plm s ' 53 )=2E8(m-m ’)53(p—p/)6m,6%h.

071 0°"1°

This corresponds to the following scalar product

308



Chapter 5. Generalized Poincaré Groups

0,.0,)- EJ Jd”cp(p,mssmpmss) (25.3)

where ¢,(p,m,s,s;), 0,(p,m,s,s,) are vectors from a space of an IR of the algebra
AP(1,4) defined in the Poincaré basis. It is not difficult to see that the bilinear form
(25.3) is nothing but a sum over the discrete variable s and the integral with respect to
m of the scalar products defined in orthogonal subspaces of the IRs of the algebra
AP(1,3) corresponding to the eigenvalues m” and -m’s(s+1) of the Casimir operators
(4.6).

Our task is to determine the possible eigenvalues of the operators (25.1), to
find an explicit form of the operators P,, J,,, in the Poincaré-basis and to find the

b0 1> ’pp4’
We will see further on that the operators P

slost1> €5 Py, S, 53>

o J Of (24.40) with p,v#4 (these
operators form the subalgebra AP(1,3)) can be transformed to the canonical form
(4.50), where m=(k*+p,)"* and S, are matrices belonging to the IR D(l,[,) of the
algebra AO(4). By the reduction of the representation D(/,[,) by the algebra AO(3) we
obtain a direct sum of the representations D(s), [,<s<|l,|-1. It follows from the above
that a Hilbert space H of the IR D°(K,[,,/,) of the algebra AP(1,4) is decomposed to the
IRs Df(m,s) of the algebra AP(1,3), moreover

K’Sm?<eo, [ <s<|l]-1. (25.4)

We will search for an operator V connecting the canonical and Poincaré bases
in the form

DS |:|
V=RexpD 4P “9

SE2N
where R and 6 are unknown functions of /p/and p,, S,, are matrices belonging to a
representation of the algebra AO(4) (they are included into the generators (24.40)).
The operators (25.5) can be used to define a class of IRs equivalent to (24.40):

P/=VP V', J,=VI V. (25.6)

mn

(25.5)

By definition the operator (25.5) has to diagonalize the Casimir operators
(25.1). We impose the stronger conditions on V, requiring that P',, J',, (u,v#4) reduce
to the canonical Shirokov-Foldy form (4.50). Substituting (24.40), (4.50) into (25.6)
we come to the following equations for V

VPV '=g\p?+m* , VPV '=p (25.7a)

VJahV _l:JahE'xapl)_'xhpa+Sal)’
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I %p S Py *S, 4174%‘/ | Sav Py
VI,V'=Vp -eEx e 2 2 " "V '=tp ~eEx -e_2_",
0a P eLx,—¢ Tk E PomEEX e (25.7b)

m=\K*+p;, p=lp|=\p’+p;+p; .
The conditions (25.7a) for the operator (25.5) are obviously satisfied. As to
the equation (25.7b), we use the Campbell-Hausdorf formula (13.16) and obtain for

the operators in the 1.h.s. of it:

S i S
Vx V'=x +i OR g1y a2 P E_;BLG _ sin® E+ aPs (1-cosB)+ 1 S, sind,
op, p* @p p 0O p’ p
S S
VS, V'=S, cosb+ Pa 4b2pb (1-cos@)+_2 P Gine, (25.8)

vS,,p,V =S, p,cos6 + Ellpaszth p,~pP S4aE§in9.
p O
Substituting (25.8) into (25.7b) and equating coefficients of the linearly independent
matrices we come to the following equations for 6 and R:
OR
p(l

=0, E(E+K)sin8+pp, cos8-p *sin6=0,

2
E(E+K)(1-cosB)-pp,sinB+p *cosB :@,
E+m

E(E+K)Eaf _5in6 Em(l ~c0s8) +psinB=0.
@Pr p 0

The general solutions of these equations are

R=R(p), 0=2arctan___11* (25.9)
(E+m)(m+K)

Setting R=(m/p,)"* (which corresponds to the scalar product (25.3)) we obtain

as p pp %
v=| ™ exp %i %" ¢ arctan ‘ 0} (25.10)
\§Z a »r (E+m)(m+K) [

The operator (25.10) transforms P, J, (uV#4) to the canonical
Shirokov-Foldy form (4.50). The explicit form of the remaining generators (i.e., J'y,
and J',,) can be easily found using (25.6), (25.8), (25.9) and the relation

. _ 2

ik’ Sy Py(KE-pJ) (25.11)
2m°p, Em*(E+K)
with the subsequent change p, — &'(m*K?), e'=p,/|p,|=%1.

Vx,V'=x, -
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The results given above allow to formulate the following assertion [336]:

THEOREM 25.1. The space H of the IR D?(K,l,1,) of the algebra AP(1,4)
with P,P*>0 reduces to the direct sum of the subspaces corresponding to the IRs
D*(m,s) of the algebra AP(1,3) with the eigenvalues of the Casimir operators P, P*and
W,W* given in (25.4). The operator connecting the canonical and Poincaré bases is
given in (25.10), the basis elements of the algebra AP(1,4) in the Poincaré-basis are

PJ=e\p*+m?, P/=¢/ym>-k>, P, =p.,

0 S,p
Jh=x p -xp+S . J/a=x —iP) g TP
b aph bpa ab 0 Opa 0 apa E*m (25]2a)
O O
. K> 0 R K
]0/4=xop4/‘ipo/%/J 1_—2 —E_e—z 40P
oN  m?® omp
O O
i 0l Kk a0 .0 . KpS,p SuPy K . (25.120)
J4/a_—l’a %/ 1_—’—[|_ip4/—+ a“4p b +P4/ al’y | K »
20 m? 0mp op, mXE+m) m(E+m) m

The operators (25.12) are Hermitian with respect to the scalar product (25.3).
They realize a representation of the algebra AP(1,4) which corresponds to diagonal
Casimir operators of the subalgebra AP(1,3). =

25.4. Reduction P(1,4) —» P(1,2)

In some physical problems (where the Poincaré-invariance is broken but the
symmetry under the subgroup P(1,2) is preserved) it is more convenient to use the
P(1,2)-basis in which the Casimir operators of the algebra AP(1,2) are diagonal. So it
is interesting to continue the reduction of the algebra AP(1,4) up to the subalgebra
AP(1,2). That reduction can be made by the transition to a basis where the operators
Py, J, P, Jy, Jyo have the following (canonical) form:

o 2 2. 2 2., 2
Py=eE=¢\p/+p, +m; , m;=m +ps,

0 0 (25.13a)
P.- =12, J = 9 9 O,
a Pe O=L2, 12_’%26—_p16—[]+ 120
O P,0
90 Sy, 9 Sy 25.13b
]01=x0p—lP06_—E , J02=x0p2—lPOa_+_. (25.13b)
p,  E+m, p, E+m,

Here S|, is a matrix belonging to the IR D(l,[,) of the algebra AO(4). To find an
explicit form of the remaining basis elements of the algebra AP(1,4) it is sufficient to
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find an operator V satisfying the conditions

VPV '=¢E, VP,V '=p,. VI,V'=Jl,

S (25.14)

VJO/(,V X, P, —lsEi "BPB

op, E+m’

where P, P',, J'\,, J', are the generators (25.12). Representing V in the form

Og O

~ p

V=Rexp 2205 Iply=ypi’+ps: (25.15)
O 30

where R and 8 are functions of ps, |p|s, m, and making the calculations analogous to
ones in (25.8)-(25.10) we obtain

pslpl 5
B=2arctan__*" 3 R=/m/p, . (25.16)
E ) s
This choice leads to the following scalar product
dmy d>
(4,.0,)= j j j AP pis, (25.17)
2m |, 2m,

Using the transformation operator (25.15), (25.16) and changing the variables
ps — &"(m*-m*)"?, we can find the explicit form of the generators J; and J,, in the

P(1,2)-basis:

& (25.18)

; Km
J = %Km)\mm,i% _'s
0 Com[] m?

A, =eV1-Km?> | N\ T -m¥m, ele! =+1.
m 77'177'1

The remaining generators of the group P(1,4) can be obtained from (25.13), (25.18)
using the commutation relations (25.1).

25.5. Reduction of IRs for the Case ¢,=0

In this subsection we transform the IRs of the Classes Il and [II
(corresponding to P, P*=0) of the algebra AP(1,4) into the Poincar€ basis, starting from
the realization (24.41).

First let us consider IRs corresponding to zero eigenvalues of the Casimir
operator C, of (24.33), i.e., the IRs of the Class /I. The corresponding operators P,, J,

mn
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have the following form according to (24.41) (with 7,=0):

P,=¢E, P,=p. E=p=\lp/+p,+p;+p. .

25.19
2P, ( )

=X P 0t 2y Ty =X P epx, e
where %, form the IR D(s 0) of the algebra AO(4).
It is not difficult to make sure that the Casimir operators of the subalgebra

AP(1,3) (this subalgebra is formed by the generators P, J,, (1,v#4)) are diagonal in the
representation (25.19):

PP h=p . =m?, W WH=m?2 3 =m>s(s+1),
where 2 =%, =¢,.2,./2. Since that to obtain an IR in the Poincaré basis it is sufficient

to make the substitution p, —» &'m, €'=%1 in (25.19). As a result we can obtain the
following realization

2

P,=¢E, P =p, P,=¢'m, E=\p>+m?,

Jab:'xaph_xbpa+zah’ (2520)
> p+e’s m
J =x.p —eEx —g_"* a
Oa Opa a E
O O 5
1o om0 geBmeep S fe Tl (25.21)
0 om aPaD 0O om ] E

For any fixed value of m the operators (25.20) form a basis of the IR D*(m,s)
of the algebra AP(1,3) in the realization (25.20) which had been considered in [136].
Using the transformation (25.5) where

. O
>
V=V'=exp Dg_“ Pa arctan_|p | E], (25.22)
O lpl m [

we can reduce (25.20), (25.21) to the form (25.12) where k=0 but S,, are matrices
belonging to the IR D(s 0) of the algebra AO(4). We conclude from this fact that the
result, formulated in the Theorem 24.1 is valid for the IRs of Class II also (besides, for
the last K=0, l,=s, [,=s+1).

Just now we consider IRs of the Class III corresponding to P,P"=0,
W, . W"™/2=-r’<0. Basis elements of such a representation can be chosen in the form
(24.41). With the help of the unitary transformation (25.5), where
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D

g
V= exp %V

Ip \m

V' is the operator (25.22) with the corresponding infinite-component matrices %, and
the change p, — €'m we come to the following realization

Py=¢E, P/=p, P/=¢'m, E=\p*+m?

/
Jab _xapb_xbpc¢+z(¢b’

Jo, x,p,~eEx —¢€ “bpb,
E+m (25.23)
.5 9 9 Z,p, E_H QErmpTp
]40:8/%0a_7im_+£+_TaD+—”
0" om op, E+m m? m3(E+m)
J0/4—£’%0m—1£EiB—Tp
0 omp m?

The operators (25.23) are defined in the Poincaré basis |rAe; p,m,1;>
which is formed by the eigenvectors of the complete set of the commuting operators
C,,C,,C5(24.5),C,(24.36) and P,, P,, P, P, P'=P,>, W"W'=-m’%,, 3, ¥, Moreover,
the eigenvalues of the Casimir operators of the subalgebra AP(1,3) take the form (see

(12.36)-(12.38))

P P Ir\e; pom.s,s)=m?|r\e; pn.s.s,), (25.24)
W WH A e; pms,sy=-ms(s+1)|r,\e; pm,s,sy)
where
0<m’<o0, §= Ly 1,41, ... . (25.25)

The operators (25.23) are Hermitian with respect to the scalar product (25.3), where
k=0 and s takes the values given in (25.25).

Let us summarize the results presented [336]:

THEOREM 25.2. The space of the IR D*(;;A) of Class III of the algebra
AP(1,4) is decomposed into the direct integral of subspaces corresponding to the IRs
D?(m,s) of the algebra AP(1,3); moreover, the possible eigenvalues of the Casimir
operators P, P* and W ,W* are given in (25.24). The generators P, and J,,, are given in
the Poincaré basis by formulae (25.23) where 7, and %, are the infinite dimension
matrices (24.45),(12.38). m
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25.6. Reduction of Representations of Class IV

Consider IRs of Class IV of the algebra AP(1,4). These representations
correspond to negative eigenvalues of the Casimir operator C,=P,P": C,=-k,<O0.

A specific feature of transformation of such IRs to the Poincaré basis is the
following: by reducing them by the subalgebra AP(1,3) we come to representations
belonging to the different classes depending on the eigenvalues of the operator
M?=P} k.

We consider the case when the domain of eigenvalues p, is restricted by the
condition p 2>k

We start from the realization (24.46) of IRs of Class IV. It is not difficult to
make sure that the corresponding Casimir operators of the subalgebra AP(1,3) are not
diagonal. But using the transformation (25.5), where

Py K17 Pl iy o
V=exp ji— ¢ tanh™! %3 p% Larctan = + _(1-#)5

0 ‘p| p0p4D 4 2 0
where

E:'/p2+m2, m2:p427k2’ SOa:Ea’ Sa:Za:lsahL,Shc,

)1/2

and changing p, - eE, p, — ¢'(m*+k»)"?, we reduce (24.46) to the following form

P,=e\p*+m* , P=p, P,=¢\m?+k* ,

Sa P
Jab:xaph_xbpa+Sah’ J()a:'x()pa_z:E"xa_8 - )’
E+m
a g
Jo=-ieE 1+ —, —q+x,P,* ,
2 amD m2

|

s 2 2 S
Ja4=_ * pa% 1+ k 2’_a %+xup4+ kSOa+ Ij/, 1 k2 te kE DD abpb
2 m amD m 0 m m DE+m

The operators P,, J,, of (25.26) have the canonical Wigner-Shirokov form,
however, the matrices S, belong to the IR D(/,,l,) of the algebra AO(1,3). Hence we
conclude IRs of the Class IV of the algebra AP(1,4) are decomposed into the direct
sums of IRs D?(s,m) by the reduction P(1,4) — P(1,3). Moreover,

m2=p-k>>0, s=I 1 +1,1,+2,...,[I,|-1.

In analogous way it is possible to consider the cases |p,|=k and |p,|<k

315



Symmetries of Equations of Quantum Mechanics

[336]. We will not write out the corresponding cumbersome formulae here.
25.7. Reduction P(1,n) — P(1,3)

The results presented above can be generalized directly to the cases of the
groups P(1,n) defined in (n+1)-dimensional Minkowsky spaces. Here we consider IRs
of the algebra AP(I,n) corresponding to the positive values of the main Casimir
operator P*=P,*-P,*-P,’-...-P,” and find a realization of such IRs in the Poincaré basis.

First we will show that the IRs of the algebra AP(1,n) can be defined in the
P(1,n-1)-basis. The canonical realization of an IR corresponding to P?=K *>0 is defined
by the following relations [136]:

P,=eE=¢\p,p,+K*, P=p, k=1273..n,

J,=x,p,~x,p,*S, ab=1273,.,n-1, (25.27)
S p+S p
J =x —e¢Ex —-¢ abt”b an n7
Oa Opa a E+K
J()n:'x()pn_SE:‘xn_8 napa’ Jan:xaprl_'xnpa+sarl' (2528)
E+k

Here S, are matrices which form the IR D(m,,m,,...m,,,,) of the algebra AO(n), m,, m,,
... are the Gelfand-Zetlin numbers. The operators (25.27), (25.28) are Hermitian with
respect to the following scalar product

dnp T
Y. W)= _ZYY. (25.29)
(¥,.%) J2E b2

The subalgebra P(1,n-1) is a linear span of the basis elements (25.27). In the
P(1,n-1)-basis these elements by definition have to have a form of a direct sum of the
generators of the IRs of the group P(1,n-1).1f S, are defined in the Gelfand-Zetlin basis
O(n)UO(n-1)I0(n-2) ... then we can choose the transformed operators (25.27) in the
form

! _ _ 2 2_.,2 2 /_
PO_SE_E\papg+mn > mn_K tPns Pa _pa’

(25.30)
J/ _J _ _ [ _ _ ab p},
ab™ ah_xapb 'xhpa+Sab’ JOH—'xOpa E:E"xa €+—m'
The problem of finding of a realization of the generators P,, J,, in the

P(1,n-1)-basis reduces to the construction of an isometric operator which connects the
realizations (25.27) and (25.30). In analogy with (25.5)-(25.11) it is possible to show
that this operator has the form
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0 0
m S
Vn: _)l exp Vl(lpll e”% (25.3])
N P 0O pl, 0

where

p.lpl,
0, 2arctan ey [Plfpl e ep (25.32)

Using the following identities (which are easily verified with the Cambell-Hausdorf
formula (13.16))

-K
xa/zvnxavn’lzx _ paannhph " Sahph(mn ) + annapa

“ Em(E+m )E+K) m (E+m)E+K) m(E+K) (25.33)
V,pVa'=p,
we obtain
VPV,'=P, V]V, =],

where P, J',, are the operators (25.30). Analogously using the substitution p, —
e, (m,-K?", e =+1 one can find the remaining basis elements of the algebra AP(1,n)
in the following form:

P! g
= T T s B (25.34)

. / O /
_lpa %n 0 D_P/x KpaSnbpb + PnSahpb + K
- 2 Eﬂ_’l am’l E o mrzz(E+m,1) mn(E+ mn) mn "
So we have found the explicit expressions for the generators of the group

P(1,n) in the basis P(l,n-1). These generators are Hermitian with respect to the
following scalar product

o

n-1 .
Q@)=Y ldmn j %@;(n,mxpzm,m). (25.35)
n

Here n is a set of numbers characterizing the IRs of the algebra AO(n-1)
appearing by the reduction AO(n) — AO(n-1).

Let us now define a representation of the algebra AP(l,n) in the
P(1,n-2)-basis. Using the above results we conclude that the operator
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Oog 0
V. = Lexp % SiiaP “ arctan "1 Pl EF
pn 1 O ‘p|n 1 (E+mn)(mn+mnfl) 0

mn 1 V K2+pn +pn 1> |p ‘;rlz \ p12+p22+"’+pn272 > a=1’27"'7n_2’

transforms (25.30) to the following form

2 2
P=E=¢\|p|,,+m,,, P=p, a=12,..n-2,
_ 2 2 _ 2 2
=e /m,,-m, , P =¢m K,

Jabz'xa pb _xb pa * Sab’

25.
Sabpb (25:30)
Jo.=%,p,~eEx ¢
(E+m )
a
%D a D mnSn apa
JOnil=x0Pn71—_sE 0- la7a

E[n om, , O mn2-1

To define the basis elements of the algebra AP(1,n) in the P(1,n-2)-basis it is
sufficient to find the explicit form of just one more operator, i.e., J,, ,, since the

remaining generators can be obtained using the commutation relations (24.1). Using
the identities

pnpnflSnflapa _ lpn

VX V
n-1"n > .
m mn*lE ZmH
m +Em S P
Vn ISnn 1Vn 1_ nn 1( ") n Ilapa n-1
m_(E+m) m_(E+m)
and the last of the relations (25.33) with n — n-1, K -~ m, we obtain
O
. p ‘
e o (2537)
2 am}rl D mn

The operators (25.36), (25.37) are Hermitian with respect to the scalar product

< e n-2
@@= [am, fan, 3 [ < Lolin, om0

where 0 denotes the sets of numbers that numerating IRs of the algebra AO(n-2)
appearing by the reduction AO(n) - AO(n-1) - AO(n-2).

A representation of the algebra AP(I,n) in the P(l,n-k)-bases can be
determined in an analogous way. Starting from (25.36), (25.37) and making the
consequent transformations P, - V,,P,(V, e -V J.V..', where

’ m n-I -
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j 0

m S
Vn,l: n-l eXp é]z nflapa arcta pnfl |p ‘nfl %
pnfl D ‘p|nf1 (E+mnfl)(mnf]+mnfl+l) D

Pl = Py et pl s 1223,k

m, = \/K2+pn2+pn2,1 ttpl,, a=12,..n-1-1

and using the above results we obtain

2 2
PO_SE—S\/ Pl tm e s P=p,

2 J = _ +S
n-o n-a n-a Mp-q-1 > ahi‘xapb 'xhpa ab’

, 0<k, a,b<n-k,
(25.38)

) n-an-o+1°

The generators (25.38) are Hermitian with respect to the following scalar product

0 o o

dnfk §
((pl,(p2)=ldmn J dm ... J dm 3 Jz_;(pI(mmk,)\)(pz(mnfk,)\).
mn mn—kol }\

They form a representation of the algebra AP(/,n) in the basis P(1,n)[P(1,n-1)0
...0P(1,n-k). In the case n-k=3 formulae (25.38) defines an IR of the algebra AP(1,n)

in the Poincaré-basis.

26. REPRESENTATIONS OF THE ALGEBRA AP(1,4)
IN THE G(1,3)- AND E(4)-BASISES

26.1. The G(1,3)-Basis

As was noted in Subsection 24.1 the algebra AP(1,4) includes the subalgebras
AP(1,3), AG(1,3) and AE(4), i.e., the Lie algebras of the main groups of quantum
physics.

In the previous section we have found the generators of the generalized
Poincaré group in the Poincaré basis. However it is very interesting for physical
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applications to describe representations of the algebra AP(1,4) in the Galilei basis
characterized by a diagonal form of the Casimir operators of Galilean subalgebra.

Here" we obtain an explicit form of basis elements of the algebra AP(1,4) in
the G(1,3)-basis for any class of IRs. The unitary operator is found also which makes
the reduction of IRs of the Poincaré group by the Galilei group in (1+2)- dimensional
space (i.e., the reduction P(1,3) — G(1,2)). Such a reduction plays the central role in
the null-plane formalism (see, e.g., [275]).

In Subsection 25.5 we find IRs of the algebra AP(1,4) in the E(4)-basis in
which the Casimir operators of the four-dimensional Euclidean group are diagonal.

To select the Galilei subalgebra from the algebra AP(1,4) we should come to
the basis

130=1(P07P4), M=P,+P,, pa:Pa’
2 (26.1)
Gﬂi:JOaiJMl’ K=J04’
where as usually a=1,2,3.
It follows from (24.1) that the operators (26.1) satisfy the following
commutation relations

R
2.0 |=[M.1]=[G,.G,|=[m.G,]-o. 062
Pg)=ie, P [G,.B|=i5,M.
0, =ied. PGy =iP,,
5,6, |=[G,.G6,]=0. |G, .m|=2iP,
o . |6..B,)=-2i5,8, 063

G,, Gb_] =2i(8abL'J(: + 6abK)’ [pa’ K] = {J“’ K} =0,

A

|
G,.J,)=i¢,,G..
|
|

K|=-iP,, [M.K|=iM, |G}.K|=+iG/.

0°

The relations (26.2) characterize the Lie algebra of the Galilei group G(1,3)
(compare with (11.6)). This algebra has three main Casimir operators presented in
(11.14). Using (26.1) we represent these operators in the form

*For more details see [150]
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C,=2MP,-P P =C,, C,=M=P,+P,, 26.4)

C,=(MJ-PxG V=(W, +W, )W, +W,),

where C, is the Casimir operator of the algebra AP(1,4) of (24.5a), W,,, W,, are the
components of the tensor W, of (24.3).

Our task is to transform the realizations of the algebra AP(1,4) described in
Section 24 to such a basis where the operators (26.4) are diagonal. This basis can be
formed by a complete set of eigenfunctions of the commuting operators P,, P,, Ps, C,,
C,, C, and Z.=W,+W,, with eigenvalues p,, p,, ps, 2mm,, m*s(s+1), m and ms,. To
denote such eigenfunctions we use the notation |p,m,,s,m,s;c>, where c is a set of the
eigenvalues of the Casimir operators of the algebra AP(1,4) characterizing the IR.

‘We normalize the basis vectors according to

{pmys,m.s;c|p’ g s .m’ si0)=2md(m-m & (p-p’) 5,0 . (26.5)

This normalization leads to the following definition of the scalar product in the Hilbert

space spanned on the basis
)\Z
1

di
(P, D,)=)" J%Jd 3pdi(m,p, s, 5)®,(m.p,s,s,). (26.6)

P, My,S,m, $3;¢>:

The domains of m and s are different for the different classes of the IRs and
will be defined further on.

26.2. Representations with P, P">(0

We start from the realizations (24.40) of these representations. Our aim is to
find the explicit form of the generators P, J,,, in the Galilei basis and define the unitary

operator connecting this basis with the canonical one.
Substituting (24.40) into (26.2)-(26.4) we obtain

5 1 /
Pozi(SE_pét)’ M:;,;E'-%—p47 E= P2+P42+K2,

], g 3,0, 28,0
a abz?Db c 2 bcD (2673)

ESabpb_S4a(E+K+8p4)
E+K

G, =(x,+x,)p,~Mx -
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C,={SHME+K) - ep+ [ p N>~ (p-NYI(E+K+ep, P+

+(p-S) [2e M(E+K) - p*1} (E+K) 2,
S4aPa (26.7b)

K=x p,-eEx,-e_~_°,
0P 4 E+K

. . eS p+S, (E+K-¢
Ga =(-x0_x4)pa_2P0xa_ abpb 4a( p4)

E+K
where
Sa:lsabc ShL" Na:S4a’ _xszl' a °
2 op*

The Casimir operators C,, C, are diagonal in the canonical basis
p,my,s,m,s3;K, 1,1, €>, but C, is a matrix depending on p and p,. To diagonalize this
matrix we use an operator

0O 0

o OS4Pa p0 (26.8)
U=exp [—2_“03
0 lel O

where 0 is an unknown so far function of p and p,.
Using the unitary operator (26.8) we can define a series of the representations
equivalent to (26.7):

P=UuPU=P, J/=UJU'=J, M'=UMU=M,
1 1 i a a

£S5 D,~Si(E+K+g
(G,) =U,G,U\'=(x,+x,)p,~x, M~ vPy ;( ”4), (26.9)
+K

(G,)=UG,U/, K'=UKU,
where x' , X'y, §' 4, S'4, are given by formulae (25.8) (with R=1). Moreover (G,*)" has
an extremely simple form if we choose

0=2arctan__ P11 1-eym (26.10)
E+K+ep, 2

Indeed, we have in this case
(G,) =(x,+x,)p,~Mx,. (26.11)

Substituting (26.9) and (26.11) into (26.4) we make sure that the corresponding
Casimir operator Cj is diagonal:

322



Chapter 5. Generalized Poincaré Groups

C=M>S*=M*(S),+Ss +S5)

where S is a diagonal matrix with eigenvalues s(s+1) ([,<s<|l,|-1).

To find the explicit form of the generators of the group P(/,4) in the Galilei
basis |p,my,s,m,s;;K,l,,l,e> it is sufficient to substitute (25.8), (25.10),(26.8) into
(26.11) and to make the change of variables (p,,p,.p3.Ps) — (P1.D2P3i) Where
m=E+ep,. Besides that

0 e M 0 0 d Pa 0
o, “Eon W, o, Eom
and the operators (26.9) take the following form:
2

Bl=mye 2 P =p, M'=em,
2m
‘Ia/ 8tzPJL')("}zpc'+‘8w11’ (Gt;)/:xop 7i£m—’
' (26.12)
/_ Cem A0
K'=-im — +x0 E - P()D
m 0 2 0
H 0 2(s k-5 p)e
(G, =xyp,2idp, 2+ B 20 2O Sub)®
O 0 P[] m
€= Commis(s+), Ci=em, (26.13)
where

K
KSm<oo, mo=e___, [<s<|l|-1.
07f5 0 1

So we come to the realization (26.12) of the IR D*(K,{,[,) of the algebra
AP(1,4). The distinguishing feature of this realization is that the operators 13,:, J, (G
and M' form an IR of the Galilei algebra in the canonical realization (12.15) for any
fixed values of m and s. The operators (26.12) are Hermitian with respect to the scalar
product (26.6) where A=K, A, — oo, [;[<s<|[,|-1.

Letus formulate the above results in the form of the following assertion [150]:

THEOREM 26.1. The Hilbert space of the IR D?(K,/,[,) of the algebra
AP(1,4) is decomposed into the direct integral of subspaces corresponding to the IRs
of the algebra AG(1,3) labelled by the eigenvalues (26.13) of the Casimir operators.
The explicit form of the generators of the group P(/,4) in the Galilei basis and of the
transition operator connecting the canonical and G(1,3)-bases are given in formulae
(26.12), (26.8), (26.10). m
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26.3. The Representations of Classes II-1V

Let us show that these representations can be transformed into the Galilei
basis also and find the corresponding realizations of basis elements of the algebra
AP(1,4) in the explicit form.

First we consider the IRs corresponding to P, P"=0 and belonging to Classes
II or I1I. The corresponding basis elements can be chosen in the form (24.41). So we
have in the basis (26.1)

A 5
=7(3P_P4)’ M=8p+p4’ Pazpa’ Ja_ abc bp-*—Z

. 1
G, =(x,+x)p,~Mx,+ — (e, p,T,~epX)+Z (p*+epp,)),
p?

(26.14)
1
K:x()p4_ pr4+ F(T,,pa_ sza Pa),
1
 =(x,~x)p,~ 2P, x + — (&, P(T,~epZ )+ Z (epp,~p?)).
p?
To transform (26.14) to the Galilei basis we use the operator
| | | N
V=exp E] +z_ rctan p _(1 s)T[DE (26.15)

N p(p+8p4) Pl
As aresult of the transformatlon (26.9), (26.15) and change of variables (p,,p,,p3,P.) —
(p1:D2:P3M), m=p+ep, we obtain

P0= p_, M=gem, 13U=pa,
2m
. . 0
J=e,x,p+2), G, =x0pa—an—lsma_, (26.16)
(2
Cem D ) 0 m2-pHT-
K=x,3—-P,O-i w
02 ‘o "o pi(m*+p?

The realization (26.16) is defined in the Galilei basis |p,m,s,m,s;;r,A> in
which the Casimir operators of the subalgebra AG(1,3) are diagonal. Indeed according
to (26.4), (26.16) we have

C’IEO, C‘2=m PP C3zsm,

and thus the eigenvalues of these operators are
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Cl:mO:O’ c2=m2S(S+1), C3:ma (26.17)

0<m<oo, s=AA+L..., rZ20.

If a representation of the algebra AP(1,4) is characterized by the zero eigenvalue of C,
(i.e., belonging to Class II) then r*=0, T,=0, and the form of the generators (26.16) is
simplified essentially.

The operators (26.16) are Hermitian with respect to the scalar product (26.6)
where A,;=0, A, — oo. Thus either the sum with respect to s reduces to the single term
(for ¢,=0) or s runs over all the values given in (26.17).

We see that the IRs of Classes /I and /II can be defined in the Galilei basis
also. In comparison with the representation of Class / there are two specific features:
the possibility of zero eigenvalues of the mass operator and the infinite number of spin
states appearing by the reduction P(1,4) - G(1,3).

In conclusion we present the explicit form of the basis elements of an IR of
the algebra AP(1,4), which belong to Class 1V, in the Galilei basis. This form is given
in (26.12) and (26.18):

,_ Cem p o. oa
K'=x,3—-P,0-im—,
02 0 om
(26.18)
N W) EXSTY:
p“a Oa_ag em E

where S, are generators of an IR of the Lorentz group, my=-k*/(2em), -n’*<m<0,
O<m<oo.

26.4. Covariant Representations

One of the most interesting problems appearing with the reduction P(1,4) —
G(1,3) is the transformation to the Galilean basis of the covariant representations,
which are characterized by the following form of the basis elements

Pn:pn’ Jmn:'xmpn_'xn pm+Smn’ (2619)

where S,,, are matrices realizing a representation of the algebra AO(1,4); x,, and p,, are
the canonically conjugated variables satisfying the relations [ p,,, x,1=ig,,,- We will not
concretize the realization of p,, and x, so the further results are available both for the
x- and for p-representations.

The operators (26.19) belong to the class M,, and therefore generate the local
finite transformations of the group P(1,4). The covariant representations of the algebra
AP(1,4)are used for the description of P(1,4)-invariant wave equations, see Section 27.

We restrict ourselves to the case when the spectrum of the Casimir operator

325



Symmetries of Equations of Quantum Mechanics

C,=P,P"is positive. Such a situation is typical for the cases for which the space of the
representation (26.19) is defined as a completion of a set of the solutions of the
P(1,4)-invariant wave equation. If we go over to the basis (26.1) then we obtain
according to (26.19)

A 1 A
PO:E(PO’P4)’ M:po+p4’ Pa:pa’

(26.20a)
J=euXyP+Sp Go=%,p, X M+A,

K=%M-%,P,+S,,, G,=2%,p,~2x P +\, (26.20b)
where

S-le S . A=S, %S, v, ~4:%(x0+x4). (25.20¢)

a 2 abc™ be?

It is not difficult to make sure that the Casimir operators of the Galilei
subalgebra (formed by the operators (26.20a)) are not diagonal. To transform the
representation (26.19) to the Galilean basis we use the operator

O,. 0

OAap, 0 (26.21)
V=exp i——[}
oMQ
After the transformation (26.9) (where U, - V, V is the operator (26.21)) we come to

the realization
p=1 M= P -
0—7(1?0-1?4% =Py*Py P ,=p,

Jﬂ/ =8abcxbpc+Sa’ (Gl: )/ =i0pa_x M’

. (26.22)
L oA
K'=x,M-% P,+S,,
- - Al -2 P . p?
(G, ) =2%, pa—2xaP0+27\a—M(Sab P,*S,P.) -4, M° +2M, o
Besides that, the corresponding Casimir operators (26.4) take the form
C=p,p "=2MP -p*>, C,=M>S S, C,=M. (26.23)

According to (26.23) the eigenvalues of C, coincide with the eigenvalues of
the operator C,=P, P" (which are positive by definition), the eigenvalues of C, coincide
with the ones of the matrix $* multiplied by M? and the eigenvalues of 6‘3 lie in the
interval (c,)"*<c <.

We see that a covariant representation of the algebra AP(1,4) can be
transformed to the form (26.22) for which the Casimir operators of the subalgebra
AG(1,3) turn out to be diagonal. The operator (26.21) can be used for a diagonalization
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of the wave equations being invariant under the group P(7,4), see Subsection 26.2.
26.5. The E(4)-Basis

Besides the subalgebras AP(1,3) and AG(1,3), the Lie algebra of Euclidean
group in the four-dimensional space is very interesting from the point of view of
physics. This group (denoted by E(4)) plays an important role in the quantum field
theory and quantum statistics.

In this section we consider the reduction of an IR of the algebra AP(1,4) by
the algebra AE(4). We will see such a reduction can be made in a relatively simple way
without using any transformations of the kind (26.9).

The subalgebra AE(4) is formed by ten generators P, and J, (k,/=1,2,3,4)
which satisfy the following commutation relations according to (24.1):

[Pk’ Pl]zo’ [P 7‘] ]=l(6 Pn_ 6/01 Pl)’

(26.24)
[ w, } (6kk"] * 6[[’Jkk’ 6kl Jy™ 6[k Jy)-
This algebra has the two Casimir operators
C =P +P;+P;+P;, C,=W +W; +W;+W,, (26.25)
where Wi=¢,,,.. P;J,..- Substituting (24.31) into (26.25) we obtain
C=plepipswpi=p? C,pL3, (26.26)

where 2, are matrices which realize a representation of the algebra AO(3) (24.24). We
can see the realization (24.31) of the algebra AP(1,4) corresponds to the diagonal
Casimir operators of the subalgebra AE(4) since the matrix X%, can be chosen diagonal
without loss of generality.

Let us denote eigenvectors of the complete set of the commuting operators P,
P, P, P, C‘l, 6‘2, %, and the Casimir operators of the algebra AP(1,4) by |p,s,s;;cl]
Thus

C,19.5,5550)=p 2 |P.s,s55¢),  C,|ps.sii0)=p 2s(s+1)|p.s,s5:0),
2, |P,5,55:0)=8, | P,s,55:0), P|P.s.s3;0=p, | P.s.s ), (26.27)
C,|P.5.85: :c)= Co 725,535 :C),

where s,=-s,-s+1,...,s, s are positive integers or half-integers, c, are eigenvalues of the
Casimir operators of the algebra AP(1,4), p=(p,,P2:P3:P4)> €=(C1,C,...).
We impose on |p,s,s;;¢> the normalization condition

(Pus,syc|p’ s’ o5y 50)=M &F-p')d, .8, oo

where M.=2P,, if ¢,20 and M .=2P,, if ¢,<0. The vectors |p,s,s;;c> form the
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orthonormalized basis called below E(4)-basis.

The explicit form of the generators of the group P(1,4) in the E(4)-basis is
given by formulae (24.37), (24.41) and (24.46) for ¢,>0, ¢,=0 and c¢,<0 respectively.
Besides eigenvalues of the Casimir operators of the subalgebra AE(4) are infinitely
degenerated and given by formulae (26.27) where 0<p’<o and the values of s coincide
with the numbers labelling IRs of the group O(3) which arise by the reduction O(4) —
0(3), E(3) - O(3) and O(1,3) - O(3) for ¢,>0, ¢,=0 and ¢,<0 correspondingly.

26.6 Representations of the Poincaré Algebra in the G(1,2)-Basis

Let us now consider the IRs of the Poincaré algebra and solve the problem of
a transformation of these representations to such a basis where the Casimir operators
of the subalgebra AG(1,2) (i.e., the Lie algebra of the Galilei group in the space of two
spatial dimensions) are diagonal. Such a basis turns out to be very important for
different applications. It is this basis which is used implicitly in the null-plane
formalism [275].

A transformation of an IR of Class / (P”P“:K2>O) to the G(1,2)-basis can be
made in a complete analogy with the transformation of one for the algebra AP(1,4)
considered in Subsection 25.2. We will start from the canonical realization (4.50) of
this IR. The basis elements of the subalgebra AG(/,2) can be expressed via P, J,,, with
the help of the following relations

A 1 A
PO =7(P0 _P3)’ M=P0 +P3’ Pu =pu’

(26.28)
J=1, Gg=l,+J,, a=12.
We choose the remaining basis elements of the algebra AP(1,3) in the form
Go =Sy s K=y (26.29)

The operators (26.28), (26.29), (4.50) realize an IR of the Poincaré algebra in
the canonical Shirokov-Foldy basis. To come to the G(I,2)-basis we use the
transformation (26.9) where
Umexp %iSm Pq %rctan Pl (-enp
0O pl, 0 Pyl +epy+K 4
and make the change of the variables (p,,p,0;) —» (P1,P211), M=€p+(p,*+p,"+K?). As a
result we obtain the realization of the algebra AP(1,4) in a basis where the Casimir
operators of the subalgebra AG(1,2) are diagonal, since
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%(K +|p‘ ) P p(}’ ‘p|2 (pl *pz )]/2
_H e af
J3:i%20 *pla_EJrSlz, M'=em, (26.30)
D D
g L 2
/_ 0
(G ) =x,p,~icm , K<m<oo
op,
K’:xOE_Fﬂ pé%ﬁm_,
02 0 om
00 0 (26.31)
. S5 PatS;5K
(Gg ) =-2Hp, 05, O Dop ZenPp e8]
Al Al A2 Al _
C, =2M(P,-P, P ) ek’, C,=M'=em, (26.32)

CEULM - P(G) +B)(G ) ) =m S,

We do not present exact calculations which are analogous to (26.7)-(26.13).

The operators (26.30) coincide with the generators of the kinematical group
used in the null-plane formalism (see, e.g., [257]). So we have found the explicit
connection of these generators with the Poincaré group generators in the Shirokov-
Foldy representation.

Using the results given in Subsections 26.3, 26.4 it is not difficult to transform
the IRs of Classes II-1V to the G(1,2)-basis. We do not present the correspondent
calculations here but consider the class of covariant representations which is the most
interesting from the point of view of physical applications.

Thus we start from the realization (2.22) of the algebra AP(1,3) where S,,, are
matrices realizing an arbitrary representation of the algebra AO(1,3). The
transformation operator for the case P, P*>0 has the form (compare with (26.21))

g d
0o *SsPa 0, _ (26.33)
@TD M_po +p3'

As a result of the transformation (26.9), (26.33) the operators (26.28), (26.29), (2.22)
reduce to the form

V=exp

p-1 (PP M=pypy P.=p,,

(26.34)
Ho of )
J3=i%26 _pla_ S Ga =X, pg =X M+ g,
g % P> 0
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3 040" P03
0 s 20 (26.35)
. S +S . 2P Pt
Go=25,p,-x, B+ La, - Jeele 2wla 5 o\ P12l
0 2 M M 2 0

where A, =S4 % Ssq5

Itis not difficult to make sure the Casimir operators of the subalgebraAG(1,2)
being a linear span of the operators (26.34) are diagonal.

The operator (26.33) can be used by solving of different problems in the
null-plane formalism. Namely using this operator we can diagonalize the systems of
the Poincaré-invariant motion equations for the particles of arbitrary spins interacting
with the same types of external fields (e.g., the field of a plane wave, the homogeneous
magnetic field and others). More precisely the corresponding transformation operator
can be obtained from (26.33) by the change p, — p, -eA, where A, is a vector-potential
of an external field. Examples of the equations admitting such a diagonalization are
present in Section 28.

27. WAVE EQUATIONS INVARIANT UNDER GENERALIZED
POINCARE GROUPS

27.1. Preliminary Notes

In this section we discuss the wave equations having the symmetry under the
generalized Poincaré group (mainly under the group AP(1,4)). Such equations are of
great interest for physics inasmuch as they are invariant under both the Poincaré and
the Galilei groups and can be interpreted as motion equations of a relativistic (or
Galilean) particle with variable mass [136,333].

Until now the theory of P(1,4)-invariant equations is far from the complete.
Strictly speaking, only certain classes of such equations were completely described
(see, e.g., [136,115]). So we restrict ourselves by considering of the simplest (and the
most important!) equations of the Dirac, Kemmer-Duffin type and some others.

Let us consider a system of first order partial differential equations:

LY@=T, P "-K)P(x)=0 27.1)

where x=(xy, x,, ...,x,), p"=10/0x,,, I, are numeric matrices. The equation (27.1) by
definition is invariant under the algebra AP(1,n) if the operator L satisfies the relations
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[L.P 1=[LJ,]=0 27.2)

m

where P,,, J,,, are the generators of the group P(1,4) in the covariant realization (26.19).
Substituting (26.19), (27.1) into (27.2) we come to the following equations for

m*

(r,.S,1=iCg,[,~8,.I)- (27.3)

Here S, are matrices which realize a representation of the algebra AO(1,n), g,,=
diag(1,-1,-1, ...).

Thus the problem of the description of the P(/,n)-invariant equations of the
kind (27.1) reduces to the solution of the equations (27.3). We will not search for a
general solution of these relations restricting ourselves by considering of some
particular (but important) examples.

27.2. The Generalized Dirac Equation

In the case n=4 the simplest (i.e., realized by matrices of minimal dimension)
solution of (27.3) has the form

M-y, S,,,=7i[v,, vl (27.4)

where Y, are the Dirac matrices of dimension 4x4, satisfying the Clifford algebra (2.3).
Substituting (27.4) into (27.1) we come to the generalized Dirac equation in the
(14+4)-dimensional Minkowsky space:

(Y, p "-K)Px)=0, m=0,1,2,34. (27.5)

This equation has a manifest symmetry under the algebra AP(1,4). But in
contrast to the corresponding equation (2.1) the generalized Dirac equation turns out
not to be invariant under the transformation x, - -x,, a=1,2,3 [135]. An equation being
invariant under the complete (i,e. including all possible reflections of independent
variables) group P(1,4) can be obtained from (27.5) by doubling a number of the
components of the wave function and by making the change [136]

o0
y =T :ﬁm O (27.6)
m m D

H) \n

Let us discuss symmetries of the equation (27.5) and its possible

interpretations.

In acomplete analogy with Section 2 it is possible to show the algebra AP(1,4)
is the maximal IA of the equation (27.5) in the class M,. To answer the question what
kind of representations of this algebra is realized on the set of solutions of (27.5) we
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use the fact that the corresponding generators (26.19) can be represented in the form
PWY=HWY, H=yy,p+Y,m, PW=pW,

W=, p=x,p,+S )W, 27.7)
0 1
‘IquJz %Opk_j [xk’ H]+§~P,

where W is a solution of (27.5), k,/=1,2,3,4. The Casimir operators (24.5), (24.36)
reduce to the following form in accordance with (27.7):

C, =PHP H=k2,
(j _ 1 ‘17 ‘4/'""'_ 1 2:; :;
2- 5 - 77K K ki
1 l (27.8)
& :7ZJ/11nWmn:ZKSklk’[’Skl See

C,=HIE, E= \/P12+P22+P32+P42+K2 .

The eigenvalues of C, are equal to 1. In order to determine the eigenvalues
of C, and C; we choose the realization of y-matrices given by the relations (2.4), (2.17).
Then S,; S, =Yo€ 1SS, /4=3, and C,W=-2kC,W=3k>W, from which it follows that the

operators (27.7) realize the representation D (1/2 0)UD (0 1/2) of the algebra
AP(1,4).

klmn

Since the algebra AP(1,4) includes the subalgebras AP(1,3) and AG(1,3) the
generalized Dirac equation (27.5) turns out to be invariant under the Poincaré and
Galilei groups. Let us demonstrate the connection of this equation with the Dirac
equation for a particle with a variable mass. Representing W(x) in the form

W(x) =jexp<ip4x4>wp (s X)dp,, (279)
we obtain from (27.5) the following equation
[V() Py “Yp- (K +y4p4)]ka4: 0.

Multiplying this equation by (K-y,p,)m" where m= (k*+p,”)"”> we obtain

(Y, p*-m)W¥, =0,

where Y|, are matrices satisfying the Clifford algebra (2.3) moreover y,=(K-y, p4)m'1yp.
We see that for any fixed value of p, the equation (27.5) is equivalent to the
Dirac equation for a particle of mass m=(K * + p,*)""*. Therefore it is possible to interpret
(27.5) as a motion equation for a relativistic particle with a variable mass.
The other possibility of an interpretation of the equation (27.5) is connected
with its symmetry under the Galilei group. Using the new variables (26.20c) we can
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rewrite this equation in the form

ad

@ l—-B Pt 2zB K[LP(x x,%)=0 (27.10)
Where

BO=y0+y4’ Bszyo_y4’ Ba=Va~ (2711)

The equation (27.10) is invariant under the Galilei transformations of the
variables (X,,x) (see Subsection 11.4). If we impose on W the following Galilei-
invariant additional condition

iai”’(fo, x, £)=mW(x, x, ), (27.12)

Xo
then for any fixed value of m the equation (27.10) reduces to the form

O 0
LYY= %Oii—sapa+285m—KELP=O, (27.13)
2 ox, D

In the case K=0 formulae (27.11), (27.13) define the Levi-Leblond [275]

equation for a Galilean particle of spin 1/2.
We note that using the operator (26.21), we can transform (27.13) to the
canonical diagonal form because

O O
. o p*q0 (27.14)
VLV '= %_*_ +23.m-K. :
BODa.fO 2m|a BS

According to (27.14) the function ®,=(1/2)(1+Y,y,) VW satisfies the Schrodinger
equation

P
6x %D -0

2m 2m
and the function CD_ (172)(1-YpY,) VW is expressed via ®,: D =y, (K/2m)P,.

We see the generalized Dirac equation (27.5) can serve as a base of a
description of a relativistic particle with a variable mass or of a Galilean particle. Such
an interpretation is admissible also for the generalized Dirac equation which includes
potentials of an external field. For example replacing p, by p,-eA, in the equation
(27.5), where A=A, (n,x) (nj=n,=1, n,=n,=n,=0) is a plane wave potential, we come to
the equation preserving the symmetry under Galilei transformations. To solve such an
equation it is convenient to use the variables (26.20c) and to decompose the wave
function by the complete set of the functions satisfying (27.12). However if A,=A,(x,)
then the corresponding equation can be used as a model of relativistic particles which
possess the mass spectrum.

The Dirac equation in (1+4)-dimensional space is considered in more detail
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in [115,136].

In conclusion we have discussed briefly the Dirac-type equations being
invariant under the groups P(1,n). By this are meant the equations of the form (27.5)
where the summation over m is extended to the case when 0<m<n, and Y, are matrices
realizing a representation of the Clifford algebra of dimension n+1.

The P(1,n)-invariant equations (27.5) exist for any n>0. Minimal dimension
of the matrices Y, is equal to 2!"*"2x2["*2I for any given n where [a] is the entire part
of a. In the case of half integer n the corresponding equations are invariant under the
complete group P(1,n) including all the possible reflections of coordinates. However
if n is integer then it is necessary to double the number of the components of the wave
function in order to satisfy the requirement of P-invariance [115,136].

The Dirac equations being invariant under the groups P(1,n), n=5,6,... can also
serve as a mathematical models of the particles with a variable mass. Furthermore,
these equations can be used to describe many-particle systems (see [136] and
Subsection 32.5 of the present book).

26.3. The Generalized Kemmer-Duffin-Petiau Equation

The KDP equation also admits a direct generalization to the case of
(1+4)-dimensional Minkowsky space since the equations (27.4) are obviously satisfied
by the matrices

rp: Bu’ I_4: B4’ Smn:i[Bma B,l]~ (2715)

Here B, B, are the 10x10 KDP matrices which can be chosen, e.g., in the form (6.22),
(6.24).

The equation (27.3), (27.15) is invariant under the algebra AP(1,4) and thus
under the Poincaré and Galilei algebras. Like the five-dimensional analog of the Dirac
equation (27.5), this equation is non-invariant under the complete group P(1,4)
including space-time reflections.

The generalized KDP equation can be interpreted as an equation of motion of
arelativistic particle with a variable mass and spin s=1. To make such an interpretation
more clear we represent solutions of this equation in the form (27.9). In this way we
come to the following equation

(B, o~ B, p,~K-B,p,I¥, =0. (27.16)
For any fixed value of p, the matrix K+[3,p, is invertible; moreover

2
4_.m D p
M=m(K+B,p) "=+ B, -1B,,
K Km m
2)1/2

where m=(k*+p®)"2. Multiplying (27.16) by M we come to the equivalent equation
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(B, pH-mW¥, =0, (27.17)

where ' =M, are new matrices satisfying the KDP algebra (6.20). The equation
(27.17) is the KDP equation for a spin-one particle and the mass m=(k *+p,*)"2.

The KDP equation in (1+4)-dimensional Minkowsky space can be interpreted
as a motion equation of a Galilean particle of the spin 1 and a variable mass. To make
such an interpretation it is convenient to come to the new variables (26.20c) and to
impose the Galilei-invariant additional condition (27.12) on W. As a result we come to

the equation (27.13) where
By=B,*Bs Bs=B, B, B,=B. (27.18)

For any fixed value of m the equation (27.13), (27.18) coincides with the
Galilei-invariant equation for a particle of spin 1, see Subsection 13.3.

Thus the generalized KDP equation can be used for the description of
relativistic and Galilean particles with variable masses. Besides, the corresponding
Galilei-invariant model of a spin-one particle takes into account the spin-orbit coupling
in the frames of the minimal interaction principle, see Subsection 13.4.

We note that the KDP equation admits a generalization to the case of the
Minkowsky space of arbitrary dimension 1+n. The corresponding representations of
the B-matrices were described in [265].

The almost evident generalizations to the case of an (14n)-dimensional
Minkowsky space is admitted by the Bhabha equation also, i.e., by the equations of the
form (6.2) where B5=1, and 3 =S5, are matrices realizing a representation of the algebra
AO(1,5) together with S, =i[B,,B,]. The corresponding equation being invariant under
the group P(1,4) has the form

(S5, P"=S5, P, K)W=0. (27.19)

This formula defines generalized Bhabha equations in the (1+4)-dimensional space, in
particular these equations include the Dirac and KDP ones. In the case when §,,, realize
an arbitrary representation of the algebra AO(1,5) the equations (27.19) can be
interpreted as mathematical models of relativistic or Galilean particles with variable

masses like the generalized Dirac and KDP equations.
27.4. Covariant Systems of Equations

One of possible formulations of wave equations invariant under the group

P(1,4) presupposes using the covariant systems of the form [11, 395]
p,Wx)=P W), P=L p"+KL, (27.20)

nm

where L, and L, =-L,,, are numerical matrices.

335



Symmetries of Equations of Quantum Mechanics

We have already seen in Subsection 2.2 that the Dirac equation also can be
reduced to the form (27.20), refer to (2.12). In contrast to the standard formulation (2.1)
none of the equations (2.12) is invariant under Lorentz transformations but is
transformed into a linear combination of these equations with the different values of
n.

Covariant systems of equations in (1+4)-dimensional Minkowsky space are
discussed in papers [11,395]. Here we consider a class of such equations corresponding
to the choice L,,, =S,,/id, L,=S;,/id where S, are matrices belonging to the algebra
AO(1,5). In other words we consider the following systems of the covariant equations

LWx)=0, Ln=pn—._1d(S p"+KS,). (27.21)
l

nm
These equations have a manifestly covariant form since the operators L, evidently
satisfy the relations

[P Ln] = O’ [Jmn’ Ll] = i(gnl Lm - gml Ln) ’

m’

where J,,,, P, are the operators of (26.19).
Let us require that W(x) should satisfy the KGF equation componentwise.
Multiplying (27.21) by p™ and summing up over m we obtain the following additional

condition for W(x):

(%snj P - KW)=0. (27.22)
1

It is possible to show [11] that this equation is a necessary condition of a consistency
of the system (27.21) if the matrices S, are finite-dimensional.

Thus let S, be finite-dimensional matrices realizing an IR of the algebra
AO(1,4) and (27.21) be the system of the covariant equations corresponding to this IR.
It turns out that this system is consistent only in the following exceptional cases [352]:

_l - -
a) S}JV _Z[y“’ yv]7 SSH_VW “’V_O’1’273’4’ (27.23)

b). ¢) S,,=ilB,.B,]. S8,
where Y, are 4x4 Dirac matrices, 3, are KDP matrices of dimension 10x10 (case b)) or
6%6 (case ¢)).

In case a) it is necessary to set d=1/2 (otherwise the system (27.21) is
inconsistent). This leads to the system which is equivalent to the generalized Dirac
equation (see Subsection 27.2). In cases b) and c) the system (27.21) possesses
nontrivial solutions when d=1 only. In case b) the corresponding system turns out to
be equivalent to the generalized KDP equation for particles of spin 1 (see Subsection
26.3). In the case c) we have the covariant system of equations describing particles of
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spin 0.

However if the matrices S,,, realize an IR of the algebra AO(1,5) which is not
equivalent to the representations enumerated in (27.23) then the corresponding
equations (27.22) are inconsistent. The proof of this statement is given in [352]. We
see the class of covariant finite dimensional systems of the form (27.21) is exhausted
by the representatives corresponding to the matrices (27.23). The analogous result is
correct in respect to the covariant systems of equations in the frames of the Poincaré
group [352].

Covariant systems of equations are with better prospects in the case when the
corresponding matrices S, realize an infinite dimensional Hermitian representations
of the algebra AO(1,4). A well-known example of such an equation in the (1+3)-
dimensional Minkowsky space is the Dirac equation with positive energies [82]".

The other types of the wave equations invariant under the generalized
Poincaré groups have been investigated in papers [115,136,181]. There are the
equations of the Bargman-Wigner type, equations with a proper time, equations
invariant under the representations of the Classes /I-IV etc. An analysis of such
equations is beyond the scope of the present book.

“In papers [352] the covariant infinite-component Dirac equation is generalized
to the case of particles of arbitrary spin.
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6. EXACT SOLUTIONS OF LINEAR
AND NONLINEAR EQUATIONS OF MOTION

We obtain exact solutions of Poincaré- and Galilei-invariant equations of
motion of a particle of arbitrary spin s interacting with some particular classes of
external fields. Besides we present solutions of a number of nonlinear equations of
modern theoretical physics. The key to finding these solutions is using symmetries of
the equation considered.

28. EXACT SOLUTIONS OF RELATIVISTIC WAVE
EQUATIONS FOR PARTICLES OF ARBITRARY SPIN

28.1. Introduction

The main purpose of this and the following sections is the construction of
solutions of motion equations of arbitrary spin particles in the external electromagnetic
field.

The number of known exact solutions of relativistic wave equations is very
small even for the cases s=0 and s=1/2. The most interesting of them (from the physical
point of view) are the following problems: a particle in the Coulomb field [73, 77], a
particle in the plane-wave field [407], a particle in the constant magnetic field [365]
and a particle in the Redmond field [370] (the last is a combination of the constant
magnetic and plane-wave fields). Finally we mention the problem of interaction of a
charged particle with the magnetic monopole field which also admits exact solutions
for s=0, 1/2 [217, 402] and for arbitrary spin [164].

The construction of exact solutions for particles of spin s>1/2 is complicated
in accordance with increasing of number of components of the corresponding wave
function. Besides there appear additional difficulties, i.e., causality violation [405], the
absence of stable solutions in the Coulomb problem [401] and many others. In spite of
that a number of exact solutions for the vector particles have been obtained in the
papers [46, 47, 266, 267, 270].

The problems enumerated in the above have physically reasonable solutions
for arbitrary spin particles if we start from the motion equations (10.10). The most
important of these solutions are considered in the following.
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28.2. Free Motion of Particles

The knowledge of the explicit form of wave functions of non-interacting
particles is necessary for many problems of theoretical physics [41,42]. Thatis why we
present the explicit solutions of (10.10) for the case of absence of an external field (i.e.,
for A =F,;=0).

Instead of the equations (10.10) it is more convenient to consider the
equivalent system (10.30) which takes the following form

(p,p*-mAHY =0, (28.1a)

POy, p;41 15,5, -25(s 1], (28.1b)

Wo=Lr pry, pe=Lasr g, (28.1¢)
m " 2

We will use the representation (9.14) for the matrices F“ and choose S,,, in the
following form

0 ;0
Sab_élb 0% 5 - %oa O/E (28.2)
%0 SabD EO So E

where {S .5} and {S,,,S;.} are matrices realizing the representations D(s 0)0
D(s-10)and D(s-1/2 1/2) of the algebra AO(1,3). These matrices can be written in the
form (compare with (4.64))

0
D -1 K|
% og .@S S, Ko O (28.3)

Soa=—lSa, Sou =71
B g Ok, s/E

where S, and §', are generators of the IRs D(s) and D(s-1) of the group O(3), K =K
are matrices of dimension (2s-1)x(2s+1) given in (4.66). Then we obtain the following
realization for the matrices 0, of (9.14)

0
KT
ool S—'S”=1§“ “H (28.4)
a5 abe Pbe” W0a ?% _S/D
a HD

Let us find the general solution of the system (28.1) in the representation
(9.14), (28.2)-(28.4). It is convenient to represent this solution in the form of the
Fourier integral

3
P(x,x) =}%([p_exp [i(p-x-Ex,)| + @ exp i (p-x+Ex,)] ) , (28.5)
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where E=(p*+m?)"* and the Fourier transforms (), satisfy according (28.1) the
following conditions

. - o_ 1 .
(M E-Tp) =my,”, O =_(1=il )P,
ET P =my, = (1T ) 05.6)

PO=0", e=xl.
In the representation (9.14), (28.2)-(28.4) P are columns of the following form

(OIN| |:J
@)= @) (28.7)

%mm

where @' are 4s-component spinors, 0 are zero columns having 4s rows. From
(28.6), (9.14), (28.2)-(28.4) we conclude that

+1S_p%b%
~(A>_§§E co_ 1 w1 s OO
Gl gt &= (cEop® =0 0 (28.8)
m m S
0 0O-—Kpd. O
a s O

Here ¢ is an arbitrary (2s+1)-component spinor, 0 is the zero column having 4s rows.
Thus the general solution of the system (10.10) in the case A =F "~() can be
represented in the form (28.5) where

Q. =0, +P., (28.9)

and (‘* are the spinors given in (28.7), (28.8). This solution is defined up to arbitrary
functions ¢ each having 2s+1 components. These functions can be represented in the
form

=Y by —2n;
\Y
J 2E %upgm
' g s 0O
where N, are normalized eigenvectors of the matrix S;:

90

(28.10)

(28.11)

0 o
=
hll
oo =
0

m

2E(E +Xp3)
\ s

is a normalizing multiplier, b{(p) are arbitrary square integrable
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functions.

Substituting (28.10) into (28.5), (28.7), (28.8) and using the explicit form
(4.65), (4.66) of the matrices S and K, we obtained the corresponding general solutions
in the form

_ dsp € v oo 28 12
w—ZJ b, D) Wrexplip-x-ex, )] (28.12)
where

P
My
;
@, = " 0.

N

+V 0
JZE(E ?pS) %(;
X ‘(8E+—P3)ﬂv —VS(S+1)—V(V+1 (P, =ip )Nyt * (28.13)

+ L SGDVOD) (,ip ),
2s

Xo=——\s2-V? pny i¢s(s71)fv(v71)+2w ®,-
s 2s

P —\/S(S D+ (v+1)-2vs (p,~ip)Ns»

0 is a column containing 2s-1 zeros.
The spinors (I{* satisfy the normalization condition

(F) lps’?) 5 6

e’ W'

and form a basis of solutions of the Dirac-type equations for a particle of arbitrary spin.
28.3. Relativistic Particle of Arbitrary Spin in the Homogeneous Magnetic Field

Consider the movement of a charged particle in the constant and homogeneous
magnetic field. Without loss of generality, we choose the vector of the magnetic field
strength be parallel to the third projection of the particle momentum, i.e.,

FOG:F23:F31:O, F12:H3:H (2814)

where F,, is the tensor of the electromagnetic field. The corresponding four-vector Tt
can be chosen in the form

=P, T,=p,~eHx, T,=p, TL=p,. (28.15)
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As in the case of a free particle we will solve the equivalent system (10.30)
instead of the equations (10.10). Using the representation (9.14), (28.2)-(28.4) we
conclude that the general form of solutions corresponding to the energy € is given by
the following formula

N [

(28.16)

<=
I
-

[l
+

vl o
“\

Dé

50 0

o o
S

ms

where 0 is a column including 2s-1 zeros, @, is a (2s+1)-component spinor satisfying
the equation

B2 ve 2H 2] eH B8, +2x, p FHD,~(e2-m ). (28.17)
O os 0

It is convenient to expand ®, in a complete set of eigenvectors of the matrix
S
=) duns (28.18)

where n°, are the spinors of (28.11), ¢*, are unknown functions which must satisfy the
following equations according to (28.13):

%he 2H2x22—eH%_+2x2p1§..?¢3=(82—m Ho,. (28.19)

We search for solutions of (28.19) in the form
Oy =expli(p,x, px) 1y (x,) (28.20)
where p, and p, are constants. As a result we obtain the following equation for £, (x,):
0 g2 v B, 2
4~ _+(eHx, —pl)z—e_H%‘\f(xz) =(e>-m>-p;)f,’(x)). (28.21)
0 dx? N ‘
0 %% 0

With the help of the change of variables

X, =iH(pl weHy), e-m2-p; veY H=eEH
e s

we reduce (28.21) to the equation for the harmonic oscillator
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E d? E] 28.22
-4y H0=E£ ). (2822)
0 dy 0

Requiring, that £,°(y) tends to zero for y — +oco, we obtain the well-known
expression for & [3]

&=2n+1, n=0.l1,.., (27.23)

from which it follows that
e2=m2+p; +eH(2n+1-V/s). (28.24)

The relation (28.24) generalizes the well-known formula [3,31] for energy
levels of an electron in the constant and homogeneous magnetic field to the case of a
particle of arbitrary spin.

To clarify the physical meaning of the expression (28.24) for particle energies,
we consider the non-relativistic approximation

2
\s\:\/m2+p32+eH(2n+l—v/s) Dm+p_3+QEp+ﬂ (28.25)
0

2m 2s

I |

where Q=eH/m is the cyclotronic frequency.

We see |e | includes the kinetic energy of the particle movement along the
magnetic field, and the quantized part of energy depending on two discrete parameters,
i.e.,nand v. When n=1/2, v can take two values: v=+1/2. The corresponding quantized
part of energy determines the Landau levels and turns out to be proportional to an
integer. Besides any level (excepting the ground one) is twice generated.

For the case s=0 the Landau levels are nondegenerated and proportional to
half integers. For s=1 these levels are proportional to either integers or half integers
besides all the integer levels are twice degenerated (the ground level and half integer
ones are nondegenerated). For s>1 the energy spectrum is more complicated but also
includes generated levels corresponding to v=xs. These levels are proportional to
integers.

Let find the explicit form of the wave function satisfying the equation (10.10).
The solutions of (28.22), (28.23) are given by the formula [3]

£-CU (), (28.26)
where C, is a normalizing multiplier, U,(y) is the Hermit function

(eH)' | VR (y), (28.27)

U’l(y) - (znn!-,-[l/Z)l/Z

H (y) is the Hermit polynomial which can be written in the form
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H ()=(-1)"e’ @gge >, n=0,1,... . (28.28)

YO

Using formulae (4.65), (4.66) defining the matrix elements of § and K, bearing
in mind the recurrence relations

2 +yHy —x@n+1:1)2U0, (28.29)
My 0
and the following identity
O
\/ D o0 0 Il
Apd.= %pg EA -+ (4, Az)f >,
BT y [0
A=S orA K), we obtam

U, ()nH
O . O

_ ol rp)l g0 4 (28.30)
vn D D % ¢vn %
2L Lez+ X p;0 0 X 0
O A O O vn O

where 0 is a (2s—1)-component zero column, L, and L, are normalization constants,

o, = 3+ 2p. 0 N+ LG D V= DR2eHG+ DU, (), +
O s 0O 2s

+2is¢[s(s+1)—v(v—1)]zenH U, 0Ny,

1
Xon= Vs 22 pU Ny -

—J[s(s D-V(V-1)+2vs2eH(n+1) U, (5N, +

_\/[s(s 1)+v(v-1)-2vs]2eHn U, 1(y)r]\,l

Here U, is the Hermit function (28.27), n°, are the spinors (28.11), y=(eH)"*(x,—p,/eH).
The wave functions (28.30) are normalized in accordance with the following
relation

L L

1 3

de1 ldx3 [ ljJ\T,,,lijnabc2 =1

where L, and L, are arbitrary numbers included into the normalization constant in
(28.30).

344



Chapter 6. Exact Solutions of Linear and Nonlinear ...

So using the equations of the Dirac type (10.10), we have obtained exact
solution of the problem of interaction of charged spinning particle with the constant and
homogeneous magnetic field for any value of spin.

The equations (10.10) admit exact solutions also for the cases of the constant
homogeneous electric field, the combination of the electric and magnetic fields
mentioned above [400] and the field of the magnetic monopole [164]. We do not
represent here the corresponding cumbersome formulae but consider the problem of
motion of any spin particle in the constant electric field in Section 30.

28.4. A Particle of Arbitrary Spin in the Field of the Plane Electromagnetic Wave

The equation (10.10) admits exact solutions in the important case of the
external field reducing to the plane wave [322].

The plane wave field characterized by the wave vector k, (kKk"=0) is
determined by the following vector-potential

A=A (), d=kx* (28.31)
satisfying the Lorentz gauge condition
p“A pz_ikuA /on’ (2832)

where the prime denote the derivative with respect to ¢.

As in previous subsection we can represent solutions of the corresponding
equations (10.10) in the form (28.16) where @, is a (2s+1)-component spinor satisfying
the second order equation (10.30a). In our case this equation takes the form

II%’“P“J“Z"’APP“ezAPA“—mz—ES'F%DY:O (28.33)
O s 0

where
F=kxA' -i(k,A' ~kA,).
Like in [407], we look for the solution of (28.33) in the form
® =exp(-ip, * )W), (28.34)

where p, is a constant four-vector besides without loss of generality ﬁ“ﬁpzmz. Then
using the relations

PU@) =ik @), p,p W)=k kY (§)

we obtain from (28.33) the following equation for (e ):

O, .
ZIkHP“lIJ/JFETZep“A“J,e 2A“A'L'—é‘S"F@JFO.
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This equation is easily integrated

% Y0 O %

| 2 jeS- 28.

P=exp Dil | ewﬁ,lA“* ¢ ~quAG cl)f—les ijE]Up (28.33)
0 wP 2kup 0 2Skup 0

where U, is an arbitrary constant spinor.
The matrices S - F of (28.35) satisfy the relations
[1(S-FrP-NF|=0, A=1/23/2,...s

! (28.36)
SF[(SF)?VF|=0, v=12,..s.
A

besides the first formula is available for half integer s and the second formula is valid
forinteger s. Inasmuch as F 2=k“k“A'vA " and k, k"=0 the conditions (28.36) reduce to the
form (S -F)**'=0, and we have from (28.34),(28.35)
2s D D’

; 1 S-F O (28.37)

O =exp(iS)U _He___ =,
P(S) "; n!%%kuﬁpm
where S is the classical action of the particle moving in the plane wave field [271]
kﬂ?“D

0

2

S:—ﬁva—lDe pA-_C A ATH.
7" 2k, p* @d

n

We can choose an arbitrary spinor U, of (28.36) in accordance with the
requirement that the corresponding wave function (28.16) reduces to the plane wave
solution for a free particle if A“ — 0. As a result, we obtain the following solutions

2s |:| D’
. 1 S-F .
@ :Z_'%eZ — %exp(lS)llJ:
n=0 M 28K Py

where @} are the spinors (28.13).

We see that in contrast to the Volkov solution for an electron in the field of
the plane electromagnetic wave [407] the solutions of relativistic equations for particles
of arbitrary spin depend on the fields strength non-linearly (as a polynomial of order
2s).

We note that the equations (10.10) can be solved exactly also for the case of
the Redmond field which is a combination of the constant magnetic field and the field
of the plane wave [400].
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29. RELATIVISTIC PARTICLE OF ARBITRARY SPIN
IN THE COULOMB FIELD

29.1. Separation of Variables in a Central Field

The problem of description of a spin particle in a central field is one of the
basic problems of quantum mechanics. In the case of an electron in the Coulomb field
it is the problem of the hydrogen atom.

The problem of description of the hydrogen-type system in which the spin of
orbital particle is more than 1/2 is not of theoretical interest only, since such relatively
stable particles as W™-boson, Q ~-hyperon in principle can play arole of orbital particles
in exotic atoms.

Following [322] we present exact solutions of the equations (10.10) for a
charged particle of arbitrary spin in the Coulomb field. It will be shown these equations
do not lead to the difficulties connected with a possibility of particle falling to the
center (such a situation is non-admissible from quantum mechanics point of view;
nevertheless it is predicted e.q. by the KDP equation [401]).

Consider equations (10.30) for the case of the Coulomb field where the
vector-potential reduces to the form (22.8). Such equations admit solutions in separated
variables besides the general scheme of obtaining these solutions is valid for any
central potential A=A (x), x=|x|.

We use the representation (10.31) for the equation (10.30a). Solutions
corresponding to a state with energy e are represented in the form

P'=exp(-ie)P'(x), (29.1)
where ®*(x) is a (2s+1)-component spinor satisfying the equation
O
O 0
2 2 Q. (29.2)
—i% -p*-m?- 1ze S_TBIDS(x):O.
X0 Sox' 0

This equation admits solutions in separated variables. Indeed, bearing in mind
the symmetry of (29.2) in respect with the group O(3) we represent ®*(x) as a linear
combination of spherical spinors

Px)=)_ PMOQ; s (29.3)
A

where {Q;j,)\m= ij,Am(x/x)} is a complete set of eigenfunctions of the commuting

operators J %, L?, J, and 8* (J=xxp+S, L=xxp), so that
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JzQ‘;jf)\m =j(i+] )Q;jf)\m’

L*Q;,,,=(G-MG-A+DQ;;

j-Am jj-Nm> (294)
SZQ;}fAm:S(S+1)Q;;fA)115
J3 Q;j Am= mQ;j -Am*
Here j are arbitrary positive integers or half integers,

O
B 293
m==j,~j+1,....j, A=-s,-s+1,...,-s+2m_, m_=min(s,j)=] .
/ Y L, 5>)

We find it is more convenient to use the quantum number A=j-1 instead of the
usual orbital quantum number /. The explicit expressions for the Q°;; ,, are given in
Appendix 3.

The representation (29.3) makes it possible to reduce (29.2) to the system of
ordinary differential equations for the function ¢*. To find this system, it is necessary
to know the action of the operator S -x on spherical spinors. It is not difficult to make
sure that

S2Q 3, =d) Q) (29.6)

j-Am

where d;’.'A are numeric coefficients, X¥=x/x, besides the summation is imposed over the
repeated indices N'. Indeed, S -x/x commutes with J and hence with J* and J,. This is
why in the Lh.s. and rh.s. of (29.6) we have an eigenfunction of J* and J,
corresponding to the same eigenvalues. Expressing such an eigenfunction via the
complete set of the spherical spinor we come to the relation (29.6).

The exact values of the coefficients d 7, are calculated in Appendix 3 and can
be represented in the form

sj 1 sj sj
dAjA:_7<6Au1Aas—jA+ o Aas'-,h-1>’ 297
where
o2 TR+ (2s+1-p)(2j+25+2 ) 0" (29.8)

'O @se2j+ 12025424320 [

besides the possible values of A, A'+1, N'-1 are given in (29.5).
Substituting (29.3) into (29.2) and using (29.6) and the following identity

.1 00,00 I (29.9)
x20x[ ox[ x?

we come to the following equations for radial functions
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D¢A=x fzb}\éj}\q))\ , (29.10)
where
D8 220 G

0 xO Ox?® xOx  x? (29.11)

by =[N2-A(2j+1)]8,

LA s
vHi—dy., O=ze’.
s

Thus a problem of description of a charged particle of arbitrary spin in the
Coulomb field reduces to solving the system of ordinary differential equation (29.10).

29.2. Solution of Equations for Radial Functions

The matrix ” bJ| of (29.10) commutes with the operator D and is normal,

i.e.,

(b3 b3 =b3(b%)

It means this matrix can be diagonalized and so the system (29.10) can be reduced to
the following chain of noncoupled equations

D =x —2b);v.i¢ (29.12)

where D is the operator (29.11), by are eigenvalues of the matrix ” b “ Any of the
equations (29.12) in its turn reduces to the well-known equation [105]

5 O kzD
Ly iy z B .13
dz* dz [ 4 4z
where

5. f

Z 2_ 212

=3— ) ,=2 - )

’ [m"’—SZE(p e (29.14)
:( 2€a2)|/2" kA2:(2j+1)2+4(b>\sj)2_4a2'

m--a

The equations (29.13) arise in the problem of the hydrogen atom (besides in
this case s=1/2, by’=1/4+(2j+1-4a?)"?). In the case of an arbitrary spin particle we have
the only new feature that the parameter k, can take another values depending on s.

We represent the solutions of (29.13) corresponding to coupled states (m*>¢?)
in the form

y=z""exp(-z/2)F (29.15)

and obtain the following equation for F
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d’F 0 k1] 29.16
AL 1 z)— -2 BF-o. (29.16)
dz? dz 0
Formula (29.16) defines the equation for a degenerated hypergeometric
function, thus the corresponding solutions have the form

D
e cy% Bk -1 zm (29.17)
0 52 0

where C is an arbitrary constant, .# 1is a degenerated hypergeometric function. The
analytical expression for # (a.b,z) is given by the following formula

oL Dy T
[(a) =0 T(b+n)n!
where ["(a) is the [-function of Euler.
It follows from the boundary condition for the solutions (29.15) atinfinity [31]
that the argument a=(k,+1)/2—[3 has to be a negative integer or zero, i.e.,

B=(k,+1)2+n', n'=0,1, ... . (29.18)

So we have obtained the solutions of the equations (29.12) in the form

k+1 k-1
- ’ 212 2 1
¢)\=C(m2—82)TxT ~(m?=e?)"x n' k +1,2(m —82)1/2 (29.19)

where the index A labels the solutions corresponding to possible values of k,. A
solution of (29.2) can be written in the form

CDS:U)\A,(])XQ;'/;M (29.20)

where U,, are the matrix elements of the unitary matrix diagonalizing ” bA;j,” of
(29.11) so that

Z U, Uy byl =by..
The corresponding solutions of (10.10) in the representation (9.14), (28.2)-(28.4) have
the form

a s

1
%J D @ 2 —(008 + O"p)"l"p

20 00 D m

where 0 is the zero column including 2s-1 rows, O are the 4sx4s matrices of (28.4), g,

is the unite matrix of dimension 4sx4s.
Substituting the matrix (CI'x)(G-x)/szcr0 between 0-p and ), we obtain

opY= 510 x Ea_+ H _(0 xXXp)o: xBle
0 Px xD 2x
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The action of 0-x/x and 0-xXxp on spherical spinors is described in Appendix 3
(see (A.3.10)) thus we obtain finally

2 { ¢)\ jj- Am T
% i Ud 20 ]
L g5 1 s-lj
+ El[ . dhf,\/l%;+;%+ 5o ( )\/)\//f ‘() +ibyig j()‘))Bp jjAm " (29.22)
- 5
:l 5— 1] Da ZD 1 sj s §= 1] s-1
Bl = il LI AP NS TANT SR T 0N Hp fopus
Es B = dyiy o S ) i~ x

where d3/,, b3, £9(\) and g*/(\) are the coefficients given in (29.7), (A 3.4).

Formulae (29.19)-(29.22) define solutions of the Dirac-type equations for a
particle of arbitrary spin in the Coulomb field. For any value of spin s we can
determine the exact value of an arbitrary constant C starting from a normalization
condition for the corresponding solution.

29.3. Energy Levels of a Relativistic Particle of Arbitrary Spin in the Coulomb
Field

Starting from the condition (29.18) it is not difficult to find possible values of
the parameters € defining the energy of the particle described. Indeed, according to
(29.18) we have
D/Z
‘25 . (29.23)

B 12 0
Girp-at-b7]"| B

Formula (29.23) defines the energy levels of arbitrary spin particle in the
Coulomb field and so can be considered as a generalization of the Zommerfeld
formula for an electron. The parameters b, of (29.23) take the values coinciding with
the roots of the characteristic equation for the matrix ” by, ” of (29.11)

aZ

s=m%+
0
0

n'+1/2+

det [\2-A2j+1)-5” -0 (29.24)

la sj
)\)\’ d)\)\
N

where d3/, are the coefficients (29.7).

Thus we have found energy spectrum of a particle of spin s in the field of a
point charge. However the practical using of (29.23) is restricted by the fact that to find
all the possible values of d}/, it is necessary to solve the algebraic equation (29.4) of
order 2s+1 (for j=s) or of order 2j+1 (for s2j). This equation can be solved in radicals
in the cases s<3/2 or j<3/2 only.

351



Symmetries of Equations of Quantum Mechanics

To analyze the spectrum (29.23) for arbitrary s and j it is sufficient to
consider approximate solutions of (29.24) defined up to the terms of order a*. Such an
approximation is reasonable for the cases when the charge z of a particle generating the
Coulomb field satisfies the condition z«137.

Representing by’ in the form

by=\2 - (2j+ DA + B0 + o(a’) (2925

where by are unknown coefficients we obtain from (29.24)

pio | E(aA ) aifw. ZH (29.26)
8527 5T A O
Here a/ (0=A+s or 0=A+s+1) are the coefficients (29.8).
Using (29.25) and representing the r.h.s. of (29.23) as series in respect with
0’ we obtain with accuracy to a*:

; 0

.- m@ o 20'(6)-1] REL! (29.27)
0 2n2 n*Q2i+1) 3 n'g

where

n=n'+j-A+1=12,.; 1=j-A=0,1,.,n-1. (29.28)

The relations (29.27), (29.28) define the fine structure of energy spectrum of
arbitrary spin particle in the Coulomb field. The corresponding values of 53’ are easily
calculated using (29.26), (29.8).

In addition to the nonessential constant term m formula (29.27) includes
Balmer’s term -ma?/2n% and the additional terms which are proportional to a* and
represent the contribution of the spin-orbit coupling of a particle with an external field.
The energy levels are labelled by three quantum numbers 7, [ and A (the number j is
expressed via [ and A: j=A+l). The possible values of n and [ are given in (29.28), and
admissible values of A for fixed [ are

A=-s,-s+1,..,s-2m_, m =min(s,l). (29.29)

We see that any energy level corresponding to the quantum number 7 is split
to sublevels of the fine structure corresponding to possible values of / and A. It is not
difficult to calculate the number N, of such sublevels which equals to

N =@2s+Dn~[(s+1/2)*], n2s+l; N =n’, nSs, (29.30)

where [(s+1/2)*] is the entire part of (s+1/2)*.

We note that the energy levels corresponding to different sets of / and A can
to coincide in general. For instance for s=1/2 we have by =2M\/(2j+1) , and the energy
corresponding to the same / but different A are equal one to another. The corresponding
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number of the fine structure sublevels is equal to n” besides any sublevel with jzn—1/2
is twice degenerated.

Let consider more precisely the cases s=0, 1/2, 3/2. The corresponding values
of Bij (calculated in accordance with (29.26), (29.8)) are

b'=0, A=0, b,*'=1 2A A=¢%, d=21+1;
0
oG L2000 )\zg’o"l’ 70,
2d(d-N) -4 71 J=0; (29.31)

R d+1)(5x1 i 20dP-4
e WEDOLD e 2ED

(d+1)(d;+2) 9d,(d; - 1)
FI212_ 3212 1
b3/2 b—l/z - 54'

We conclude from (29.31) that for the case s=0 formula (29.27) gives the
known energy spectrum of a scalar particle (described by the KGF equation) in the
Coulomb field, but when s=1/2, the relation (29.27) reduces to the Zommerfeld formula
for the spectrum of the hydrogen atom [31].

Formulae (29.27), (29.31) define the fine structure of the energy spectrum for
particles of spins s=1 and 3/2 also. In contrast to the case s=1/2 the spectrum is
nondegenerated and the number of sublevels of the fine structure is defined in (29.30).

The energy levels corresponding to the ground state n=1 are nondegenerated.
But if n=2 then we have two sublevels for s=0 (and s=1/2) and four sublevels for s=1
(and s=3/2). It is not difficult to calculate that the energy splitting AE (i.e., divergence
between the highest and lowest sublevels) for n=2 is equal to the data given in the table

s 0 172 1 372

AE ma'/12 ma*/32 ma‘/24 5ma’/72

Let us return to exact formula (29.23). For the cases s<3/2 or j<3/2 it is
possible to solve (29.24) in radicals and find the exact values of b,Y for (29.23). We
present the corresponding solutions for s<1 and j<I:

bY=0, byY=1/4+\\[d}+da? | A=x1/2; (29.32)
b= <2/ cos %Em\ T A=021, j£0; b =0 (29.33)
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—

1, .2
b,°=0, b= _(d’-3)x_ |d}+ , 570, d=2s+1,
‘ Tl ) \J B H g (29.34)

by =s(s+1) -2+ +2\/_cos %H\_n%
3 2m

0
where
cosy= b , b:zahldffi, c=-0%+b+ 4,
- 30 37 77 27
-c
cosg = f , f= EE_EEﬁidzfi, d=- E_EEFJrer i
3sO 3 27 0s 0 27

-d?

Substituting (29.32) into (29.23) we come to the exact Zommerfeld formula
for the hydrogen atom. The relations (29.23), (29.33) generalize this formula to the
cases of a particle of spin 1 and for particles of any spin (but for j<1 only). Exact
formulae (29.23), (29.33) can be useful for the case of large z, i.e., for ze*[l.

Equation (29.24) can be solved in radicals for the cases s=3/2 (j is arbitrary)
and j=3/2 (s is arbitrary). We do not present the corresponding cumbersome formulae
here, see [322].

Summarizing we note that the Dirac-type equations (10.10) enable to solve
the problem of motion of a spinning particle in the Coulomb field immediately for any
value of a spin.

The movement of a spin-one particle in the Coulomb field was studied by
Tamm [401] for the first time. Interesting contributions in solving the Coulomb
problem for s>1/2 were made in papers [47,195,274]. In the above, we follow papers
[322,164].
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30. EXACT SOLUTIONS OF GALILEI-INVARIANT
WAVE EQUATIONS

30.1. Preliminary notes

In this section we use Galilei-invariant wave equations to solve the problems
of motion of charged particles of any spin in external fields.

In accordance with the result of Section 3 it is possible to describe a charged
particle of arbitrary spin using different Galilei-invariant equations which are
equivalent in the physically reasonable approximation //m”. This is why we will use
the most convenient way in solving of any concrete problem.

We consider all the types of external fields studied in two previous sections.
It makes it possible to compare the results obtained in the Poincaré- and
Galilei-invariant approaches and to estimate the adequateness of Galilei-invariant
models of spinning particles. Besides we solve the problem of motion of a particle of
arbitrary spin in the combined field including the constant electric and magnetic
components.

30.2. Nonrelativistic Particle in the Constant and Homogeneous Magnetic Field

To solve this problem we use equations in the Hamiltonian form (15.26),
(15.28). We choose the vector of the magnetic field strength be parallel to p; and so 1,
and F,, are of the form given in (28.14),(28.15). As a result choosing for convenience
k,=—1 we come to the equation (15.28) where

I:I(TLAO)=01am+2i L SH +2iakS'T[+i(01+ioz)[Zakz(S-n)z—ekOS'H]. (30.1)
m m m

Here k;=ak’-k, is an arbitrary parameter and A,=0.
We restrict ourselves to the case when the field strength is sufficiently small
and satisfy the condition

2
H< M (30.2)
Zekos

Such a restriction is physically reasonable inasmuch as for a very large H Galilei
invariant approach is not available a priori.

Letus transform H(TT,A,) to the representation in which it includes commuting
terms only. It enables us to find eigenvalues of this operator without solving the motion
equations. We will make the transformation in two steps.

Using the operator
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V,=exp D= fnm vi'=1- L (30.3)
m 0 m m

where N are matrices of (14.3), and taking into account the identity
[12+2eS-H, 1 =
we obtain
T eSH <k (30.4)

H'=VAV,'=cam+___+ _r]H
1 1 1
2m m mk

The following transformation will be made using the operator

HOhD’lla

D 2

\/TE \/f172 E] (30.5)

-1 /

k
h=01am+€_]2r]-H, (\/ ) Z(am -2eak VH)'N\,, N, H
m

Vv V_V

which leads to the resulting Hamlltoman

H :vzH/vz*:zi - £ S, H+0 (a’m?-2eak, S, H)". (30.6)
m m

All the terms of the last Hamiltonian commute and thus have a common
system of eigenfunctions. The corresponding eigenvalues are (see Subsection 28.3)

T o oneerp®, n-012...
2m 2m (30.7)

S, P=v®, v=-5,-s+1,..5, O,P=ed, e=tl.

Using (30.7) it is not difficult to find the eigenvalues of the Hamiltonian (30.6)
2
E,,,=@2n+1 2V)_ P, e(a’m’-2eak VH)'". (30.8)
2m
Formula (30.8) gives the energy spectrum of an arbitrary spin particle moving
in the constant magnetic field directed along the third coordinate axis. This spectrum
lies on the real axis and includes as the continuous ingredient (p;)*/2m as the discrete
terms labelled by the numbers n, v and .
It is interesting to compare (30.8) with the spectrum of energies of a
relativistic particle found in Subsection 28.3. Representing the last term of (30.8) as a
series in powers of 1/m and restricting ourselves to the terms of order 1/m* we obtain

2
Ps3 . s-v 0 (30.9)
E =em+__+wm+ +Vfik
envp, T %ﬂ T f O)EL

where w=eH/m is the cyclotronic frequency, f(k,)=(2s+1+¢k,)/2s is the parameter
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defining the deviation of the dipole moment of a particle (i.e., of the coefficient by the
term eS -H/2m in the approximate Hamiltonian (10.26), (15.33)) from the value g=1/s.
Comparing (30.9) with (28.25) we come to the conclusion that in the case
flky)=0 the energy spectrum of a particle of arbitrary spin interacting with the constant
and homogeneous magnetic field, predicted by the Galilei-invariant wave equations,
coincides with the corresponding relativistic spectrum in the approximation 1/m?. If,
however f(k,)#0 the relation (30.9) can be interpreted as energy spectrum of a particle
with anomalous (distinct from 1/s) magnetic moment.
Letus present the explicit form of the eigenfunction of the Hamiltonian (30.6).
In analogy with (28.17)-(28.27) we set
- s
®,, -exliipys 0] %& UonH
O

g o
®,,  =explipx po)lH
v e %:‘v Un(y)nvD
Here U,(y) is the Hermit function (28.27), y=(eH)"*(x,-p,/eH), )*, are the spinors of
(28.11),0is a (2s+1)-component zero column, C,* are normalization constants. The set
of eigenfunctions of the starting Hamiltonian (30.1) can be obtained by the
transformation

P =v,'v,'o

o R

nvep, - llJnvsp3

where V, and V, are the operators (30.3),(30.5).

nvep,

30.3 Nonrelativistic Particle of Arbitrary Spin in Crossed Electric and Magnetic
Fields

Let us consider a more complicated problem when the constant and
homogeneous magnetic field is supplemented by the constant and homogeneous
electric field being perpendicular to the magnetic one. We again start from the
equations (15.26), (15.28) where k,=—1. The corresponding vector-potential A, can be
chosen in the form

A=-x,E, A=-xH, A =A,=0, (30.10)
then
E=(0,E,0), H=(0,0,H). (30.10"

The equations (15.26), (15.28) with the chosen potentials can be solved
exactly. With the help of the transformation (30.4), (30.6) the corresponding
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Hamiltonian (15.26) is reduced to the following form

H % e~ LS H 0@ m = 2ack,S 1" (30.11)
or
y_ TC ~ Qe 22 1”2 (30.12)
H"=_ feEx2+E G—VH~+0,(a°m*-2avek H)'"“\, :
2m s m 0

where /\, are the projectors of (30.5).
The Hamiltonian H" commutes with the matrices S, 05 and the operators P,,
P,. This is why it is convenient to look for the corresponding eigenfunctions in the form

P, =expli(p,x, +px)1X,, (30.13)

where X,,=X),(x,) is an eigenvector of the commuting matrices 0; and S,
(corresponding to the eigenvalues A==1 and v=-s,-s+1,...,5), p, and p; are eigenvalues
of the operators P, and P,.

Substituting (30.12), (30.13) into the Schrodinger equation for stationary
states we come to the following system

H g LIJ)\V =E LIJ)\V
which reduces to the following sequence of the noncoupled equations for ¥, :

|~ 00x] + (p, +eHx,)*+ pil-2eVH +

(30.14)
+2mA(a’m>-2eak VH)"*-2m(E —eExz)} X, =0-
Using the change of variables
y=y|e|H x2+(mE—p|H)/(eH2)} (30.15)

(30.14) reduces to the equations for the harmonic oscillator (compare with (28.22))
(- d?dy® +y7) Xy, =Ky Xous (30.16)
besides K, are connected with the eigenvalues E of the Hamiltonian H" as follows
eHK, =(Hp,-mE)’H *+2mE ~p;+2eVH-2mN(a *m>- 2evak H)". (30.17)

Solutions of (30.16) are proportional to the Hermit functions (28.27) and the
corresponding eigenvalues K,, are equal to 2n+1, n=0,1,... . Hence it follows the
possible values of energy are

E=Qm)"|2n+1-2v)eH+p? |+ (p, E)(2H) - m/2(E/H)*+ Na *m*~2evak, H)"230-18)

In the case E=0 formula (30.18) reduces to (30.8).
In the approximation 1/m? E reduces to the form
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mOED (30.19)
2HD
where f(k,)=(2s+1+Ak,)/2s. In the case k=0, s=1/2 the energy levels (30.19) coincide
with the levels predicted by the Dirac equation for the case of fields of the considered
configuration.

We note that the equations (15.26), (15.28) can be solved exactly also for the
case of parallel electric and magnetic fields not depending on x,. Then we can obtain
solutions for arbitrary directed fields using Lorentz transformation.

)\am+p3+w%p+ - —vf(k) 16—

30.4. Nonrelativistic Particle of Arbitrary Spin in the Coulomb Field

This problem also can be treated successively using Galilei-invariant wave
equations.

We start with the first-order equations (15.1) with -matrices corresponding
to column R, of the Table 13.1 (pp.160-161). Choosing the vector-potential in the form
A=0, Aj=ze/x and going with the help of the transformation (15.6), (15.7) to the
representation (15.19), (15.20) we obtain the following system

a a S- xD
%&—- ‘. - S, (30.20)
0 X 2m s(s+1DK,m x3

[l

2

=_ S, CD'S §<_ GS X Elbs,
2 x32ms(s+1)K

X, x;l—o D =P}, a=ze

(30.21)

We see that our problem reduces to solving the Schrodinger-type equation
(25.20) for (2s+1)-component wave function ®°. The remaining components of the
vector-function (15.18) are expressed via @° according to (30.21). Further on, we set
€,=m without loss of generality.

Solutions of (30.20) can be found in accordance with the relativistic Coulomb
problem. Representing ®* in the form of (29.1) where ¢ — E we come to the stationary
Schrodinger equation

D 2
@;g m_ P08 Sx%p(x) 0. (30.22)
o x 2m  2sm x°
where
-2 (30.23)
(s+DK,

The equation (30.22) is invariant under the group O(3) and so admits solutions
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in separated variables. Expanding @’ in the spherical spinors according to (29.3) and
using the representation (29.9) for p?, we come to the following system of ordinary
differential equations for radial functions

D' =x ,sz o, (30.24)
where

5 .
D'=2m(& +O(/x)+d_ + Ei _JG+D -2m?,
dx? xdx x?

| 30.25
by =IN-AQ2j+1)18,, +$d;;, (3029

N
. . .
A A —fs,fs+1,...,fs+2nsj, nxj—mln(s,])

and dy, are the matrix elements of the operator S -x/x in the basis of spherical spinors,
see (29.7).

The matrix |b,, | is diagonalizable so the equations (30.24) reduces to the
chain of the following noncoupled equations

D/(I)=x bequ)

where D' is the operator (30.25), bY are eigenvalues of the matrix [b,, |.

Until now we have repeated reasoning from Section 29, where the analogous
but relativistic problem was considered. Further on, bearing in mind differences
between the operators D' (30.25) and D (29.11), we use a new (in comparison with
(29.14)) change of variables

. - (30.26)
y=Vz 0, z=2 2m(E-m) x, B=| " _a, k2=(2j+1)*+4b",

2(E-m)
and again come to the equations (29.13) for y.

We see that the Galilei-invariant equations for a particle of an arbitrary spin
in the Coulomb field generate the equation for eigenvalues 3 which is the same as in
the case of relativistic Coulomb problem. But the energy spectrum of a Galilei particle
differs from the relativistic one in accordance with another dependence of E on B,
compare (30.26) and (29.14). We obtain from (29.18), (30.26) the following energy
eigenvalues:

2
E=m- ma n/=0,1,
] g (30.27)
oo 18 ..., 10
0 +_|:|+2b/+n + [
0 20 20

Formula (30.27) defines energy levels of a nonrelativistic particle of arbitrary
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spin s in the Coulomb field. Here j takes integer (for integer s) or half integer (for half
integer s) values defining the total angular momentum of a particle, besides the possible
values of b¥ coincide with the roots of the characteristic equation (29.24) for the matrix
Dy | of (30.25).

To analyze the spectrum (30.27) and to compare it with the spectrum predicted
by relativistic motion equations we consider approximate solutions of the characteristic
equation (29.24), (30.25). Representing the r.h.s. of (30.27) as series in powers of o
we obtain

241, 57
o 8D e, (30.28)
2n?  2n3(+1/2)
n=n'+[+1=1,2,...; I=j-A=0,1,...,n-1.

Formula (30.28) defines a fine structure of the energy spectrum of an arbitrary
spin particle in the Coulomb field. The values of the corresponding parameters b’ are
easily calculated by formulae (29.8), (29.26).

Besides the constant term m the energy of a particle is defined by the Balmer
term - ma?/2n* and by the correcting term of order a* connected with the spin. Further
on it will be shown that this correcting term is caused by the spin-orbit, Darwin and

quadruple couplings.

According to (30.28) any energy level corresponding to the given main
quantum number 7 is splited into NV, sublevels of the fine structure corresponding to the
admissible values of [ and A given in (30.28). The number N, is given in (29.30). In
the case s=1/2 formula (30.28) reduces to the form

moe Amg *o A=x1/2. (30.29)

E=m- ,
2n?  2n3(+172)([+A+1/2)

In contrast with the energy spectrum predicted by the Dirac equation (see (29.27),
(29.31) for s=1/2) the energy levels (30.29) are nondegenerated.

Comparing formula (30.28) with (29.27) obtained by the solution of the
relativistic Coulomb problem we come to the conclusion that for g*=-1

. 4
F-e+he, Ae=-2 - Hma (30.30)

YA
where ¢ is energy of a relativistic particle given in (29.27).

We see the energy levels of a particle of arbitrary spin in the Coulomb field,
obtained from the Galilei invariant wave equations, are shifted by the value Ae in
comparison with the levels predicted by relativistic equations. This result is quite
natural inasmuch as Ae coincides with the mean value of the relativistic correction to
kinetic energy [18]: Ae=[p*/8m*> where averaging is made by Schrodinger’s wave
functions.
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So Galilei invariant wave equations take into account all the effects predicted
by the Poincaré-invariant equations (i.e., the spin-orbit, Darwin and quadruple
couplings) except relativistic correction to the kinetic energy. This conclusion is in a
good accordance with the result of the analysis of the corresponding approximate
Hamiltonians of (10.26).

We repeat that the spin-orbit, Darwin and quadruple couplings can be
described in frames of a Galilei-invariant approach, and therefore it is not necessary to
interpret these couplings as purely relativistic effects.

In conclusion, we note that the Galilei invariant wave equations can be solved
exactly also for some other types of external fields, e.q., for the field of the magnetic
monopole. The last problem is formulated and solved in analogy with [164].

31. NONLINEAR EQUATIONS INVARIANT UNDER
THE POINCARE AND GALILEI GROUPS

31.1. Introduction

In this section we present a brief survey of the main results of papers
[128-131, 166-180, 183-192, 6°, 10", 11°, 14"-25"] where nonlinear equations are
investigated which have the same symmetries as the linear equations of D’ Alembert,
Dirac, Schrodinger and Maxwell.

The superposition principle is not valid for nonlinear differential equations
so it is important to select equations being invariant under wide groups from the class,
e.g., first and second order partial differential equations. The symmetry properties of
such equations enable us to construct wide classes of solutions starting from a known
particular solution.

Later, we will consider symmetry properties and exact solutions of a number
of nonlinear equations of modern theoretical and mathematical physics. We hope it will
be a useful demonstration of power of symmetry methods in application to practically
interesting problems.

31.2. Symmetry Analysis and Exact Solution of Scalar Nonlinear Wave Equations

Consider the nonlinear d’ Alembert equation
pupuUJ,F(U):O’ 31.1)

where F(U) is a smooth function, U=U(x,x,,...x,) is a real scalar function.
Let us denote by P(1,n) the extended generalized Poincaré group, i.e., the
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group P(1,n) completed by the one-parametric group of the scale transformations
(1.48).

THEOREM 31.1 [175]. The equation (31.1) is invariant under the group
P(1,n) in the two following cases only

F(U)=F(U)=\U", r#l, (31.2)

F(U)=F,(U)=Aexp(U), (31.3)

where A, A,, rare arbitrary numbers. The corresponding generators of the group P(1,n)
have the form (1.6) (where u, 0 =0, 1, ..., n), and the dilatation generator is given by
the following formulae

D=D,=x pt- 2V 9 (31.4)
H 1-r 0U
D=D,=x pr-2i0_ (31.5)
2 oU

Corollary 1. The equation (31.1) with the nonlinearity (31.3) in the
two-dimensional space R(/,1) is invariant under the infinite-dimensional Lie algebra
including the subalgebra AP(1,n). Such symmetry makes it possible to construct the
Liouville solution [175]

R o o [ @ (31.6)
H‘z[fl(xo +x1) +fz(xo _‘xl)]z 0

where f, and f, are arbitrary smooth functions, and the dots denote the derivations in
respect with the corresponding arguments.

Corollary 2. The solutions (31.6) have singularity in the point A,=0, so it is
impossible to apply the standard method of a small parameter to the equation (31.1),
(31.3). Singular solutions of the two-dimensional Liouville equations are investigated
in paper [363].

Corollary 3. If r=(n+3)/(n-1) then the equation (31.1) with the nonlinearity
(31.2) is invariant under the conformal algebra AC(1,n) whose basis element have the
form (1.6), (31.4), and K, of (1.16).

To construct exact solutions of the equation (31.1) we use the ansatz

U(x)=fx)dp(w)+g(x) (3L.7)

proposed in [124] and realized effectively for a number of nonlinear equations of
mathematical physics [125, 166-168, 173-176]. Here ¢(w) is a function has to be
determined which depends on invariant variables w=(w,,0,,...,). The explicit form of
f(x) and g(x) is determined from the condition of "separation of variables", i.e., from
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the requirement the variables x=(x,,x,,...x,) have not to be present explicitly in the
equation for ¢(w) obtained from (31.1), (31.7). The invariant variables w(x) are the
first integrals of the corresponding Euler-Lagrange equation [124,171,186].
Let us represent one of possible ansitze (31.7) for the equation (31.1), which

reduces it to the equation with three independent variables:
Ux) =[(cx)*+dx)" 1" (w,,0,,w,), r£l,

. ) (31.8)
o, =%, @, =[(cx)> +(dx)l(@xbx) ", w,=In[(cx)>+(dx)’] +26arctan%,

where a=(ay,a,,a,,a;), b=(by,b,,b,,b;), c=(cy,C,,C5,C3), d=(dy,d,,d,,d;) are parameters
satisfying the conditions

a’=-b%=-c?=-d?*=1, ax#z0, bx#0, cxz0,

a‘b=a-c=a-d=b-d=b-c=cd=0, a’=a‘a, ab=ab,-a b -ab,-a,b,,

0 is an arbitrary parameter.

The ansatz (31.8) reduces the equations (31.1) (31.2) to the linear equation
with variable coefficients:

2 2 2 2
(1+wf)a_¢2—4(1+92)ﬂ—u§ AL +w§[w2(wl+w;‘)—4]ﬂ—

2 0w,0w 2
0w, 90, 2 90, (31.9)
0% b o 2
2051+, -2 0 4k ~k2p +N 07=0, k=_—_.
0 0 g, Mg KA =

To find exact solutions of (31.9) is not an easy thing so it is convenient to
reduce this equation to the equation with two independent variables, the last can be
reduced to an ordinary differential equation (ODE). In some cases the obtained ODE
can be solved analytically.

We represent two multiparametric families of solutions obtained in accordance
with the above scheme

U=[(ax)*+bxcx]V™,

A(r—l)z’ r#3: (31.10)

ab=a-c=b*=c?=0, 2a’=b-c=
r-3

U=[®(ax)+bx]/(1-r),
where @ is an arbitrary smooth function,

a-a=a-b=0, b'b=—%)\l(1—r2)(1+r)’1, -1,

Formula (31.10) gives solutions of (31.1) expressed via an arbitrary function.
Such a solution is available for the corresponding initial or boundary values problems.
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More general classes of exact solutions of (31.1) are constructed in [171,175].
Nonlinear equations for a complex scalar field U(x) are considered in [131,357].
Let us consider also the following generalization of the d’ Alembert equation

00U +e(d A" +A¥0)U+2eA"d U+e’A, A*U=0. (31.11)

In the case e=0 we come to the usual linear d’Alembert equation, but for
nonzero e we have nothing but the equation with minimal interaction

TT“T[HU:O.

Treating (31.11) as a nonlinear equation for U and A, it is possible to prove
the following assertions’

THEOREM 31.2. The maximal IA of the equation (31.11) is generated by
the following operators

P“=p“=i6“, Juc=x“ Py =%,D, +S“0,

D=x,p"- iAuaAquikUOU, K, =2x D -x,x°p +2S x "+)\pAu,

O=a(x)U0 - (apa(x))OA , I=09,,

where a(x) is an arbitrary differentiable function, A and k are arbitrary parameters
satisfying the condition 2k+A=2-n, n is the number of independent variables x,.

THEOREM 31.3. The equation (31.11) admits the most extended IA in the
class of equations

0,0'U+B(0 A )U+CA*0"U)+DA A*U=0
where B, C, D are arbitrary constants.
We see that the principle of minimal coupling leads to the most symmetric

equation in the class considered. The corresponding IA is very extended because its
basis elements depend on an arbitrary function a(x).

31.3. Symmetries and Exact Solutions of the Nonlinear Dirac Equation
The following equation is a natural generalization of the linear Dirac equation:

V' p,+ F(@,y)]Y=0, (31.12)

where F({,)) is an arbitrary 4x4 matrix whose elements are smooth functions of the
field variables.
A description of all the matrices F for which the equation (31.12) be invariant

“These results where obtained by Dr. Zhdanov
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under the groups P(1,3), P(1,n) or C(1,3) is given in the following assertion.

THEOREM 31.4 [172]. The equation (31.12) is invariant under one of the
following groups: a) the Poincaré group, b) extended Poincaré group, c¢) conformal
group iff

a) FQW)=F +Fy,«Fy Byyy +F.S* Dys, U, (31.13)
where F|, F,, F,, F, are arbitrary scalar functions of Yy, Qy,;
b) F has form (31.13) where
Fiz(LTJLIJ)l/Zka i= 172; sz(LTJLIJ)(lek)IZkGi, j=3,47 (3 1 14)
G, G, are arbitrary functions of PU/Qy,|, k is an arbitrary constant;
¢) F has the form (31.13) where
F=QW "G, i=12; F=Qy) ™G, j=34. (31.15)
The simplest conform-invariant equations of the class (31.12), (31.13), (31.15)
have the form

Iy, P *+NPY) " 1y=0, (31.16)

Iy, AV Dy W@y, phy'd)"ly=0, (31.17)

The equation (31.16) was obtained by Giirsey [212] for the first time.

Corollary. There exist first order equations for the spinor field, which have
a more extended symmetry than the Dirac equation (31.12). An example of such an
equation is the following system [125,126]

Dy Yp,w=0

which is invariant under the infinite-dimensional algebra.
Consider the P(1,n)-invariant nonlinear equation

[vpp“+?\(lTJtlJ)“<2"ﬂtlJ=O, (31.18)

where A and k#0 are arbitrary constants. We search for solutions of (31.18) in the form
[124,125]

Y=AX)(w) (31.19)
where A(x) is a 4x4 matrix, ¢(w) is a four-component function depending on three new
variables w={w,(x),w,(x),w;(x)}.

The ansatz (31.19) leads to the equation for ¢(w), which depends on w only
if A(x) and w, satisfy the equations [186-192]
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H 5 ] _ 0w,
B2 v nwPAw=0, Bw_"=0, =123,
0  Ox* 0 Ox*

where &¥(x), n(x) are coefficients of infinitesimal operators of the group P(1,n).
Without going into details we present two solutions [186]:

v Ol O
A(x)=(x,=x,) kexp%;vl(vz “Ypln(x, —xz)g

(31.20)
, =(xo2 —x12 —x22)x3’2, @, =(x,—x,)x; " W, =ax,(x,-x,) B -In(x,~x,), a#0.
If a=0 then
O
k2 H 1 X0
A(x)=(2x,+2x,+B) “exp %yoylln (2x,+2x,+P)- 7y2y3 arctan _—5 B#0,
x3 D
(31.21)

0, =(2x,+2x, +Blexp[2(x, ~x )BT, @,=(2x,+2x,+P)(x; +x7),

2 2 X
,=bIn(x, +x;) +2arctan __.
'x3
Here B and b are arbitrary parameters.
Let us represent the explicit form of solutions of (31.18) for three values of
the parameter k [186].
The case k=1/2:

W=[(a-z)*+(b-2)*] Mexp ET y ay barctan_Dexp XX (y-b+
g2 bz %)\ 2(1+6% (31.22)

+By-a) [h((a-2)2+ (b2) )+2earctan_%(
N

where z,=x,+6,, 6=(6,6")'?, a,, b, 8, are arbitrary parameters satisfying the conditions
a-a Eapa“: -1, b-b=—1, a-b=0, X is a constant spinor.
The case k#1/2:

P=[(a'z)*+(b-2)*1 1"‘exp G— y ay barctanb_Elp<
ik 02 20 (31.23)
i

-b YOI (g 2)2+(b-7)?) L2 Ry
AP [ YBR[ 2) (2) E}x

The case k=1/3:
P=yx(xx) 2expliAky-BRx(xx)'1X, B-B>0, xx#0. (31.24)

The relations (31.20)-(31.24) define the multiparameter families of exact
solutions of the equation (31.18).
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If k=1/3 then the equation (31.18) is conform-invariant. It means that if we
know a particular solution of (31.18) then it is possible to generate other solution using
conformal transformations.

Using the given ansitze, families of exact solutions of the equations of
classical electrodynamics

(V' p,+ey, At +mp=0,

p,P A ~p,p,AY=eQy P

and many other nonlinear equations have been obtained in [168,188].
A new conformal invariant equation for the spinor field

fy, oA WA @By =0

(where C, is the invariant of the electromagnetic field (31.34)) was proposed in [307].
‘We do not consider two-dimension nonlinear integrable equations which were

investigated by great many of authors (see [350] and the references cited there in).
NOTE. In this book we consider only linear representations of algebras

AP(1,3) and AC(1,3). But there exist nonlinear equations invariant under nonlinear

realizations

of the conformal algebra. Thus on the solutions of the eikonal equation

U U _

—— =1
axu Oox"
the following nonlinear representation of the algebra AC(1,4) is realized [36]
. 0 _ .0
P}fpp:lﬁ, o™X, P X Py Pu=pu‘_’W’

Jo, =X Py~ Upys J4}1:Up}17'xppU’

D=x,p*-Up,, Ku=2x“D—(xux Mo U2>p“.

Nonlinear representations of the algebras AP(1,1),AP(1,2),AP(2,2),AC(2,2)
are found in [37°-39"]. Moreover, the nonlinear representation of the algebras AP(2,2)
and AC(2,2) is realized by the operators P,, J,;, K, D, which have the form (2.22),
(2.42) where the Greek indices run over the values 1, 2, 3, 4,

S = S,=tZ, e=xl; K=0,

ab abc "¢’ 4
2 =-isinld,, Z,=icosUd, Z,=-id,

and the covariant summation over the repeating indices is imposed using the metric
tensor g,,=1, u=0=1,2; g,,=—1, p=0=3.4; g =0, p#0.
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31.4. Equations of Schrodinger Type Invariant Under the Galilei Group

Here we consider the following nonlinear generalization of the Schrddinger
equation

O g

2
%07 p_EU+F(x,U,U‘)=O
0 2mg

(31.25)
where F is an arbitrary differentiable function.

The maximal TA of (31.25) for F=0 is the algebra AG,(1,3) whose basis
elements are given in (11.5). We denote by AG,(1,3) the subalgebra including the basis
elements Py, P, J,, G,, D of (11.5).

Of course symmetry of the equation (31.25) depends on the structure of F.

THEOREM 31.5 [124,176]. The equation (31.25) is invariant under the
following algebras:

AG(1,3), iff F=®(|U|)U, @ is an arbitrary smooth function;

AG(1,3), iff F=A|U|*U, N\ and k#0 are arbitrary parameters besides the
corresponding generator of scale transformations has the form D=2x,p-x ‘p+2i/k;

AGy(1,3), iff F=\|U U,

More general (than (31.25)) equations of Schrodinger type are investigated in
[129]. One such equation has the form

O O

2 * *
%O_ p %UH\U&(UU ) 0(UU )(UU*)Q:O' (31.26)
0 2mQ ox, Ox,

This equation is invariant under the algebraAG,(1,3). A wide classes of exact solutions
of (31.26) have been constructed in [14] using continuous subgroups of the Galilei
group [127].

In conclusion, we represent three ansidtze and families of solutions of the
equation [176]
d d

O

2
@0~ g_EUM\U\“U:O. (3127
0 2mQ

We search for solutions of (31.27) in the form (31.7) where ¢ is a function of
invariant variables W=(w,,w,,;). The explicit form of f{x) and w which enables us to
reduce (31.27) to the equation with three independent variables is given by the
following formulae
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2 0
fx)=(1-x7) Fexp D—E
(I-x0) 0
. (31.28)
(.ol=a-x(l—x02)’”2, 002=x2(1—x02)", W, =arctanx,+arctan __,
: cx
x?=xw, bx=bx +bx,+bx,,
v Brime?H
Jx)=xy exp |j—|j
02 0O (31.29)
W =axx,, W=xx", oo3=x0’1+arctanﬂ,
cx
fixy=x, ", (.01=a'xx0’”2, 002=b-xx0’1/2, 003=c-xx0’1/2

where a,b,c are constant vectors satisfying the conditions a-a=b-b=c-c=I,
a*b=a-c=b-c=0.

Exact solutions of (31.27) are constructed using the ansétze (31.28)-(31.30).
The simplest solutions are

U=(1—x2)3/4expgimx2 U A= 31’
0 Ix) 2 2
U=x, exp %E(xz—r'x)xoflg r2=—8_)\,
0 2 0 m
3/2 Dmx2 ax
= d(w,)exp EI_Ell’ w=—".
0% 0 X
The function ¢(w,) is determined by the elliptic integral

¢ 2
JL= %)\m% (@, +k,),

(k1+-l-10/3)1/2
k, and k, are arbitrary constants.

Formulae (31.30) present multiparametrical families of exact solutions of the
nonlinear equation (31.26).

Let U=U(x,,x) is a solution of (31.26). To obtain other solutions we can use
the following formulae
o O 2,
Ll [P
U, =U(xy, x+vx,) exp |I]m[_|_ +yx
g o2

EEEE
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0 x ., O
UsUuH 5(1 ax,) 2ex D"”"x J

: Dl -ax, axoD g(l axO)E

where a, v are arbitrary constants. These formulae reflect the fact that the equation
(31.26) is invariant under the Galilei group. For more details see [171, 176].

Symmetry properties and component reduction of the equation (31.25) with
the logarithmic nonlinearity

FOoU,U )=\, +iA)UIn(U "U), A,#0

was investigated in papers [32°, 33"]. Besides the generators of the Galilei group this
equation admits the additional SO

5 O
iA 9 d
O=exp(2i\,x,) H— R A § A
2 @/ 6U* A, %IOU oU”
This SO generates similarity transformations of coordinates x, - x,=x,, X, —x,, and
nontrivial one-parametrical transformation for U:

/ A O a
Uu-U —exp%a z_%xp(ﬂ\ x)%]
A O

Lie symmetry and reduction of multidimensional systems of the Schrédinger
type was investigated in papers [129, 14"] where, in particular, one-dimension Galilei-
invariant equations (31.25) with nonlinearity

F=U|U|*H(|U],|UF)

(where £ is an arbitrary smooth function) was considered.
31.5. Symmetries of Nonlinear Equations of Electrodynamics

The electromagnetic field in a medium is described by Maxwell’s equations

i __H, ig_B=pr, p-D=0, p-B=0. (31.31)

ox, X,
where D and B are vectors of induction, E and H are vectors of strengths. The
underdetermined system (31.31) has to be completed by constitutive equations
(equations connecting D, B, E and H) which reflect the properties of the medium.
Following [182] we present here some results connecting symmetries of
equations (31.31) supplemented by constitutive equations.
First we note that the system (31.31) without additional conditions is invariant
under an infinite-dimensional Lie algebra including the subalgebra AIGL(4,R) [157].
Let us represent constitutive equations in the form of the following functional
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relations
E=®(D.H), B=F(D.H), (31.32)

where ® and F are arbitrary smooth functions of D and H.
THEOREM 31.6. The system of equations (31.31), (31.32) is invariant under
the group P(1,3) iff

D=ME+NB, H=MB-NE (31.33)

where M=M(C,,C,), N=N(C,,C,) are arbitrary functions of the invariants of the
electromagnetic field,

C,=E’-B’, C,=B ‘E. (31.34)

Proof is given in [182]. =
In the case M=L"', N=B-EL"', L=(1-B>~E’-(B ‘E))"* the system (31.31),
(31.33) coincides with the Born-Infeld equations [48].
If we setin (31.33) M=¢, N=—uB ‘E, €, |1 are constants, then the constitutive
equations reduce to the form
O 5 , O
D-cls WEH Ly WEH g op 1y v BH

0 e(euE»H ee+pEd) & & (e+pEd

A popular form of constitutive equations is

B=w(E.H)H, D=¢(E.H)E.

It follows from Theorem 31.6 that the condition of Poincaré-invariance generates the
following restrictions for p and &:

ep=1.
If B=®(H), D=F (E ,H) then in accordance with Theorem 31.6
D=pE, B=p'H (u=cons?).
The restrictions imposed by the requirement of the conformal invariance are
formulated in the following assertion.

THEOREM 31.7. The system of equations (31.31), (31.33) is invariant under
the conformal group if
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M=M(C,/C,), N=N(C,/C)).

For the proof see [182].
An example of the conformal-invariant constitutive equations is given by the
following formulae

p-| M g p- |[METEH g
JHEZE'H NETE

Corollary 1. The nonlinear Born-Infeld equations are not invariant under the
group C(1,3).

Corollary 2. A class of nonlinear equations for the electromagnetic field was
proposed in [124], which we write in the form

D'F =j, DO@F™=(,
w Jv
jv :AVUBF QB’ D “:Ala% +A2F“V% +A3 aaljctv ’
n

where A, A,g are arbitrary functions of invariants of the electromagnetic field and of
(0C,/0x,)(C,/0x"), a=1,2.

Let us show one more nonlinear generalization of Maxwell’s equations [297]:

.0E .OH
i—=-vpxH, i—__=vpxE,
ot P ot P (31.35)

p-E=0, p-H=0,

where v=v(H?,E* E-H) is modula of the velocity of propagation of the
electromagnetic field. The density p and velocity v can be defined as follows [29°]

0
9 IO o oo HL L),
o oy, (31.36)

pv=a(E*-H*,E-H)e, EH, kln=123,

where a is a smooth function of the invariants of the electromagnetic field. The last
relation coinsides with the Pointing formula, if p=(E>+H?)/2. In this case (31.36)
coinsides with the continuity equation.

The essential difference of the system (31.35)-(31.37) from the classical
Maxwell equations is that this system is nonlinear.

By studying symmetries of the nonlinear equations for the vector-potential

p.p°A,~p,(p°A,)=0,
(p,~ieA JA"=0
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anew vector representation of the algebra AC(1,3) was found [10"]. The corresponding
basis elements are P, J,,, D of (2.22), (2.42) where

g
0 9 , 90 p., 0
S g Aogl K

but the remaining generators K|, are singular in respect with the coupling constant e:

K =2x D-x°,P +2x% 21 9
M u u o 0A

o

In [29°] nonlinear generalizations of different wave equations (d’ Alembert,
KGF, Dirac) was proposed. In particular, the equation

2 2
O_E +v2p*E=0, a_H +v2p*H=0
0r? 0r?
was considered. Moreover, the velocity of propagation of the electromagnetic field is
defined by the equation
ov
Av,—L +A,0,0 =0
u

1"a
xa

where A, A, are some parameters.

It follows from the above that the nonlinear description of the dynamics of the
classical electromagnetic field can be developed in different ways. Until now we have
not canonical equations for nonlinear electrodynamical processes [30°].

31.6. Galilei Relativity Principle and Nonlinear Heat Equations

Itis generally accepted to think that nonlinear heat processes are described by
the equation

0 0
9. 9 Y (31.37)
Ox, Ox, N ox, 0

where U=U(x,x, x,,x;) and C(U) are real functions.

Group properties of the corresponding one-dimensional equation (a=I,
C(U)=const) where investigated by Sofus Lie. The group analysis of one-dimensional
equation with arbitrary C was carried out by Ovsiannikov [355], group properties of
the three-dimensional equation (31.37) are described in [85].

It was pointed out in [67] that any of the equations (31.37) is not invariant
under Galilei transformations. Thus if the Galilei relativity principle is valid for heat
processes, then it is necessary either to search for other equations or to look for such
subsets of solutions of (31.37) which are invariant under Galilei transformations. The
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first ability was discussed in [67]. Here we consider the second possibility and
demonstrate that it is possible to add such additional conditions to (31.37) that the
corresponding system of equations be Galilei invariant.

Let us consider a nonlinear equation of the second order

L(x,U,U,,U,,..,U)=0, xOR(1,n),

:EaU ou  aup v v o U (31.38)
: % ox, aan ? onoz 0x,0x, axnzg
DEFINITION 31.1 (S.Lie). The equation (31.38) is invariant under the

operators

0 0
X= H ) - ’ == =071"“’ gl
E(xU)axp’fﬂ(xU)aU M n

if

XL|,.,=0, or XL=\xUU,,.,U)L

where X is the corresponding prolongation of the operator X, A is an arbitrary smooth
function (for definition of prolongation of operators see [355]).

Let an operator Q does not belong to the TA of the equation (31.38) and its
prolongation is given by the formulae

OL=A,L+A L

- e (31.39)
QL =N L+\L,,
besides the following equation is satisfied
L=L,(x,U,U,U,)=0. (31.40)

DEFINITION 31.2 [167, 6°]. We say the equation (31.38) is conditionally
invariant if it is invariant under the operator Q together with the additional condition
(31.40), i.e., if the relations (31.39) hold.

The additional condition (31.40) selects such subsets of solutions of the
equation (31.38), which have a more extended symmetry than the complete set of
solutions. Of course we suppose that the system (31.38), (31.40) is compatible.

The main point of the approach connected with conditional symmetry is to
find a way to select such additional conditions which extend the symmetry of the
starting equation.

DEFINITION 31.3 [183]. We say the equation (31.36) is Q-invariant if

OL=\ L+\,(QU). (31.41)

Let us formulate the assertion about the conditional symmetry of the equation
(31.37).
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THEOREM 31.8[180]. The equation (31.37) is conditionally invariant under
the generators of the Galilei group

G, —x()ai Mo, 9 g (31.42)

if (31.40) has the form

ou l oU U
L—_ _ -1
U ox 2 (U) @ ox @

0

9Y -0, MU)- _UC (). (31.43)

THEOREM 31.9 [180]. The equation (31.37) is Q-invariant under the
operators (31.42) if

c=_Lu’, mw=2mr2ur
2m

where 7 is the number of space variables, m#z0, r£=2n" are arbitrary constants.
Corollary. The Galilei relativity principle is valid for the overdetermined
system including (31.37) and the following equation:
ou | 1 oU dU _
M (U)—
axo 2 Ox“ox“

(31.44)

where M is a function defined in (31.43).
We note that the system (31.37), (31.44) reduces to the system of the Laplace
and Hamilton-Jacobi equations

AW=0, Z_W+2L(DW)2=O, W=2m[C(U)U’1dU. (31.45)
m

%o
THEOREM 31.10. The maximal (in Lie sense) IA of the equations (31.45)

is AG,(1,3). The two bases of this IA are (with i=1 or i=2):
0 0

@) 0
Py=—, PS=__
Ox, “ ox

a

@ _
’ Jflb _xapb_xbpa’

D®=2x P, +x,P, D®=2WP,  +xP,

G\ =x,P +mx P ., GP=WP +mx P,, ab=12,..n.

a” n+1?
The proof reduces to using of the standard Lie algorithm. ®
We note that the operators G, generate usual Galilei transformations. As to
G, they generate the following finite transformations [180]

r_M_a ! _ I /Y=
X, —7T U+rmx T +x,, x,=TU+x, U'(x")=U(x),
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where T°=T,T,, T, are group parameters. We see that independent variables are
transformed in nonusual manner.

Conditionally invariant systems of equation of the Schrodinger type were
investigated in [171].

Now it is established that all the main equations of mathematical and
theoretical physics (Maxwell, d’ Alembert, Dirac, Schrédinger, KdV, Born-Infeld,

Navier-Stokes, etc.) have non-trivial conditional symmetries [34°].
31.7. Conditional Symmetry and Exact Solutions of the Boussinesq Equation

It is known that the maximal TA of the Boussinesq equation

UOO+%AU2+A2U=O, U=U(), xR, (31.47)

(where U,=0"Uldx,) is the Lie algebra of the extended Euclid group with the
following basis elements
po0 po0
ox, Ox, (31.48)
J,=x,P,-x P, D=2x P +x P -2U0,.

All the nonequivalent ansétze reducing the two-dimensional (n=1) equation
(31.47) to an ODE, which are generated by this IA, have the form

U=¢(w), w=ax,+ax, aya =const,

(31.49)
U=x0’1¢(00), oo=x1x0’1/2.
Using the ansatz
U=d(w)-dx,, 0=x,+px,, H=const (31.50)

Olver and Rosenau [351] reduced the two-dimensional equation (31.47) to the ODE
0" +do’ +2ud =8lw+C. (31.51)

The operator corresponding to this ansatz has the form
Q=P,-2Ax,P,-8N°x,0,, A=-2n

and does not belong to the IA (31.48).

It is natural to call the ansatz (31.50) non-Lie since it does not follow from the
group properties of the equation (31.47).

Following [127] and using the concept of conditional invariance we will
describe non-Lie ansitze reducing (31.48) to ODE.

Using the direct substitution method Clarkson and Kruskal [68] had described
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ansitze of the form (31.50) reducing the two-dimensional Boussinesq equation to ODE.
The distinguishing feature of our approach from the approach used in [68] is that the
conditional invariance idea makes to be clear the reason of appearing of such ansétze
and gives the regular procedure to find non-Lie ansédtze. Moreover, the conditional
invariance makes it possible to construct such ansitze which cannot be obtained in the
way proposed in [68].

First we consider the two-dimensional equation (31.47)

U,,+UU, +U+U,, ,=0. (31.52)

-

THEOREM 31.11. The equation (31.51) is Q-invariant under the operator
Q=A(x)0,+B(x)0,+[a(x)U +B(x)]9,, (31.53)

if the functions A(x), B(x), a(x), B(x) satisfy the following equations.
Case 1. A is non-zero (without loss of generaliry we set A=1).
a=-2B, =B, B=-2B(B,+2BB),

B, :%BOO+(ou_!3)0+31(30fBB1 +40B), (31.54)

B, =—(0,+4B)(a,+a*, B,-2B,B,+4B,(B,~BB,+ap)+20,B=0;
Case 2. A=0, B=1
a=0, a,+500,+20°=0,
B,,+30B, +40°B + 50 B + 50, (02 -1 ) + 500, (a1, +20%) =0, (31.55)
B1111+4a111B +6a11(B1+GB)+4GI[(G2+G1)B +(Bl+GB)1+B00+3BB1+ZGB2]:O-

The proof is carried out using formulae (5.7.8) from [171].
In Case 1 there exist the general solution of (31.54) which leads to the
following operator (31.53)

0=0,+(ax,+b)0,-2[aU+a(a’ +2a xl+(a'b+ab’ +4a *b)x,+b(b’ +2ab)]0,,
where a=a(x,) and b=>b(x,) are solutions of the differential equations
" +2aa’-4a3*=0, b" +2ab’-4a’b=0.
In accordance with the explicit form of a and b we have several operators
0,=0,+x,0,-2x,0, (a=0, b=x);

0 D (31.56a)
0,=x,0,~(x,+6x;) 9, +2[U+3(xx, "~ 24x, +2x,x; 19, = 7, b=6x,15
o % d
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0,=2x,0,+(x,~3x,),-2(U-3x,+9x)d,, %:(2x0)", b:f%x()%
‘ 0 0
O , g (31.56b)
0,-2Wa,+ W'[x,0,-QU+Wx))d,] =_"_. =05
2w/
0 0

0.=2W + W' (x,+Q)0,~[2W' U+ WW'(x,+Q)*+x,+Q]0,,,

where a=W'/2W, b=aQ, Q=[W(W")dx,, W=W(x,) is the Weierstrasse function
satisfying the equation W"=W 2

In Case 2 we obtain only a few particular solutions of (31.54) corresponding
to the operators

0,=x50,+(xo-2x)0,  (@=0, PB=x;-2x,x,°);

1 1 [l
0.-0,+(A-2wx)a, -0, B-A-Lwx G
3 O 30

(31.57)
O , O
0,=x,0,+2U0, =2, p-of
o % 0
0,=x,'0,+2(x;U+24)0, (a=2x,', PB=48x,")
where A=/A\(x,) is the Lame functions satisfying the equation A" =WA.
Using the operators (31.55), (31.56) we find the ansétze:
1. U=(|)((.o)—4x02, oo=x1+x02;
ETL( Kj
2. U=xg(w) - E2+6x,H W=x, 06, +%0);
F 0
3. U=x, (W) +2(x, +x7), w=x, "(x, +x7);
4. U=W"¢(co)—%Wx12, =W 2% ; (31.58)
5, U:W"¢(co)—%W‘2(W/)2(xl+Q)2, 00=W‘”2x1—%JW’deO;
6. U=¢((.o)—x0_2x12+x03x1, W=x,;
7. U=¢(u))—%x12W+/\xl, w=x,:
8. U=dp(w)x,, 0W=x;
9. U=p(w)x;-12x,7, 0W=x,.
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Substituting them into (31.51) we come the following reduced equations:
1. Equation (31.51) with p=1,

2. Equation (31.51) with p=15,
3. The following equation with A=6,
A OT0" @7 20 Twp +89)-0, (31.59)

5. 000" @)%+ 204 120 -Me)=0,
6. & -202+aP=0,

7. o —%W¢+/\2=0,

8,9. 0" +60*=0.
Solving (31.59) we obtain from (31.58) solutions of the equation (31.52). We
present some of them:
U=-L1xtw, U=-12x2 U=-Litw-12¢%
6 6
U=2(x,-%y), U=2(x,~x3)-12(x,+x,) 2.
Let us consider also the multidimensional Boussinesq equation.

THEOREM 31.12. The equation (31.52) with n=6 is invariant under the
conformal algebra AC(1,6) whose basis elements have the form

P“:ix’ J,=x P-x, P, D=x P -4U0,,
Ka=2an—x2Pa (a,b=1,2,...,6)

if U satisfies the additional condition AU+ U?*/2=0.
One of ansitze obtained using the operator K, has the form
202
U=(2) 20 (@.0,), ©=x, =220

h ™ — >
x4

where b, are constant numbers. The corresponding reduced equations is

1
$,,=0, 2w,9,,+59,=

- . (31.60)

A particular solution of the equations (31.60) is ¢=—4b*(w,)”". The
corresponding solution of (31.53) has the form

U:4{x *~(a 'X)z}_] (a=const; a?=1).

For more details about conditional symmetry of Boussinesq equation and
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other nonlinear equations of mathematical physics, see [171].
31.8. Exact Solutions of the Linear and Nonlinear Schriodinger Equation

In this subsection we apply higher order SOs admitted by the Schrédinger
equation to construct exact solutions of it. In this way it is possible to find solutions as
of the linear Schrédinger equation with a wide class of potentials as of the nonlinear
Schrddinger equation. In particular we find soliton solutions and propose a new method
of their generation using higher order SO.

The higher order SOs of the Schrodinger equation were described in Section
21. We restrict ourselves to the potentials satisfying the equation (21.22a). The
corresponding SO (21.36) commute with the Hamiltonian so it is convenient to search
for solutions of the Schrédinger equation in the form

W(r,x)=exp (i EHW(x) (L.61)
where W(x) are eigenfunctions of the commuting operators H and Q:
HW(x)=EW(x), (31.62a)
QW) NY(v). (31.62b)
Ifrelation (31.62a) is satisfied than (31.62b) reduces to the first order equation
] W . | 31.63
52+£+_°%P’=B_U’+i)\%l-’ (31.63)
o2 2g © O
which is easily integrated:
O O
B . dx [ (31.64)
W=A,/U+2E+Ww, ex z)\[—
b P % U+2E+w,H

where A is an arbitrary constant. On the other hand, substituting the expression for W’
from (31.63) into (31.62a) we obtain the compatibility condition for the system (31.62)
in the form of the following algebraic relation for E and A

)\2=E3+cE2+%(c2+b)E+%(bc—C), (31.65)

C is an arbitrary constant (the first integral of the Weierstrasse equation, see (21.25)).
Thus using the third order SO it is possible to find solutions of the
Schrodinger equation solving the first-order ordinary differential equation (31.63) and
the algebraic equation (31.65). This remarkable simple procedure is admissible thanks
to hidden symmetry of the equation considered.
Moreover, it happens that the third-order SO of the linear Schrodinger
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equation enables us to find exact solutions of the corresponding nonlinear equation
1

WO, (31.66)

. 1
OW=_p*W+
TSP

In accordance with (31.61), (31.64)
WA U+ 2E+®,) o U:%wwfz}sfwo, (31.67)

from which it follows that the functions
W=exp lé_lzct%#'(x) (31.68)
a

(where W(x) are functions defined in (31.64)) are exact solutions of the nonlinear
Schrodinger equation (31.66).
The equation (31.66) is invariant under the Galilei transformations which
enables us to generate a more extended family of solutions starting from (31.68):
Ve D 2B e oxo Bl _y2. T a6l
=A\|U(x-vt) +2E + W, exp %gno—v )7 +yx +2A l U()/TEHD;%
Here U is a Weierstrasse function i.e. an arbitrary solution of the equation (21.25), v,

@y, Ws, A and E>0 are arbitrary parameters satisfying the condition (31.65).

Thus using third order SOs of the linear Schrodinger equation we obtain a
wide class of exact solutions of the nonlinear Schrédinger equation (31.66). In
particuliar we find soliton solutions corresponding to the potential given in (21.26).
Indeed, this potential satisfies (21.25) with the following values of arbitrary
parameters: W=—V>, w=-V*, C=V°, thus relation (31.65) reduces to the form

AN =EXE+V*)=E’. (31.70)

The corresponding integral included in (31.69) is easily calculated, which
enables us to represent solutions in the following form

AV [ (31.71)

oSV ]

an O O
2
W=A {v tanh[v(x—vt)]ii\/s_}exp % %’2—%%%\}: \/E_)x +0, % E£0, €20. (31.72)
an O O
Formula (31.71) presents a quickly decreasing one-soliton solution [31"]. In
the case v=+v € the solution (31.72) describes solitons with a finite density [317].
In general the linear Schrodinger equation with a potential satisfying (21.22a)
does not possesses any non-trivial (different from time displacements) Lie symmetry.
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Nevertheless its solutions admit group generating in frames of the concept of
conditional symmetry. Indeed, these solutions satisfy (31.67), and the equation (21.1)
with the additional condition (31.67) is invariant under the Galilei transformations. This
conditional symmetry enables us to generate new solutions:

d
| -vt

|:| x
W=A[UG v 2B+, exp B HE-v) Lo [P
00 2 Uy)+2E+w

The functions (31.73) satisfy the Schrodinger equation with a potential
U(x—vt) where U(x) is a solution of the equation (21.22a).

The next generation of new solutions can be made using the third order SO.
Indeed, if U(x) satisfies (21.22a) then U(x—vr) satisfies the Boussinesq equation
(21.33), so the corresponding SO does exist. Moreover, this SO can be represented in
the form

(31.73)

Se==

Q=p2+%[3U+&)0+6v2,p]f%vUEZpH+%(U+(A)O+6v2)p+%vU+TiU’. (31.74)

Acting by the operator (31.74) on W of (31.73) we obtain a family of solutions

W =QW=aW+iv W, (L75)
where a=A+2Ev+0,v/2—4* is a constant multiplier, ¥ is given in (31.73),
_ UlHdin (31.76)
' 2QE+U+c)

The first term in the r.h.s. of (31.75) is an evident solution of the Schrédinger
equation (inasmuch as W is a solution), but (31.76) is the essentially new solution
obtained using the third order SO.

It is interesting to note that if ¥ is the soliton solution

a O
VA EL E 2 i 31.77)

W=__ "  exp[ |jv_t+vx+¢o%,
cosh[V[x-v7)] 00 2 0

then the generated solution (31.76) has the form

5o T

2 . (31.78)
VA cosh’[V(x-vn)]-1exp E!L % 1+vx+Q, %’
oo N

' cosh’[vx-vo)]
i.e., is a soliton solution also.
Consequently using the SO (31.74) we can generate new and new solutions.
We see higher order SOs are effective instruments for solving equations of
motion and generating new solutions starting from known ones.
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7. TWO-PARTICLE EQUATIONS

Here we consider equations describing systems of two interacting particles
and being invariant under the Galilei or Poincaré group. We investigate non-Lie
symmetries of such equations and find exact solutions of some of them.

32. TWO-PARTICLE EQUQTIONS INVARIANT UNDER THE
GALILEI GROUP

32.1. Preliminary notes

Equations describing a particle motion in the given external fields
correspond to the idealized physical situation when we can neglect the particle
influence to the field. But in many cases such an influence is very essential, e.g., it
is the case for the Kepler problem if the mass of a particle generating the central
field is comparable with the mass of an orbital or scattered particle. The last case
is a typical example of a two-particle problem in which it is necessary to take into
account motions of two interacting objects simultaneously.

A formulation of a two-particle problem in frames of relativistic quantum
theory clashes with great difficulties of mathematical and logical nature. We can say
with some provisos there is no satisfactory relativistic theory of two-particle systems
until now. Meanwhile the need in developing of such a theory is very large since a
wide class of really existing particles (mesons) is usually interpreted as a coupled
states of two "more elementary” objects, i.e., quarks.

To describe a two-particle system it is usually to use the covariant
Bethe-Solpeter equation [33] or quasi-relativistic equations of the type of Breit [54]
or Kraichick-Foldy [260]. The alternative possibilities are to use the quasipotential
approach of Logunov, Tavchelidze, Todorov and Kadyshevsky [238, 283] or the
theory of the direct interaction which was proposed in the classical Dirac work [80]
(about the current situation in this theory see, e.g., [69, 394]). We have had not a
possibility to analyze special features of any of the mentioned approaches. Here we
note only the solutions of the Bethe-Solpeter equation depend on the additional
parameter ("proper time"of the system) whose physical meaning is unclear, and the
theory of the direct interaction a priory is not available in the cases when it is
necessary to take into account the finiteness of velocity of signal propagation. As to
the Breit equation, it is invariant neither under Lorentz nor Galilei transformations.
So this equation does not satisfy any relativity principle accepted in modern physics.
Nevertheless this equation is a good mathematical model of quasirelativistic
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two-particle systems and is used widely by describing as hydrogen type systems with
electromagnetic interaction as strongly coupled systems of the quark-antiquark type
[220, 65] (in the last case the Breit potential has to be modified of course).

In this section we consider two-particle equations for particles of arbitrary
spins which satisfy the Galilei relativity principle [155]. It will be shown such
equations can be used successively by describing two-particle coupled systems, and
take into account various fine effects caused by the spin. In particular we present a
Galilei-invariant analog of the Breit equation, which leads to a correct hyperfine
structure of spectrum of hydrogen-type systems.

32.2. Equations for Spinless Particles

Consider the simplest version of a two-particle system when the particle
spins are equal to zero and an interaction between particles is absent. In quantum
mechanics such a system is described by the following equation

0,2 2 O

0 Do, Po 32.1

Wlb(xo,x(l),x(z) ‘%J’ 5 E‘U(xo’xwxm (32.1)
0 1 2

where W(xy.x )X, is the wave function of a system, depending on the coordinates

of the first (x,) and second (x,) particles, m, and m, are masses of the first and
second particles, p,=-i0/0x 4. In the following we use the indices (1) and (2) to
denote all the quantities connected with the particles with numbers 1 and 2.

The equation (32.1) is invariant under the Galilei algebra® whose basis
elements are

Py, Do
_g-Pu  Po

P, e
m, 2m,

s P=p*Poy
(32.2)
J=J,+J,=% XP )" X XD s>

G=G+G,=x, ()P p)) M X, My X
The representation of the algebra AG(1,3), spanned on the basis (32.2), is
reducible. To reduce this representation it is convenient to come to the new (center

of mass or c.m.) variables

“In reality the symmetry of (30.1) is more extensive. The maximal IA of this
equation in the class M, for m,#m, is defined by the relation A=[AG'(1,3)[AG" (1,3)]
H{P,D} where AG'(1,3) is the nine-dimensional Lie algebra including all the basis
elements of the Galilei algebra except P, {P,,D} is the two-dimensional subalgera
including P=id/0x, and D=2xpy-X X, o). If however m =m, then A coincides
with the Lie algebra of the Schrédinger group in the space of dimension (1+6).
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_ _ X Ty X )
X=X, "X, XﬁW
1 2
or
m,x mx
XX+ —2 , x,=X-— L (32.3)
ml +m2 ml +m2
For the momentum operators we obtain
m. P m,P
p(l):p+ : D p(z):ip + ’ [l (324)
ml +m2 ml +m2
where
. d .0
=—i__, P=-i___.
P oy X
Substituting (32.4) into (32.2) we come to the following realization
2 A A A
PO:H+§_M -E, P=P, j-XxP+P, G-x,P-MX, (325)
where
2 m.m
M=m, +m, E=P_ y=_"""2 S-xxp. (32.6)
2u m +m,

The operators (32.5) have the same form as one-particle generators,
compare with (12.15). Besides the role of coordinate and momentum is played by
c.m. coordinate and total momentum, instead of spin and internal energy we have
internal angular momentum xxp and p*/2.

It is not difficult to make sure the Casimir operators (11.14) have the
following form for the representation (32.5)

2
c;é’_”, C,=M, C,=M*(xxp)’,

and are characterized by the following eigenvalues
0c,<0, ¢ =M, c,=M?*(+1), [=0,1,....

So in non-relativistic quantum mechanics, the system of two noninteracting
spinless particles corresponds to the IR of the algebra A[/G(1,3)l((1,3)] which
reduces to the direct integral in respect with ¢; and direct sum in respect with ¢, of
IRs of the algebra AG(1,3). In other words the system under consideration can be
interpreted as a quasiparticle whose mass is equal to the sum of masses of
constituent particles, spin can take arbitrary integer values and internal energy can
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take arbitrary positive value.
An equation for interacting particles can be obtained from (32.1) by adding
an interaction potential to the Hamiltonian. As a result we have

l_lIJ(XO,x X)= % +VDIJ(x0’x X). (32.7)

Requiring the symmetry of (32.7) under the Galilei algebra we obtain the following
conditions for V:

[V,P]=[V,X]=[V,S]=0. (32.8)

where P, X, § are given in (32.3)-(32.6).

It follows from (32.8) a potential is a scalar function of the internal
variables x and p:
V=V p2 xp). (32.9)
Formulae (32.7), (32.9) define the general form of two-particle Schrodinger equation
satisfying the Galilei relativity principle. The corresponding Galilei group generators
are given by formulae (32.5) where H=P*/2M+p*/2u+V.

The equations (32.7), (32.9) have high symmetry, being invariant under the
13-dimensional Lie algebra isomorphic to A/G(1,3)[0(3)]. Besides the Galilei
generators (32.5), this IA includes the generators S of (32.6).

The symmetry under the Galilei algebra makes it possible to separate the
motion of the center of mass of the system. Representing the wave function in the
form P=x(X)p(x) we come to the one-particle Schrodinger equation with reduced
mass:

O |
2 1

%me (X)=E (x):
TS

moreover, X(X) satisfies the free Schrodinger equation in c.m. variables:

(32.10)

% f
Oxx %+E§(’

E is a constant of separation of variables.

The equation (32.10) is invariant under the algebra AO(3) whose basis
elements coincide with § of (32.6). This invariance enables to separate angular
variables and so to reduce (32.10) to the system of ordinary differential equations
for radial wave functions.

Thus a Galilei-invariant Schrodinger equation for a pair of interacting
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spinless particles can be reduced always to ordinary differential equation for radial
wave functions in the c.m. frame. This conclusion does not depend on an explicit
form of the interaction potential but follows from the analysis of symmetries of the
two-particle Schrodinger equation (32.7).

We note that the equation (32.1), like (32.7), can be represented as a system
of first-order partial differential equations:

B,p*-B,MW=0, A=0,1,...6, (32.11)

where we denote p=i0/0x,, p,=(P,,P»P3)> Po=PsPsPs)» P is a seven-component
wave function, 3,, B, are the 7x7 matrices of the following form

0 5 a0
i 0 0F
@106@ D, 07 Dor] 0o 0
5 6 U: 5 a8 o s a0 9 L 0
B3 0 04 Bf%i 0 05 Bzf@’ 0 o0 Bof W 0 (2.12)
5 oo b oA oa CoA 0 0
%T 0 0g %5 0 0% %a 0 O% P EIE
N 0

0 and 1 are the zero and unit matrices of dimension 3x3, 0 is the zero row matrix
of dimension 1x3, A, are the matrices (6.18). Multiplying (32.11) by 3, and (1-f3,)
and expressing the functions Y,=(1-B)P via Y,=B,W we come to the Schrodinger
equation (32.1) for {,. The remaining components of P (i.e., ,) are expressed via
Wiz =B, (Bop/m 4B M)W,

The equations (32.11) are Galilei-invariant besides the corresponding basis
elements of the algebra AG(1,3) have the form

p=il. p=-i2

o, ax) (32.13)
J=XxP+xxp+S', G=x,P-MX+n
where

Sa/ =ie,, (1 _Bo)(Bth+ B3+hB3+c)’

na:(l_Bo)(Ba+B3,a)’ a=1,2,3.
It is possible to show formulae (32.11), (32.12) define the simplest (i.e.,
including the minimal number of equations) Galilei-invariant system of first-order
equations which reduces to the two-particle Schrodinger equation for scalar particles.

32.3. Equations for Systems of Particles of Arbitrary Spin
In analogy with the two-particle equations for scalar particles we will
construct motion equations for particles of arbitrary spins. In this subsection we

consider equations in the Schrodinger form and then the systems of equations of the
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kind (32.11).

We start with the one-particle Schrodinger equations (11.1), (14.9a) for a
particle of arbitrary spin. In analogy with (32.1) we write the equation for two
noncoupled particles in the form

. 0
z_ax LIJ(xO,x(l),x(z))=(Hsl+H52)L|J(x0,x(l),x(2)) (32.14)
0

where W(xy.x X)) is a 4(2s,+1)(2s,+1)-component wave function, HA and H_ are
Hamiltonians of the first and second particles, i.e., the operators (14. 9a) where we
set k=a=1 for simplicity.

The equation (32.14) is evidently Galilei-invariant. The corresponding
Galilei group generators have the form of a sum of the one-particle generators
(12.18), (14.3), i.e.,

Py=H,+H,, P=p, Py
T =X %P 1) X0 %P 0, *S ) *S oy (32.15)
G=x,P=mx,~m,x, + NNy,

The operators (32.15) realize a reducible representation of the algebra
AG(1,3). It is not difficult to make sure the transition to the c.m. variables does not
reduce these operators to a direct sum of generators of IRs in contrast to the case
of zero mass particles. The corresponding Casimir operator C; (11.14) is not
diagonalized in this way, i.e. we have to transform (32.15) to the representation
where the internal energy operator

2
C,=E=H_+H_ —P—

toR 2(mtmy)
does not depend on the total momentum [155]. Using the following transformation
operator (compare with (14.13))

i O i a i g
v % +ﬁn(l)'PE§ +ﬁn(2)'PEFeXP %Wn .PEL M=) Moy M=m,+m,,

we obtain from (32.14) the following equivalent equation

2 A
i% o-fA®, d-Uy, A-UHU - fM +E, (32.16)

Xo

where E is the transformed operator of internal energy

E=0\"m,+0¥'m,+20}’S , 'p-207’S, 'p+
O (32.17)

1’ % ( D lc;”)_ (0(12) lcf))ig

EI m 20

389



Symmetries of Equations of Quantum Mechanics

p and p are the relative momentum and reduced mass. Simultaneously the generators
(32.15) are transformed to the form (32.5) where

S=xxp+S,,+S (32.18)

@y

and E is defined in (32.17).

Thus we have obtained the Galilei-invariant equations for a system of two
particles of arbitrary spins in the form (32.16). It follows from (32.18) that such a
system can be considered as a quasiparticle with variable spin defined as a result of
adding of three angular momenta: L=xxp, S, and S,

The equation (32.16) and the above interpretation can be used as a base of
constructing of equations for a pair of coupling particles of arbitrary spins. We
search for such equations in the following form

iaiq>=(1f1+V)q>, (32.19)

xO
where H is the Hamiltonian of noninteracting particles (32.16), V is an interaction
potential. The condition of Galilei-invariance of (32.19) reduces to the requirement
of commutativity of V with the generators (32.5), (32.18). This requirement can be
written in the form (32.8), (32.18).

It follows from the above that potential V has to be a scalar function of
variables x and p; moreover, there is no restriction on the exact form of this function
imposed by the condition of Galilei invariance.

We see the condition of Galilei invariance admits a very wide class of
interaction potentials for arbitrary spin particles. The examples of physically
interesting potentials are considered in Subsection 32.5.

32.4 Two-Particle Equations of First Order

It is known that partial differential equations of order N>1 can be reduced
to equivalent equations including first order derivatives only. So it is interesting to
consider Galilei-invariant equations describing pairs of arbitrary spin particles and
having the form (32.11).

The problem of describing of equations of the form (32.11) being invariant
under the Galilei group can be formulated in analogy with the corresponding
one-particle problem considered in Section 13. The general form of the Galilei group
generators defined on the set of solutions of these equations is given by formulae

(32.13) where
S’ =8,*S (32.20)

@

Sy and S, are the spin matrices of the first and second particle, besides,
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{S({;)’ S(Z)] =0,

N are numerical matrices satisfying relations (12.20) together with S'.

Requiring the equations (32.11) admit the Lagrangian formulation and be
invariant under the algebra (32.13), (32.20), we come to the following equations for
matrices B, B, (compare with (13.9))

5..B,J=0. [s..B,]-0.

. . (32.21a)
. .on m 0

n.B, BN, =i PPl

njz-Bb _anaz _iaabBO’ {Sﬂ/ ’Bb} =i8abuBL” (322 lb)

nZBz 5 Bs,=-i0,,B,, {Sa/ B, +h] =ie ;, B..

We do not present detailed calculations which are analogous to given in Subsections
13.2, 13.3.

Thus the problem of describing of Galilei-invariant and two-particle
equations of the form (32.11) reduces to the purely algebraic problem of finding of
all the non-equivalent matrices §',, n, B, B, satisfying (12.20), (32.21). In
comparison with the corresponding one-particle problem we have the additional
matrices [3;,, which have to satisfy (32.32b). Besides we require the wave function
P of (32.11) satisfies the two-particle Schrodinger equation (32.1) componentwise
(the last has to be a consequence of (32.11)).

Even the simplest (i.e., realized by matrices of the minimal dimension)
solutions of (32.21) for arbitrary values of spins s, and s, are very cumbersome. This
is why we restrict ourselves to considering the cases s,=s,=1/2 and s,=0, s,=1/2.

For s,=s,=1/2 we obtain the solutions of (32.21) in the form
BTy, B=(1+T), B‘W@r r o

1

0" a’ BSAa:J ﬂr0r3+a’
m, (32.22)

(S(l)>g:74l_€abcrbrc’ (S(Z))a:%sabcrf&*fhr.%—c’ ”fﬁ(l*ro)(ﬁrf\/zram)

where Iy, [, I5,, (a=1,2,3) are matrices of dimension 8x8 satisfying the Clifford
algebra (8.2). The explicit realization of these matrices can be chosen say in the
form (17.25), (17.27).

The equation (32.11) with the matrices (32.22) is Galilei-invariant and
describes a pair of noninteracting particles of masses m,, m, and spins s,=s,=1/2.
Indeed, expressing W,=(1/2)(1-B)P via Y= B,W we come to the two-particle
Schrodinger equation in the c.m. variables. Besides the corresponding operator of the
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system spin is given by formulae (32.18), (32.22).
For s5,=0, s,=1/2 we obtain the simplest solution of (32.21) in the form of
the following 6x6 matrices

@r 0 ot 0 o o0 0 0 o0
0 H w2 O v O af
B=t) 0 0F B-|—l, 0 05 B =|=H o 04
g NE %) N m, %’ 0 o0
0 00 0 0§ ] 0
(32.23)
0 0

O O

E 0 0 OE % 0 off

_ _ i 0 0 OD _ID B
[3772(1 7[30)’ r]a7 ml 0(1 D Sa*_ EP oa 0 D
2/M U 0 2 0 5

Hm, a, 0 oF P 0o,

where o, are the Pauli matrices, O are the zero matrices of dimension 2x2. The
corresponding equation (32.11) is Galilei-invariant and can be interpreted as a
motion equation of a system of two noninteracting particles of spins 0,1 and masses
my, m,.

The equations present above admit an obvious generalization to the case of
interacting particles by the change p, — p,+V where V is an interaction potential
being a scalar function of internal variables. These equations make it possible to take
into account interaction of a system with an external field using the standard change

Py =Py~ AX 1) %0) ~€,A (X 0 X0)s Doy =Py~ €A Xy), (32.24)

where (A,,A) is the vector-potential of the electromagnetic field. It is necessary to
emphasize the change (32.24) preserves the Galilei-invariance of the corresponding
equation (32.11) if we postulate Galilean transformation law (15.3) for the
electromagnetic field.

Examples of two particle interaction potentials and external fields being
interesting from the physical point of view are considered in the following
subsection.

32.5. Equations for Interacting Particles of Arbitrary Spin

Let us analyze the possibilities arising by using the equations considered
above for description of pairs of interacting particles. We assume the interaction
potential depends on the interparticle distance only, i.e., V=V(x).

The first-order equations considered in 31.4 reduces to the two-particle
Schrodinger equation if we make the change p, — p,-V in (32.11) and then delete
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redundant components of the wave function. Such equations do not take into account
any spin effects and so are not of a great interest.

Equations in the form (32.19) are more interesting. In the c.m. frame these
equations take the form

HY=(E+V)Y=p U, (32.25)

where E is the operator (32.17).

It is convenient to analyze (32.25) in a representation where the
Hamiltonian H has a quasidiagonal form (i.e., commutes with the matrices o,'" and
0,? standing near the mass terms). Using the standard Barker-Glover-Chraplivy
procedure [18, 67] (see Subsection 32.3) we obtain according to (33.7) (in our case
vo''=0,"", y,?=0,? (E,E) are the terms commuting with 0, and g, etc.)

H'=0"m +0Pm, N +V+z%r“’ 1 Syx 0<2)] S<2>xDaV (32.26)
u o m x m, X Dax

2
To snake off the non-Hermitian terms in the second row of (32.26) we make an

additional transformation

14 SoPH
H/ H// VH Vl V eX %)-(1) (1) 0-(2) (2) D (3227)
O
m, m, |
and obtain the following Hamlltoman, neglecting terms of order 1/mmm;:
- 0 g g g
- o fo DV _10vQ
" =p2uV o, o S350, %S, x)%?_gam Say S<2>AV§T
(32.28)
O O
X %mm LoV S, mxp | Eﬁoxg PV avB s(s.+1) av@
Lo
=ERS Ox 2mx E‘Z Eﬁx x0x 2m’x Ox 5

Thus starting from the Hamlltoman of (32.19) with a central potential
V=V(x) we come to the approximate quasidiagonal Hamiltonian A" including the
terms representing the spin-orbit and quadruple couplings (compare (32.28) with
(10.26)).

If however the interaction potential depends on spins, then the
Galilei-invariant equations (32.19) can describe more fine effects also, e.g., effects
connected with the retardation of the electromagnetic waves. As an example,
consider the equation (32.19) for particles of spins s,=s,=1/2 where V=V, is the Breit
potential (33.3) (we use the temporary notation iy,"=0,", i=1,2).

The equation (32.19) with the Breit potential is manifestly invariant under
the Galilei group inasmuch as V, of (33.3) satisfies the relations (32.8). Let us
demonstrate this equation is a good model of a pair of interacting particles of
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spinss,=s,=1/2. Considering this equation in the rest frame we come to the relation
(32.25) where E is the operator (32.17), V, is the Breit potential (33.3).
Transforming H to the form (33.7) and then using the additional transformation
(32.27) we obtain

2 ) (1)0@) 0 1 :
H" Ogl)m +0’ m +p_+_ G, G 5 _pp x—xp[|+
2u x 0 x g
H 0
2 (1)0-<2) | 0 ¢20Vg? [I1 3229
+e_‘ S ‘2>)+_S zSa?xxP_; El—gsm'sm‘( >
X %Zml 2m; 2m, % mm, [x

3(S,,X)(S,X) BT om;+mH

f%f Ei_sm Sor*> o %B(x) L o(e®)
All the terms of the Hamiltonian (32. 29) have a clear physical interpretation
and describe the well-known physical effects appearing in systems of two interacting
particles. We postpone the discussion of this Hamiltonian to Subsection 33.4 but
note that on the set of functions corresponding to the positive eigenvalues of g,
and 0, (i.e., on the subspace corresponding the positive rest energy of any of

particles) this Hamiltonian can be represented in the following form

1 g

0
H//:HB/+ ! +

m,2 8m22 N

4 (32.30)

s

where H', is the approximate Breit Hamiltonian (33.8).

We see the approximate Hamiltonian (32.29), obtained by diagonalization
of the Galilei-invariant two-particle equation with the Breit potential, includes all
the terms of the approximate Breit Hamiltonian excepting the relativistic correction
to the kinetic energy. This means that this equation takes into account all the
physical effects predicted by the Breit equation, i.e., spin-orbit coupling, retardation
of the electromagnetic field etc. The correction to the kinetic energy only (Cp*),
which has essentially relativistic nature, is absent. This correction can be taken into
account by adding an additional term (depending on x) to the Breit potential. An
example of such a generalized Breit potential is given in [155].

Galilei-invariant equations of first order also can be used successively for
description of pairs of interacting particles but the corresponding potential has to be
more complicated. Thus, for example, starting from the equations (32.11), (32.22)
and changing p, — p,-V, where [324]

394



Chapter 7. Two-Particle Equations

H 0 0
V=- ]ezél+ ! %p'lp+bp'xi3x'p%+
o* 2O X * O (32.31)
[l
J%sm,s@%.x, 1 %'L+Dl 2 3% %
70n w0 mmOx B IpPm

3 3
Lexxp, a=1-18, b=1+25 - "
4 2 m,m,(m, +m,)
we come to the Galilei-invariant equations which reduce to the two-particle
Schrodinger equation whose Hamiltonian is equivalent to the Breit Hamiltonian in
the approximation 1/m;m,.

Let us summarize. Two-particle equations being invariant under the Galilei
group can serve as good mathematical models of quantum mechanical systems
consisting in two interacting particles of arbitrary spins. These equations give a
correct description (not only qualitative but also quantitative) of these systems and
take into account such fine effects as a spin-orbit coupling and even the retardation
of the electromagnetic potentials.

The advantages of the Galilei-invariant approach in comparison with
quasirelativistic ones are not only of methodological nature (because the
corresponding theory satisfies (Galilean) relativity principle) but are connected with
the relative simplicity of the corresponding mathematical means which make it
possible to obtain solutions of many problems for any values of spins immediately.
One such problem is considered in Section 34.

33. QUASI-RELATIVISTIC AND POINCARE-INVARIANT
TWO-PARTICLE EQUATIONS

33.1 Preliminary notes

We demonstrated in the above the system of two interacting particles can
be described with a good accuracy by Galilei-invariant wave equations. Since such
equations do not have a universal reputation yet, we present alternative approaches
to two-particle problems here. Besides familirizing readers with these approaches,
we will try to attain clear formulation of bounds of application of Galilei-invariant
two-particle equations by solving concrete physical problems.
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We will consider only such two-particle equations which do not include an
additional parameter (i.e., the proper time). For the equations with two time variables
(equations of the Bethe-Salpeter type), see, e.g., [33].

In this section we present the main information about the Dirac-Breit
equation [54] and its generalizations [266-269] and propose our formulations of
quasi-relativistic models of two-particle interaction. We deduce equations for the
radial wave function of parapositronium and give a formulation of two-particle
problem in frames of our constructive model of direct interaction.

32.2. The Breit Equation

A two-particle quasirelativistic equation for spin 1/2 particles was proposed
by Breit [54] in 1929 for the first time. This equation has the form

iiQJ:(H(')+H(2)+VB)IJJ, (33.1)
Ox,
where P=(x,x X)) is a 16-component wave function,
H Oy Y0 vy 'm +e DA (X X))
=i % - DA (x, %), =12,

ox "

{y,"} and {y,?} are two commuting sets of the Dirac matrices, A, is the

vector-potential of an external field. The symbol V; denotes in (33.1) the interaction
(Breit) potential

(33.2)

M, ®
€€ DD Q. 2C .
V= T [I—Zyi i Sy Sy Sy ®S,) x)},
(33.3)
_ _ a_ X (i)_i i), fi)
XX Xap x—ﬁ, Sa _Zsabcy§’ e

The physical reasons used by Breit to deduce the equation (33.1) was the
following. As it was shown by Darwin in 1920 (see [54]) the classical approximate
Hamiltonian of a system of two charged particles in the external electromagnetic
field has the form

H=H, +H, +

g
eWe® We® H’(l)'pa) P XPoX (33.4)
X 2mm, 0 Xx x? %

where H;, and H, are the Hamiltonians of the first and second particles, p, are
classical momenta. The last two terms of (33.4) arise by taking into account the
retardation of the potentials of the electromagnetic field. Changing H,,) and H, by
the Dirac Hamiltonians and the velocities v ,=p ;,/m; by the operators V,=[H; x ;] we
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come to the equation (33.4)".

There were proposed other ways of deduction of the Breit equation using
quantum electrodynamics approach. We will not discuss these ways (see, e.g., [33])
but note that the main argument of validity of the equation (33.1) is the
correspondence of the physical effects predicted by this equation to experimental
data (of course, up to accuracy which can be expected from an approximate
equation). But the principal defect of the Breit equation is the absence of symmetry
under either the Poincaré or Galilei group.

In the following we discuss the Breit equation and its quasirelativistic limit
and deduce the system of equations for radial functions by separating the angular
variables.

33.3 Transformation to the Quasidiagonal Form

To simplify applying of the perturbation theory and to clarify the physical
sense of the terms included in the Hamiltonian it is convenient to transform the Breit
equation to the representation where the Hamiltonian commutes with the matrices
Yo" and y,?, i.e., has a quasidiagonal form. As in the case of one-particle equations
(see Section 10) such a diagonalization can be carried out approximately only, using
series of consequent transformations.

In papers [18, 67] there was proposed a general method of diagonalization
of two-particle Hamiltonians of the kind

H=Y,’m +Yy'm,+(EE)+(OE)+(E0)+(00), (33.5)

where (EE) are terms commuting with y,'" and y,'?, (OO) are terms anticommuting

with y," and y,'*" (EO) are the terms commuting with Y, and anticommuting with
Y,?" and (OE) are terms anticommuting with Y, and commuting with y,'”, besides
it is supposed that all these terms are "small" in comparison with m, and m,. In the
case of the Breit Hamiltonian

eWe @

(EE)=e VA (x , %)) ve VA (x . OBV Y, (p,"-e VA (x , .x),

X))+

1y 2y

(33.6)

(EO)=Y6 Y, (0,7 - A (x %)), (AA)=V,
It is shown in [18] the Hamiltonian (33.5) can be transformed to the
following form being quasidiagonal up to the terms of order 1/mm;:

It was Dirac who informed Breit about the correspondence p; -
m[H g x]=imy,"y" [54]
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H = m 5 m BBy (OB sy (B0 — o\ (EO) -
1

m, 8m;
L yp@oy_LiorEpnoe—LiiEo)EB).E0) (33.7)
8m, 8m, 8m,
+ O‘W[[(OE),(OOH+,(E0>]++—<yg”m+ m,)(00)?+..
d4m,m, 2(m-my)

It is not difficult to make sure that the first three lines of (33.7) give a sum
of an approximate Hamiltonian of Foldy and Wouthuysen, compare with (10.26) for
s=1/2. The remaining terms represent the contribution of the Breit potential.

Substituting (33.6) into (33.7) and choosing

A=0, P=pM+p®=0, p=-p?=p, VRS RVC I

(i.e., considering the Hamiltonian in the rest frame and on the subset of eigenvectors
of the commuting matrices Y,'" and y,®, besides the corresponding eigenvalues are
equal to +1) we obtain

2 4 2 4 h, @
H =P P oy PP ,eWe?®
3 2 3
2m, gm, 2m, 8m;,  x

M, 2) O O ,m,@ g @ O
—T[eeé(x)71+1|:] ¢ iSDxxp+

2 2 2 [
o Mo o m<2)D

(33.8)

il
+ d Eip +(p-x)ix-p
2 0x X’

i}(sausm) XXp +
X

I |

O

D
). Q@ M.x)(S?-
.S ;9 38 x)S(S x) _8g, -SO8(x) -+ O(e e,

X X 0O

Any term in (33.8) has exact physical sense. The terms in the first line
define the kinetic energy of a two-particle system, the terms from the second line
correspond to interaction of any of particles with the Coulomb field generated by
another particle (i.e., interactions of point charged particles plus spin orbit and
Darwin interactions). The remaining terms of (33.8) represent essentially two-particle
interactions and correspond to the classical relativistic correction to the Coulomb
interaction, caused by the retardation of the electromagnetic field and spin-orbit
coupling of the total spin of the system with the field generated by this system. The
last three terms of (33.8) correspond to an interaction between the spin dipole
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moments of the particles.

In conclusion we note that to describe real two-particle systems, the
modified Breit equation is usually used which takes into account anomalous
magnetic moments of particles. For two-quark systems, the Breit potentials has to
be changed by another one guaranteeing the confinement of constituent parts of a
system [65, 220]. We consider some examples of such generalized equations in
Subsections 33.4 and 33.5.

33.4. The Breit Equation for Particles of Equal Masses

Consider the equation (33.1) for the case when an external field is absent
and the particle masses are equal, m,;=m,=m. The total momentum operator
P=p,+p,,, is a constant of motion for such an equation, so without loss of generality
we can restrict ourselves to considering the rest frame of references where
P(l)"‘P(z):O’ Pay=Po)=P-

Let us analyze the generalized Breit equation [266]

i W=V, N, s
ox, (33.9)

HV2y 2 [S0-S@ +(SD-£)(S® .f)h//} W,

where V and V' are arbitrary functions of x, £=x/x.

When V=V'=eMe®/x, formula (33.9) defines the Breit equation in the above
representation. Since the explicit form of V and V' is not essential for further
reasoning, we do not concretize it for the time being.

Let us demonstrate that the equation (33.9) decomposes into two
noncoupled subsystems corresponding to the values s=0 and s=1 of the total spin of
a system described. This means the states corresponding to s=1 (i.e., orthostates) and
s=0 (i.e., parastates) are independent and transitions between these states are
forbidden.

Multiplying the operator in the brackets from the left and the right by Y,
we come to the following equivalent equation for {)'=y"

i%¢/={(%')\/f,')+\/g)\/f))pa+(vﬁ)l)+ 02))m+V+

L2y [V +(SD-2)(S?-%)] V/}lp’ -0.

1)

(33.10)

Any of matrices in (33.10) can be expressed via the 16x16 KDP matrices
which are connected with y-matrices by the following relations:
The matrices [, satisfy the KDP algebra (6.20) and realize a reducible representation
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B ) u-0.1234 (33.11)

of this algebra, reducing into three IRs realized by 10x10, 5x5 and 1x1 matrices (the
last is the trivial zero representation).
Let us denote

S, =B, B,1s o
then
2yj”yf)S<”-S<2)E%v&”yfl”vf) ;2):,% =S5,

0a"a

2SS0 LY NN L (5,8,
and (33.10) takes the form

iail]JE(fZiSOa p,+2B,m+ W)W’ =0, (33.13)

Yo

W=V-[2+S. S, +(S. £ Y]V’ (33.14)

0a ~0a 0a”"a

Choosing B, in the form of a direct sum of irreducible matrices of
dimensions 10x10, 5x5 and 1x1 we obtain from (33.13) two noncoupled systems of
ten and five equations and one-component equation corresponding to the zero
matrices S, and B,. So (33.13) is decomposed into three independent subsystems
which can be solved separately.

We note that the equation (33.13) reduces to the form

a qJ/: E§1>k*7;£‘4]E%p/
o 2 0O

/
0x,

where x',=2x,, H K is the KDP Hamiltonian (6.35a). In other words, the Breit
equation for equal mass particles in the rest frame is equivalent to the KDP equation
in the Schrodinger form with the special potential W/2, where W is given in (33.14).

Consider the equation (33.11) for the case of 5x5 matrices B,. Choosing
these matrices in the form (6.17) and representing the wave function in the form
W=column($,,§,,X) we come to the following system of equations for stationary
states

i
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(E-V+2V")$,-2mé,=0,
(E-V-2V"),-2md -2 p-x=0, (33.15)
“2pd,+(E+V'-V)X-V'£(&X)=0.

The system (33.15) reduces to the following equation for ¢,

E oV E
%2_ 0x 0 _(E-V)E-V-2V') m*E-V)_ V/ Lsz _ (33.16)
0 E-Vox 4 E-VeV' E-V+V’ x2g°

where L’=(xxp)’. As to ¢, and X, they are expressed via ¢, according to the
following relations

O O
O 2v/ s 2 E-V-2V' DX
X [£@p) -pl+—pH, $=— " ¢, 2.
HE-VYE-V+V) E-V %pz Yoam

We see the Breit equation for parastates reduces to the equation (33.16) for
the scalar function ¢,. This equation admits solutions in separated variables. Indeed,

expanding ¢, by the spherical functions
0,=¢"(0Y,,®

and using the representation (29.9) for p? it is possible to reduce (33.16) to the
ordinary differential equations for radial functions

E v
00> 20 o0x 0 (E-VNE-V-2V') mXE-V)
S + + + - - +
[,95 x2 x0x E-Vox 4 E-V+2V (33.17)

BV 0D G
E-V+V' x?*

So the problem reduces to solving equation (33.17) for any possible integer
[. When V and V' coincide with the Coulomb potential, the equation (33.17) can be
solved exactly [266].

The equation (33.17) was obtained in [266] but we present a more simple
way of its deduction.

Starting from (33.13) and using the representation (6.22) for the 3 ,-matrices
it is not difficult to find the radial equations for orthostates. All the necessary
formulae are given in Appendix 3. Using formulae (A.3.2) we can obtain radial
equations corresponding to nonequal masses m,#m, and to generalized Breit potential
which is an arbitrary O(3)-invariant function of x. Such equations were considered
in [65, 220, 267-269].
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33.5. Two-Particle Equations Invariant Under the Group P(1,6)

The number of the space-time variables needed to describe a two-particle
system is equal to 7 (this variables are particle coordinates and time). Thus a natural
candidate for the role of the symmetry group of a two-particle system is the
generalized Poincaré group P(1,6), i.e., the group of motions of the (1+6)-
dimensional Minkowski space (see Chapter 5).

An analog of the KGF equation invariant under the group P(/,6) has the
form

(o -PL-ps-ps-pi- ~KA)P=0. (33.18)

If we denote P=(p,,p,,p3), P=(P,,P5:Ds)s K=2m then the expression in the brackets is
nothing but the correct relation between energy p,, total momentum P and internal
momentum p of a two-particle system with equal masses m,=m,=m of particles
[290]. If m,#m, then it is convenient to choose k=(p,ps,p;) where k is a vector
parallel to p, defined by the following relation [238]

k*=-mm,+ (,/m] +p?+\my +p ) (33.19)

(m + 2)2
The equation (33.18) is manifestly invariant under the algebra AP(1,6) and
its subalgebra AP(1,3). But in order to interpret (33.18) as a two-particle equation
it is necessary to make sure that the following product of the Poincaré group
representations
D=D(m, s)UD(m, s,) (32.20)

is realized on the set of solutions of this equation. It is the case when U of (33.18)
has (2s,+1)(2s,+1) components, moreover the corresponding generators of the
Poincaré group can be chosen in the form

p0=sEE e\P*+M?, ﬁa=pa,

R (33.21)
2 1 Pxj
=XxP =x P- _|X,P,| -
J=XxP+j, N=xpP 2[ , 0}_ 8E+M’
where
f=x><p+§, S=§M.i§® M2=p*+ K2, K=m, +m,. (33.22)

Here S and S are the commuting matrices of spin of the first and second
particles, X and x are coordinates canonically conjugated with P and p so that

[Pa’ Xb] = [pa’ xb] = _iéab’ [Pa’ xb] = [pa’ Xb] = [Pa’ pb] = [Xa’ xb] =0.

The operators (33.21) commute with the operator in the brackets of (33.18)
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and so form an IA of this equation. To make this assertion evident we rewrite
(33.18) in the following form

(Py-P>*-M?>P=0. (33.23)

In relativistic quantum theory we assign the space of the representation
(33.23) to the space of states of a system of noninteracting particles with spins s,
and s,. Thus it is possible to interpret (33.18) (where Y is a (2s5,+1)(2s,+1) -
component wave function) as a motion equation for such a system.

The operator M*> commutes with P;? and P? thus it is possible to consider
the equations for eigenvectors of M*:

(p2-P>-m >, =0, (33.24)

where U, are solutions of the following equation

m

MY, =(p* kA, =m>Y, . (33.25)

Formula (33.24) gives the KFG equation in the variables x,, X, but relation
(33.25) defines the eigenvalue problem besides K’<m’<c. The equations (33.24),
(33.25) are invariant under the algebra AP(1,3) whose basis elements have the form
(33.21), and describe a system of two noninteracting particles with spins s, and s,.

Thus starting with the simplest partial differential equation of the second
order, which is invariant under the generalized Poincaré group P(1,6), we come to
the system (33.24), (33.25) which can be interpreted as motion equations for a pair
of noninteracting relativistic particles. Of course the adequacy of such equations is
comparative only inasmuch as the main interest is attracted by mathematical models
of interacting particles. In the following section, we will consider a generalization
of (33.24), (33.25) to the case of interacting particles.

In [119] the P(1,6)-invariant equation of the Dirac type was proposed,
which has the form

(TopyT P, KOW=0, k=1,2...,6,

where [, ', are matrices of dimension 8x8, satisfying the Clifford algebra. This
equation can be used for describing of two relativistic particles of spin 1/2. An
analysis of this equation (and its possible generalizations in the case of arbitrary
spin) lies out of frames of the present book.

33.6. Additional Constants of Motion for Two- and Three-Particle Equations
We show in Subsection 22.3 that there exist a SO of the Dirac type for any

relativistic wave equation describing a particle with spin s>0 in a central field. Here
it is demonstrated that such a SO exists for a number of relativistic and
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quasirelativistic two- and three-particle equations.
Consider the Breit equation (33.1). The obvious SO of this equation are

Py=p,. P=p."p>, J=e,(X,P.+x,p)-S, (33.26)
where
S,=S"+s2, S,f°)=%y§,“)yﬁ“)sabc_. (33.27)

It is shown in [341] that the operators (33.26) form a basis of the maximal
IA of the Breit equation in the class M, (i.e., are the generators of the maximal Lie
group admitted by this equation) if m,Zm,.

To find an additional SO we consider the Breit equation in the c.m. frame,
setting in (33.1) p"’=-p®=p. It is not difficult to verify that the operator [341, 161]

0=y 2087 -287 5" (3329
where $ andj' are defined in (33.22), is a SO of this equation.
The operator (33.28) satisfies the condition

and so its spectrum is given in (22.18). We emphasize that this operator does not
belong to the enveloping algebra generated by the generators (33.26) and so is
essentially non-Lie.

Like the Dirac SO for the Dirac equation (see (22.10)) the operator (33.28)
can be used by solving the Breit equation in separable variables. We note that the
SO (33.28) is admitted also by the generalized Breit equation with arbitrary O(3)-
and P-invariant potential.

Apparently it is possible to continue the list of the equations for which the
operator (33.28) is a motion constant. For instance this is the case for the relativistic
Barut-Komi equation [19].

Following [161], we present new constants of motion for the equation
describing two interacting particles with spins 1/2 and 1 [269] and for the
three-particle equation of Krolikowsky [267]. These constants have the form

0-rd,, (33.29)

where d,, is the operator given in (22.29). Moreover for the two-particle equation
proposed in [269] I'=y,(1-2f,), S,=i€ ,;,(Y,Y.+B,B.), Y, and B, are commuting sets of
the Dirac and KDP matrices.

For the three-particle equation [267]

R VA A A A A A (33.30)
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where y,"”

. ¥,? and y,” are commuting sets of the Dirac matrices.
The spectrum of the operators (33.29), (33.30) coincides with the spectrum

of the operator d,, of (21.30).

34. EXACTLY SOLVABLE MODELS
OF TWO-PARTICLE SYSTEMS

34.1. Nonrelativistic Model

Consider the two-particle Schrodinger equation of the kind

a

.0 opr?
i—=Hy=

atLU v %M
where U is a (2s,+1)(2s,+1)-component wave function, V is the interaction potential

of the following form

O
=y G4
2u O

O . U
=90, +ik(l)s(l) X +l~k<2)S(2) X0 (34.2)
X g mx? myx* g

a, k, and k,, are dimensionless constants.

The equation (34.1) is manifestly invariant under Galilean transformations
inasmuch as the potential (34.2) satisfies the conditions (32.8), (32.18). The
corresponding generators of the group G(1,3) are given by formulae (32.5), (32.18).

The considered equation is a particular case of two-particle equations in the
Schrodinger form discussed in Subsection 31.1. The Hamiltonian H of (34.1) in the
c.m. frame can be obtained from (32.26) by a special choosing of V, ¢, and e, and
restricting ourselves to the subset of eigenfunctions of the matrices ¢, and g,?,
corresponding to the eigenvalue +1.

In accordance with the results of Subsection 32.5 the considered model is
realistic enough and takes into account such fine effects as spin-orbit, Darwin and
quadruple couplings. Other important merit of this model is that it is exactly solvable
for any values of spins of constitutive particles.

In the following we find the corresponding exact solutions which can be
obtained also for the more complicated (relativistic) model considered in the next
subsection.
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34.2. Relativistic Two-Particle Model

To describe a relativistic two-particle system we use the Bakamjian-Tomas
model [10] whose essence is expand in the following.

Let (P,,J,N) be Poincaré group generators describing the kinematics of a
system of two non-interacting particles. Then a system of interacting particles
corresponds to the generators (P’u,J’,N') obtained from (P,J,N) by the change

Mo M~V (34.3)

where M is the mass operator determined as a Casimir operator:
M?*=P;-P?,

and V is a potential of "instantaneous" interaction satisfying the conditions
[V.P 1=[V.J]=[V.N]=0. (34.34)

Using the representation (33.21) it is not difficult to show that V has to be
a scalar function of internal variables only:

V=V(x,p), [V.xxp+S"+$]=0. (34.5)

Here we consider a constructive model of a potential of instantaneous
interaction. On one hand this model is based on equations invariant under the group
P(1,6) (see Subsection 33.6); on the other hand, it includes manifestly covariant
equations in c.m. variables.

Let us define the interaction potential of (34.3) by the following relation

Lo o
5/1+_D =k2+u2—17(k(1)s(|)-x kS0 X), (34.6)
o x0O X
where x are variables canonically conjugated with k, k is a vector related to the
internal momenta by the condition (33.19), so that

k2+uz=Mz, MZ=EM, K=m, +m
K

My (34.7)

Formulae (34.5)-(34.7) define a potential V as an implicit function of x, k,
Sy and S ,,. It is not difficult to make sure that such defined potential satisfies the
conditions (34.4).

The considered potential can be introduced into the P(1,6)-invariant
equations (33.24), (33.25), moreover, the last takes the form

O

- ald . 34.8

%IJr_D R 3 (k<1>s(1)'x_ k(2>S<2>'x)H-|Jm=07 ( )
X[ X 0O

and can be considered as eigenvalue equation for the operator M.
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So starting with the P(1,6)-invariant equations (33.24), (33.25) describing
a system of two noninteracting particles we go over to the equations (33.25), (34.8)
which can be interpreted as a mathematical model of interacting particles of arbitrary
spins. The choice of an interaction potential is caused by an additional requirement
that the motion equations have to admit a manifestly covariant formulation and
describe the electromagnetic interaction of particles. Such a formulation is discussed
further on.

Let us demonstrate that in spite of lack of manifestly covariance the
equation (34.8) can be rewritten in the covariant notations. For this purpose we
consider the following system of equations for a (2s,+1)(2s,+1)-component wave
function:

(LT -p*-eZ  F*)P=0, (34.9)

where Tl'pzk“-Au(xO,x), A, and F*" are the vector-potential and tensor of the
electromagnetic field. The symbol 2, denotes a matrix tensor of valence 2 defined
in the space of the IR D(s, s,) of the Lorentz group.

Formula (34.9) defines the general form of the equation obtained from the
KGF equation by the "minimal" change k, — T, and by taking into account the
"anomalous" interaction linear in respect with strengths of an external field. When
5,=0 or s5,=0, (34.9) reduces to the form (10.31) (besides the corresponding ZW are
proportional to the Lorentz group generators S,,. For arbitrary s, and s, we can set
without loss of generality

s =k SV+k §P (34.10)
(Y

mPw " RePw

where k., and k,, are arbitrary coefficients, S, and S,/ are commuting sets of
matrices being generators of the IR D(s, 0) and D(0 s,) of the Lorentz group.

The equations (34.9), (34.10) can be interpreted as motion equations of a
charged quasiparticle with variable spin s, s+s,<s<|s,-s,|. When the
vector-potential A, reduces to the Coulomb potential, these equations reduce to the
form (34.8) if we write them for stationary states. So these equations can be
interpreted as a two-particle equation for particles of spins s, and s,.

Thus we come to a constructive model of the direct interaction for
two-particles systems. This model is based on the manifestly covariant equation
(34.9), (34.10) which is the simplest relativistic-invariant equation for a
(25,+1)(2s,+1) -component wave function ), taking into account the minimal
electromagnetic interaction and the anomalous interaction of the Pauli type. One of
the merits of this model is that it is exactly solvable for the cases of the Coulomb
and magnetic monopole potentials.
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34.3. Solutions of Two-Particle Equations

The operator in square brackets of (34.8) commutes with the total angular
momentum operator j of (33.22) so this equation admits solutions in separable
variables. Such solutions can be found by the scheme used in Subsection 29.1 for
one-particle equations.

To separate angular variables we represent )
the spherical spinors

A s
W.=Y 00 Qi (34.11)
SA

as a linear combination of

n

where Q' are eigenfunctions of the operators j*, S%, (xxp)* and j, (33.22), see
(29.4). In contrast with the corresponding formula (29.3) where s was fixed we
suppose summing over s by the values |s,-s,|<s<s,+s,, the domain of A, for any
fixed s coincides with the possible values of A of (29.5).

Substituting (34.11) into (34.8) and separating angular variables we come
to the following system of ordinary differential equations for the radial functions

DYY=x b, b, (34.12)
where D is the operator (29.11), b,", are the following coefficients

s 2 . . js)\“ . Jsh,
by AINNj+1)18, 8, wiatk, B, ~iak, B, (34.13)

and B(g?‘,A are the coefficients given in (A.3.7).
The system (34.12) is easily integrated. |b,”, | is a diagonalizable (normal)
matrix so (34.12) reduces to the series of noncoupled equations of the kind

D, =x "¢ (34.14)

i

where D is the operator (29.11), b~ are eigenvalues of the matrix ||b;JX/|| .
Equations of the form (34.14) had already been considered in Subsection

29.2. Repeating reasoning present after formula (29.12) (but changing by - b"*/

, m— ) we come to the conclusion that the following values of €= correspond

to coupled states (compare with (29.23)):

2 /2
e=p i+ o % . n'=0,12,..,
00 ; H’ZQE (34.15)
§ e Bt B
00 M 20 0og

and the explicit form of the corresponding eigenfunctions is given by the following
formula
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¢s: _ C(”L S2)(1{4)/4)6 <k—1)/2exp [*(ML S2)1/2)4 F(-n /’ k+1, 2(“27 e )1/2 ).
Here # is a degenerated hypergeometric function, C is an arbitrary constant,
k2=(2j+1)2 +4(b7")? - 4o,

So we have described solutions of (34.8) and find the corresponding
eigenvalues of the operator (34.6). The analysis of the spectrum (34.15) is present
in Subsection 34.4.

Solutions of the Galilei-invariant equations (34.1), (34.2) can be found in
analogy with the corresponding one-particle problem considered in Subsection 30.4.
Considering these equations for stationary states in the rest frame, we come to the
following system

v &

_ia O .y ko, 34.16
%_ b %n—m S xDH.p(x)O ( )
o * 4 x ", NN
Representing solutions in the form (34.11) we come to the equations (34.12) for
radial functions where

2
D= ZM% (XD 0 2 0 ](]+1)’ (34.17)
x [] Ox? x0x  x?
ss’ 2 . IE 1 “a JsA, llgz l“la JSA
b, )\\'/=[>\s -A(2j+D]1d .0, - o (s )\\,_% @s'N, (34.18)
_ 1 2 ’
B(]i‘riA are the coefficients (A.3.7). Diagonalizing the matrix b;;,‘ we reduce

these equations to the form (34.14) where D is the operator (34.17), b"‘“‘vz—»Ejs"Yz,
the last are the eigenvalues of this matrix.

Repeating the arguments present in Subsection 30.4 after formula (30.25)
we obtain the possible values of energy of a pair of interacting particles of arbitrary
spins in the form

2

~_ ”a _ . L P —
. /=00 JEU2302 0r j=00ee . (3410
(+1/2)2+b 7" +n/+1/2)

The discussion of (34.19) is given in the following subsection. Here we
present the explicit form of solutions of (34.14), (34.17), (34.18):

¢;‘=(\/ -2uE x exp(—\/ 2uE x

where # is a degenerated hypergeometric function, C is an arbitrary number,

k2=(2j+1)2+4b""™,

(k-1)/2

F(-n',k+1,2y 2uE x),
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33.4. Discussing the Spectra of the Two-Particle Models

We have obtained formulae (34.15), (34.19) giving the possible energy
values of the considered two-particle models. The analysis of these formulae is
complicated by the circumstance that the parameters b~ are defined as roots of
algebraic equations of order (2s,+1)(2s,+1) if j= s,+s,. Thus it is convenient to
consider approximate solutions which can be represented in the form
o8 (2]+1)>\ sbyat+o(ah), B =A-2j+ DA +by o +o(a), (34.20)

/vc

where bA] , b are numeric parameters whose values for given s,, s, and j can be
found by equatlng coefficients near 07 in the characteristic equations.

Substituting (34.20) into (34.15), (34.19) and representing the obtained
expressions as series in powers a> we come to the following formulae for energy
levels, valid up to a*:

O
@ o ot (b~ ) 3 qt3 (34.21)
8:“ -
0 2n2 n3*Q21+1) 8n4%
g 4b3)‘ -0
E D D (34.22)
E 3(21+1)D
where
n=l, 2, 875,480 S0, *80) " oeens 8,75 |5 (34.23)

A =-s,— s+l,...=s+2min(s,)), I=j-A =0, 1,..., n-1.

Formulae (34.21), (34.22) differ from (29.27), (30.28) by the change m — p besides
the parameters bff, Z;;j are defined as coefficients of approximate solutions
(34.20) of the characteristic equations for the matrices whose elements are given in
(34.13), (34.18).

According to (34.21), (34.22) the spectra of energies of the considered
two-particle models are defined by Balmer’s term -ua?/2n® and by the additional
terms of order o* besides the last describe the fine splitting of the energy levels. The
analysis of possible values of the quantum numbers n, [, s and A, given in (34.23)
makes it possible to calculate the number of sublevels of the fine structure:

58,

z: no

s=[s,-s,
where N, are the numbers given in (29.30). We note that the energy levels
corresponding to different /, s and A, can coincide in general and be degenerated.
Let us consider in more detail the cases when the particle spins are: A.
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5,=0, s, is arbitrary; B. s,=s,=1/2.

A. If 5,=0 then the matrices |b,’). |.

Es.r'

NY reduce to the form obtained

from ” b;{, of (29.11) by the changes 1/s—k(, and 1/s-k,um, The
corresponding parameters included into (34.21), (34.22) take the form
5/ 27 s ”2s2]€2 s
b=sup,", b= TOp ey (34.24)
. e

where by are the parameters given in (29.26). Substituting (34.24) into (34.21),
(34.22) we obtain

s,A+1

a*h
n +
4 shel H 2.2 2 E
E<F -+ pothy” Ly ko s (34.26)
" n3(21+1)% m? H

where ¢, and Eu are the energy values obtained from (29.27) and (30.28) by the
change m - .

We see in the case s,=0 the formulae for energy levels of the considered
models include the terms €, and EH obtained by multiplying of the corresponding
one-particle levels (29.27) and (30.28) by m,/(m,+m,). Besides these formulae
include additional terms of order a* which are nullified if k(2)=l~<(2)p/m2=il/s. In other
words for the last values of arbitrary parameters formulae (34.25), (33.26) reduce to
the formulae for energy levels of a particle of arbitrary spin in the Coulomb field,
multiplied by the coefficient m,/(m+m,) in order to take into account finiteness of
the mass of a particle generating the field. Besides that formula (34.26) includes
nonessential constant term -pu. The relation between relativistic and nonrelativistic
formulae is the same as in the corresponding one-particle problems (see Subsection
29.6), i.e., for k(2)=l~<(2)p/m2 the levels (34.25) and (33.26) differ by the value Ae
(30.31) giving the relativistic correction to the kinetic energy.

For other values of the parameters k,, and 12(2) formulae (34.25), (34.26) take
into account the anomalous (Pauli) interaction of the orbital particle with the
electromagnetic field.

B. For s,=s,=1/2 the characteristic equation for the matrix (34.13) takes the
form

(b3)"-2{b;] 147G +1) -0 (c >+d][by] -20%d (b)) rocd>=0, (34.27)

where
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y .
by T emslhi ). d- _(km ) (34.28)

Representing solutions of (34.27) in the form (34.20) and equating the coefficients
for the lowest orders of a® we obtain the following values of the parameters bg\v

g g

0

0 0 0

H +4l(1+1)‘_2% boll:*d—zgﬁ L4i(1+1) S
41(1+1)D , a2 g ADE 2

ri (e (2)d? e _cPlrd ()

: 20023y Y T2

([

o_
by =

[ [ [

(34.29)

In the exceptional case j=0 the index A, can take two values A,;=-1 and A;=0 (see
(34.23)) and the corresponding characteristic equation has the form

5,5,0

(b; SO) 2"+ =0,
from which we obtain the coefficients of (34.20)
bP=b =2, (34.30)

Formulae (34.25), (34.29), (34.30) define possible values of energies of the
considered model of two interacting particles of spins 1/2. Due to existing of two
arbitrary parameters ¢ and d there are wide possibilities of modelling of spectra of
hydrogen type systems. We consider in detail two cases: the system of a particle and
antiparticle and the system including one heavy and one light particle.

In the case of the system of "particle +antiparticle” it is natural to set k;,=-
ko=d. Then ¢=0 and formulae (34.29) take the form

bUI:O b”:_ d’ p iz d2(1+2) b_lll_]:—dz (-1 . (34.31)
201 -1)(213) 310211

0

Substituting (34.31) into (34.25) we obtain the corresponding energy levels:

. > H 34.32
et LS Wisji), j=I+h, (34.32)
0 2n°Q

where W(s,j,l) are the corrections of order o, defining the fine structure of the
spectrum:

Hs 1 B
W(0,,1)=pa* — [

%n“ n’Ql+1) g (34.33)
potd?
20311+ 1)(21+1)
In the case d’=1 formulae (34.33), (34.34) are in excellent accord with the

W(1,L,D)=W(0,L,1)-

412



Chapter 7. Two-Particle Equations

pot(l+2)d*
2n3(1+1)(21+1)(21+3)
pot(l-1)d*>
corresponding corrections for the positronium energy levels calculated in frames of
quantum electrodynamics [33]. Namely (34.33) differ from the corresponding
corrections for positronium by the value AW not depending on [/ and s (/Z0)

W(L,I+1)=W(0,L,1)+
(34.34)

W(1,1L,1-1)=W(0,L,])-

4 4
AW= 3”2“ 4=o,os£. (34.35)
n n

Formulae (34.34) are less similar with the known results. But if we choose
arbitrary parameters ¢ and d in (34.26) in the form c*=24=2 then relations (34.21),
(34.29) give the correct dependence of W on [s and j up to the common
displacement (34.35) (compare with the corresponding results for energy levels of
positronium given in [3, 33]).

Thus the mathematical model of a pair of interacting particles, based on the
equation (34.9), is consistent enough and makes it possible to obtain a correct
dependence of a fine structure of the positronium spectrum on the quantum numbers
I, s and j. The displacement (34.35) is not large and is of the same value for any
sublevel corresponding to a fixed value of the main quantum number (if /#0). For
[=0 the divergence of (34.32)-(34.34) with the known results reaches 17% of the
value of fine splitting. Such a divergence is clear inasmuch as the considered model
does not take into account the interchange interaction.

We note that in the case c=d=1 formulae (34.29) take the form

o_pu-1_ 1 11_b|1—1__d_2

© N Ay B

0 "Y1 i

and the relation (34.25) reduces to the form obtained from (29.27) by changing m
to the reduced mass u. In other words in the case k, —0 we obtain the known
formula of the fine structure of the spectrum of a hydrogen type system besides, it
takes into account the finiteness of the mass of a central particle. So the relation
(34.25) includes the case corresponding to a system of a heavy and light particle.

It follows from the above the considered model of two-particle interaction
is realistic enough to be used successively for a description of two-particle systems
with arbitrary spins.

The analysis of the spectrum (34.22) can be made in a complete analogy
with the above. For |I€i)p =k m.| the energy levels of (34.22) differ from
the levels (34.21) by the value Ae-p where Ae is given in (30.30) and corresponds
to the relativistic correction for the kinetic energy.
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APPENDIX 1

LIE ALGEBRAS, SUPERALGEBRAS
AND PARASUPERALGEBRAS

Here we recall the basic definitions related to Lie algebras, super- and
parasuperalgebras (for more details, see [20, 26, 411]).

We denote by A a finite-dimensional vector space over the field K of real
(complex) numbers. The vector space A is called a Lie algebra over K if it is closed
with respect to the binary operation (x,y) — [x,y] which satisfies the following axioms

[ax+By,z]=alx,z]+B[y,z],
[x,y]=-[y,xI, (A.1.1)

[x, [y, 211+ [y, [z, x]] +[z, [x, y]1=0
for all x,y,z O A.

The operation [ , ] is called the Lie multiplication (Lie brackets), and the
last of the relations (A.1.1) is called the Jacobi identity. A Lie algebra is called
commutative or Abelian if [x,y]=0 for any x,y[JA. A subspace N of the algebra A is
called a subalgebra if [N,N][¥ and an ideal if [A,N]V .

Let A and B be two arbitrary Lie algebras and ® be a mapping of A into
B. This mapping is called a homomorphism if

Qo +By) =0@(x) +Bey), xyUA, o,BUK
(P([X,Y])=[(P(x),q3()7)], x,yDA.

A one-to-one homomorphism of one algebra onto another is called
isomorphism, and it is said, that the corresponding algebras A and B are isomorphic.

A representation of a Lie algebra is a homomorphism x - 7(x) of this
algebra into a set of linear operators 7" defined on some linear space H:

ox+By - aT(x) +BT(y),
[x.y] = [TC),. T =T(x)T(y) -T()T(x).

The last condition guarantees validity of the Jacobi identity for the algebras of
operators 7. If the representation space H is infinite-dimensional then it is assumed
additionally that for all xUA the operators 7(x) have a common invariant domain D
dense in H.

A representation is called irreducible if H does not have a subspace
invariant under the operator 7(x) for all x[A. If H has invariant subspaces the
corresponding representation is called reducible (and if all such subspaces are
mutually orthogonal it is called completely reducible).

A superalgebra SA is a vector space over the field K of complex (or real)
numbers. Besides, this space is graded and closed with respect to the following
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binary operation
(XgYg) = Xgyg ] =gy 1r, (A.12)

whose explicit form depends on values of grading indices 0 and 0'. This binary
operation has to satisfy the axioms

(o, +BY,-2g0 1 =0[x5.25 ] +BLYgs2ge 1
[,y 1 =(-1 "y x 1,

(X Vg2 1T + gl zgn Xl 1 +Hzgo[x4 11 =0
where 0,B0K, x4,V4,25JSA.

We consider the simplest version of gradation, i.e., the so-called Z,-
gradation when any element of a SA is labelled by one of two possible values 0, 1
of the index O besides f;,=00". Then the binary operation (A.1.2) reduces to
commutator for 00'=0 and anticommutator for 00'=1.

In other words a superalgebra is a vector space consisting in elements of
two kinds: even (E) corresponding to 0=0 and odd (O) corresponding to =1. This
space is closed under the binary operation (A.1.2) which is nothing but a
commutator for even-even and odd-odd elements and anticommutator for odd-odd
elements. Furthermore, commutators of even-even and anticommutators of odd-odd
elements are even and commutators of even-odd elements are odd. Such
"multiplication rules" are formulated in (18.1).

We will not enter into details and discuss the main properties of so defined
algebraic objects but note that the principal results of the theory of Lie algebras are
extended to the case of superalgebras.

A parasuperalgebra PSA is a graduated vector space in which bi- and
trilinear generalized Lie brackets are defined [26, 88, 372]. Thus in Rubakov-
Spiridonov [372] formulation of the parasupersymmetric quantum mechanics the
following relations for even and odd elements are postulated

[E.EICE, [E,0100, {0,0,0{CEO (A.1.3)

where
{A,B,C'=A[B,C]_+B[A,C] +C[A,B] .

An alternative definition of parasuperalgebra (which is not equivalent to
(A.1.3)) was proposed by Beckers and Debergh [26]. It is characterized by the
double commutation relations instead of the double anticommutators.

Generalized Lie structures called PSA arises in parasupersymmetric quantum
mechanics [26, 372]. We notice such structures are weaker then SA in the sense that
a SA can be always considered as a PSA (e.g., relations (A.1.3) follow from (18.1))
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but the converse is not true.
A simple example of PSA is the set of the KDP matrices satisfying (6.20),
and matrices S,,=i[B, B,], besides B, are odd and S, are even elements.

APPENDIX 2

GENERALIZED KILLING TENSORS

1. Let us consider the following system of overdetermined partial
differential equations:

9%, 9K W =() (A2.1)

where K is a symmetric tensor of valence j, depending on m variables x,,x,,....X,,,
0°=0/0x,, and symmetrization is imposed over the indices in paratheses.

The equation (A.2.1) arises naturally in problems of description of higher-
order SO of partial differential equations, see, e.g., (16.33).

In the cases s=1, j is arbitrary and s=1, j=1 relation (A.2.1) reduces to the
equation for Killing tensor [408] and Killing vector [249] correspondingly. We shall
call a symmetric tensor K satisfying (A.2.1) with arbitrary s a generalized Killing
tensor of valence j and order s [328, 342].

Here we present the explicit form of solutions of (A.2.1) for m<4.

Consider the case s=1, when (A.2.1) reduces to the form (1.11). This system
is overdetermined and includes C’! equations for C’ unknowns. The

Jj+m J+m-1

corresponding solutions have the form [328]

J

Kalal“'aJ: X“l“:“'“/["/—1b1]‘“[“,br’]x X X (A22)
E 5 Xp e
1=0 '

where A~ are arbitrary tensors symmetric under the permutations a,— -a
(i,k=1,2,....j), antisymmetric under the permutations a,,; with b, (1<i<j-1). Besides,
any cyclic permutation of three indices nullifies this tensor. The number of linearly
independent solutions N;" is equal to
ij=% jzz}lnilcj};nml. (A.2.3)
Expanding A~ in basic tensors (see definitions in Section 16) we come to
the representation (16.13). Expanding A~ in irreducible tensors having zero traces
over any pair of indices it is possible to represent K ““*“  in a form including
irreducible parameters only [342].
Killing tensors of arbitrary valence j and order s are polynomials on x, of
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m

order s+/-1, depending on N
N =5 jrzlmllc R (A24)
m

arbitrary parameters besides

The explicit expressions of these tensors can be obtained from the recurrence
relations

K{lyazu.a, Kaa - Kaaz a‘ (AZ.S)

K s-1 “|

where K. and K> are the Killing tensors of order s-1 and valences j and
J+1 correspondingly.

2. Consider one more class of overdetermined equations
[099%. 9% R ““ =0 (A.2.6)

a,a,. (1

where K“ is a symmetric traceless tensor of valence j, depending on m
variables, and the symbol [...]"* denotes the traceless part of the tensor in the square

brackets (in our case this tensor is symmetric and has the valence R=j+s):

[T“ﬂzm"»] TL :Ta‘ag.ua,( +

R ot b (A.2.7)
+E ( I)GK H g (ay,,a,; Taz g Ap)by 1%2q gbbgbb gbmrlbm
Where
o
1 1 (A.2.8)

K = .
¢ 29R-2a)! = i[2(R-i)+m-2]
In the case s=1 (A.2.6) reduces to the equation for the conformal Killing
tensor [408]. We call a symmetric traceless tensor K ““™“ satisfying (A.2.6) a
generalized conformal Killing tensor of valence j and order s.
The equations (A.2.6) were analyzed and solved in [328]. The numbers foj
of linearly independent solutions are given in (A.2.9):
=3, N =s(2j+1)(2j+2s+1)2j+s+1)/6,
m (=S +1)(2j+2s+1)(Zj+s +1) (A2.9)
m=4, N =s(j+1)(j+s+1)*2j+2+5)/12.

If m=2, then there exist an infinite number of solutions of the system (A.2.6).
First we represent solutions of (A.2.6) for the case s=1, m>2:

D' 1-1-k )
K“l“z a; _ & Z (_1)icji[_k)\b|bz'-'b,—;,L,,(fl\“zm“m[“r,,o|d|]-»-[‘1m,kddx (A ’ 10)
i < ! 2.
Ao s a) 2\i
XXX TR XX X XX X, X X
d, d7"b7 b, D k( )

where [+1<j, A are arbitrary basic tensors. Solutions of (A.2.6) corresponding to
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arbitrary s can be expressed via (A.2.10):

O
(c:)a - Z %a 1@y a(x 2)[ ]+Eﬁalaz -4; Z)GE (A211)

aa

Here K,. ‘ 2"'“’ are conformal Killing tensors of valence j and order s=1 (see
(A.2.10)), the index i labels independent solutions with different powers of x?,

[\ are the tensors described in the following.
For m=3 independent tensors  f.\. '  are labeled by integers ¢, 0<c<2j,

besides
aa,..a a,a,...a aa,.a,, a TL
fa ’ZZ{ £ F 0 (1-g ) f gy | (A2.12)
where
{e2t by b
aa - ’ {e/2)- a,a,. a”
fae” =2 (22 C, A

=0 (A.2.13)
xa e S, x, ox, X2 g :%[1 -(-1y°],

A" are arbitrary symmetric and traceless tensors.
In the case m=4 the tensors f. =  are labelled by pairs of integers
c=(c,,c,), satisfying the conditions -j<c,<j, 0<c,<[(j- | ¢, | )/2]. The corresponding

explicit expressions of f, > are
luloc,
ﬁ:,ar..alzﬁ: (—I)ZC:_&( Z)G)\blb b, (alaz..,a‘(l‘,M[am‘,”,,‘Idl]..,[am,”d],‘Q‘]X
[3-0 (A.2.14)
TL
xx Gy Geer | x ”')xblxb:...xb X, X, .. X,

ni2eyia-i 1 % iley ]

where n=-c,, ¢,<0 and n=0 for ¢,=0.

Let K:Z;ﬁz =% s an irreducible tensor of valence R +R,, symmetric
under the permutatilons Ay = =y 0 i ‘<R, (a,b) < —(a,b,) and antisym-
metric under the permutations a,« —b,, W, u<R We say K,,,,A b, ’ is a
generalized conformal Killing tensor of Valence R,+2R, and order s if it satisfies the
following overdetermined system of PDE

a,a,...a, a, a)TL

{a(aﬂaa aa K],], th Ryl /} =O (AZIS)

where j=R,+R,. In the case s=1, R,=1 and R,=0, s is any integer, (A.2.15) reduces
to the equation for the conformal Killing tensor [418] and to the equation (A.2.6).
In this book, we use only generalized Killing tensors of order s=1. The
number of linearly independent solutions of the equation (A.2.15) for s=1, m=4 is
Let us present the explicit form of some of the above defined tensors.
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1
Ny = R DR 2R )R $2)(R, +252R )R, 2R, +3). (A.2.16)

Denoting arbitrary irreducible tensors by Greek letters we obtain from (A.2.14) the
conformal Killing tensor for four-dimension Minkowski space (m=4, s=1, j=2):

4

F, ab =Z (Gaah +Gaha _%g ahGadcgdc) (A2 17)
a=0

where

Goab:)\gb, G1ab:)\albdx +A%% b,
c

b b bc .
G, =Ny x 7 =2x Ny x +Ax “x PeAlledly x v NPy
(A2.18)

ab albe dlac a 2 a.,. b
G_ )\3[ 1 ' 2 2 a}\ [ dxc X Vb) 2’ X VC),'C
( ;1 =V 1 X +4X XV xL,xd 4\} X ].xC.x .

We present also the explicit form of the generalized conformal Killing
tensors for m=4, s=1, R,=0,1, R,=1,2.

R=0, R,=1:

KM =AW AV —x VAR +8uvpcxpao+(x ool v ety _%n Wl 2. (A.2.19)
R,=0, R,=0:

K= Ie\,}fo, (A.2.20)

Ry =268 -G -Gy +%(g g0 -g g )G,

(A.2.21)
_%( g ppGVVgl)\ +g ch“r;;z)\ ¢ ,JgGvrgm g GJ?A),
where
G'=Gl+GR, (A2.22)
G\,’;p =\[WVIPO] =y i)\ VIPO] _y V)\ HIPO] +(x IAVI_x v)\pn)s pcmnxm+
+X M PNV —x Vi PR+ PO (x M) [VkIm _y. n Iuklrn)xkxm _
(A.2.23)

—ln[“"]”’x 3 2] +(x M PAWAILOm e vy P\ Bliomly ey
2 n

m'n

~(x ALIROT _y v\ Limllpol 2 +%)\luVleoJx 4

R=1, R,=2:

419



Symmetries of Equations of Quantum Mechanics

HPA _~ 5 HPA 5 Vpu oup s Ao
K2R R -R RV -R (A2.24)
7g “}\K pnn +g V)\K pmz g )\pK unn g pnn

Iev‘fo is defined in (A.2.21) where

HPA _ WUPO_  VWPO _  WVOP  VWOP | POW _ | POVH_  OpwV cpw
Gus =8y & &  *&

8 8 8 &

g}\HVPU :}\)\[pv lpol p)\)\v (PO 4y K\ [vplloA] +A [uv][pal[An] X, +

S MAVMIY 1gPO by PpYYON L HpVIROTI Ay i\ VIPOT

+x P PAVERPT  x M Mt Pt POy

+e pcrmn(x pa)\n[vk]xkx m _E}\)l[p\l]x m 2) +(X pz\m)\ 2_

20 M HEY X )ePT  x oM PEYMx 2 2x Mx P g +

££P7 (xMEMIHIM x x 7 IV ny x2)

xteP?, (e gAY -0y ) ¢ (A.2.25)
+&P% X Oy x e 2= et -2 M (e Hg Y x -

-n kmluVJx 2xkx n] +x “(x pn lellchlAkam -n anle0Jl>\klx Z)ank+

1

2
M WIPOINL 4y N[ b PR Vrllomly, ey i\vmlipol 2
+ i nlvieoly 4 4 ZA wlPolyc 6.4 iy PTAMIOMy ¢ 2

—x uZALVmleclxmx 4) “2x )‘[x H(x pzlenJlamem _

1
Mmool 20y +sz[|uV][pO] xxt,

APPENDIX 3

MATRIX ELEMENTS OF SCALAR OPERATORS IN THE
BASIS OF SPHERICAL SPINORS

Spherical spinors satisfying the relations (29.4) can be represented as
columns whose m-th component is given by the relation

A3l
( i Am) C -Am- uquijnfu’ ( )

where Y,

m

are the spherical functions
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m+|m|
Ylm()e) =iexp(1m(p)( - 1) 2 J w l‘ " (COSe)’

(+|ml)
\m\ _ |m] dlmi 2 I
(cosf)=—sin "' O————(cos“0-1),
21 (dcos) ™|
¢ and O are the polar and azimuthal angles of the vectors £=x/x, Cfmmm are the

Wigner coefficients

%2j+l)!(l+sfj)!(lfml)!(sfp)!(ﬁm)!(]'*m)! %/2
’"I'“”’E (+s+j+DII=-s=DIG+s-DI(+m ) ! (s+w)! E

J-m
XE (71)lfm‘+n
n=0

Jm _
Imsp™

(+m +n)\(s+j-m,—n)!

nl(I-m,~m)(j-m-n)!(s—j+m +n)!
Such defined spherical spinors satisfy the normalization condition

JQ“ Q. dw=5,5.5

JiAm=Si N m TN Tmm

Let us present the action of some scalar operators on the spherical spinors.
Following [323] we write

s-m;;,mzz ajQ

N m?
S % E AJD 1 J,%)s
p jij Am= ! )\’ q}\ jj-Nm?
x BsEs 0
sj
S xpQi = Q5

KxQ jj-Am Z b)\;{/QY 1

Jj-Nm>

Q;] 1)\m E b v ij AN m> (A33)

J] Am~ E B‘ A C])\/ +b)\;{ (1 _h g 1]) g);i-xm’

s-1 _ l sj _sj Yj s— l]D
K" ij Am™ E d)\)\ a5 +b __h 0 jj-N m?
N D d
. sjiys-1
K xprH = Q]/ s
K- xXpQ//—)\m Q//—)\m

where S, are generators of the IR D(s) of the group O(3), K, are the matrices defined
by relations (12.26) and given in the explicit form in (4.65),
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hi=LAd N -s(s+1)), d=2j+1,

2 J J
016> N, 5 W, NI

sj 1 sj 2
b)\){'z_i(a)\)\ 71g)\]_6)\)\ +1f>\j)’ (A34)

|
d_ | @irs-A+D)(s-A-1)(s-A)(2j+s-A)
& 222 -D)(2j-2A+1)

)

‘ (2j-s-A+1)(2j-s-A+2)(s+A-1)(s+A)

(2j2A+1)(2j-2A+3)
and the coefficients dy/, are given in (29.7), (29.8).

Relations (A.3.2) are present, e.g., in [409] where another notations are
used. Relations (A.3.3) complete (A.3.2) and make it possible to find the result of
action of an arbitrary scalar operator N[F (where n is a vector matrix satisfying

K=

(12.20b), F is one of the operators p, x or xxp) on the spherical spinor. Using the
representation (12.23) we can write

n FQ,” :(aiis/ S(x).F+bi~;‘1K(.v—l).F+Cij‘1K(.v)'i'.F)Q;f' (A.3.5)

j-Am j-Am

b, and ¢*';, are parameters defining the matrix 1), the index i labels
eigenvectors of S2 corresponding to degenerated eigenvalues s(s+1). Using (A.3.2)-
(A.3.4) we obtain the explicit expression of the r.h.s. of (A.3.5).

Consider two commuting spin matrices S, and S,® satisfying the relations

[S,7.8,71=i8,2,, 8%, 32 8,78, =s (5,4 1), a=1.2, (A.3.6)
a

where o’

i

Without loss of generality we can choose
Sﬂ(l)z%%sabvsbc_iSOa% SJZ):%%sachbc+iSOzlg
' g g

where S, are generators of the finite-dimensional IR D(l,l;)=D( |s,-5, |
(s, +s,+1)sign(s,-s,)) of the group O(1,3), which are given in (4.65). Then according
to (4.63), (A.3.2)-(A.3.5) we obtain

@.20° _ JSA, s’ - ( (@) ;sj s
S xQ]'j’)\’"_ E B(u)s’)\/ Q./'H\’m_z B” d)\)\/ Qi.f‘)\/m+
s ' N (A3.7)
. (@) s+1 . (Q) s=1j~s-1
+ lBJs*rlb)\ )\ijf)\m_lBrlx b}\)\ ij*)\ m) ’

where dy,, by, are the coefficients (28.7), (A.3.4),
For the operator $“ xxp we obtain
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B@~ 1 H(=1)° [(Sl+s2+l)(slfsz)]1/2 i
Y2s 25(s+ 1) -

B® —(~1)=! [(s,+s,+1)*=s*]"*[s *~(s,~5,)"]"* (A.3.8)
o 2s(4s2-1)"

B, BS(G)]S o s=s vs,s s, L s s, [, s =L

S @ xXpQ/ )\m_B.(u)h)\vQ/ am™ w+lq}\ /ij l)\m lB( lvq)\ IQVI 1}\m’ (A39)

all the coefficients included in (A.3.9) are given in (A.3.4), (A.3.8).
Let s=1/2, S,”=0,/2 where 0, are the 4sx4s Pauli matrices (27.4). Then
according to (A.3.7), (A.3.8)

sj s-1j
0-x£2] -Am T _Z (d)\)\Q/)\’m lb)\)\ Q/)\m)

o xXij/ Am ?(h)j jj-Am lq}\jQ;/ l)un) (A310)

1 s- 1_[ . SieyS
9 xprjj Am ™ ?(h _[/ )\m 1y jj—)\m)-

Relations (A.3.2)-(A.3.5) can be used for separation of variables for a wide

class of O(3)-invariant systems of partial differential equations. We use them (as
well as (A.3.7)-(A.3.10)) in Subsections 29.2, 30.4, 34.3.
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